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Abstract setting

Gradient flows, their variational characterization and limits
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Gradient flow formalism – formal structure

state space u ∈M ⊆ {Rn, functions,measures} with conservation laws

velocity TuM = {γ̇|t=0 : γ(0) = u, γ ∈ C1((−ε, ε),M)}
free energy F :M→ R smooth

dissipation differential DF(u) : TuM→ R ∈ T ∗uM covector

metric Identify covector and vector K(u) : T ∗uM→ TuM linear, definite

Gradient flow ∂tut = −K(ut)DF(ut). (�)

Variational characterization [De Giorgi ’80]

A couple [0, T ] 3 t 7→ (ut, ψt) ∈M× T ∗utM solves the continuity equation if

∀t ∈ [0, T ] : ∂tut = K(ut)ψt denoted by (u, ψ) ∈ CET .

Then, each (u, ψ) ∈ CET satisfies J (u) ≥ 0 where

J (u) := F(uT )−F(u0)+
1

2

∫ T

0

〈DF(ut),K(ut)DF(ut)〉dt+
1

2

∫ T

0

〈ψt,K(ut)ψt〉dt.

Moreover, J (u) = 0 if and only if u satisfies (�).
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Gradient flow formalism – technical ingredients

Definition: action A(u, ψ) := 〈ψ,K(u)ψ〉
dissipation D(u) := 〈DF(u),K(u)DF(u)〉.

Remark: Gradient flow solutions ∂tut = −K(ut)DF(ut) satisfy the

energy–dissipation identity F(uT ) +
∫ T

0
D(ut) dt = F(u0)

Technical ingredients:

� Strong upper gradient property: ∀(u, ψ) ∈ CET , 0 ≤ s < t ≤ T

|F(ut)−F(us)| ≤
∫ t

s

√
A(ut, ψτ )

√
D(uτ ) dτ.

� Compactness and lower semicontinuity of J :
Let (un, ψn) ∈ CET starting from u0 such that J (un) ≤ C <∞, then there
exists a limit (u, ψ) ∈ CET such that

lim inf
n→∞

J (un) ≥ J (u).

Sufficient to prove lower semicontinuity for the energy, action and dissipation,
separately.
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Gradient flow formalism – limit

Limits of gradient flows [Sandier, Serfaty ’04]

A sequence (Mε,Fε,Kε) of gradient structures converges to a gradient structure
(M,F ,K) provided that there exists Πε :Mε × T ∗Mε →M×T ∗M such that for
all (uε, ψε) ∈ CEεT with J ε(uε) ≤ C, there exists a subsequence with
Πε(uε, ψε)→ (u, ψ) ∈ CET satisfying the following lim inf-estimates

∀t ∈ [0, T ] : lim inf
ε→0

Fε(uεt ) ≥ F(ut)

lim inf
ε→0

∫ T

0

Aε(uεt , ψεt ) dt ≥
∫ T

0

A(ut, ψt) dt

lim inf
ε→0

∫ T

0

Dε(uεt ) dt ≥
∫ T

0

D(ut) dt.

Corollary (Convergence of solutions)

Suppose the sequence (Mε,Fε,Kε) of gradient structures converges to (M,F ,K)

and assume the initial data uε0 is well-prepared Fε(uε0)→ F(u0), then the sequence
of gradient flow solutions converge to a gradient flow solution.
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Application

Macroscopic limit of the Becker-Döring equation
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Becker-Döring equation – derivation

Model [Becker–Döring ’35] for coagulation and fragmentation of clusters consisting of
identical monomers (polymerization)

X1 +Xl−1

al−1−−−⇀↽−−−
bl

Xl, l = 2, 3, . . .

under the assumption of conservation of the total mass density
∞∑
l=1

lnl(t) =

∞∑
l=1

lnl(0) = ρ0.

Let Jl be the net-flux from l − 1 to l-clusters

ṅl(t) = Jl−1(t)− Jl(t) l = 2, 3 . . . .

Mass conversation implies

ṅ1(t) = −
∞∑
l=1

Jl(t)− J1(t) =: J0(t)− J1(t).

The (net) flux is determined from mass-action-kinetics

Jl(t) = aln1(t)nl(t)− bl+1nl+1(t), l = 1, 2, . . . .
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Becker-Döring equation – stationary states and rates

Stationary states are characterized by the detailed balance condition Jl = 0

alω1ωl = bl+1ωl+1 ⇒ ωl(z) = zlQl with Q1 = 1 and Ql =
al−1 · · · a1

bl · · · b2
, l ≥ 2.

Has ω(z) finite mass?
Assumption: Series z 7→

∑∞
l=1 lωl(z) has finite radius of convergence zs <∞ with

finite value ρs :=
∑∞
l=1 lωl(zs) <∞.

Concrete (physical) rates: For α ∈ [0, 1), γ ∈ (0, 1) and zs, q > 0

al := lα and bl := lα
(
zs + ql−γ

)
.

Example: Exponents 3-dim balls (diffusion-controlled growth): α = γ = 1
3

Stationary state for l� 1

ωl(z) ∼ exp

(
l log

(
z

zs

)
− q

1− γ l
1−γ
)
.

Define z(ρ0) such that
∑
lωl(z) = ρ0 for ρ0 ≤ ρs and set z(ρ0) = zs for ρ0 > ρs.

State space:M =M(ρ0) := {n ∈ RN+ :
∑∞
l=1 lnl = ρ0}
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Becker-Döring equation – free energy and long-time behavior

Consider free energy

F(n) := H(n|ω(z)) :=
∞∑
l=1

ωlη

(
nl
ωl

)
with η(x) = x log x− x+ 1.

Then
d

dt
F(n) = −

∞∑
l=1

(aln1nl − bl+1nl+1)(log aln1nl − log bl+1nl+1) ≤ 0

Long-time behavior [Ball, Carr, Penrose ’89]

� For z = z(ρ0) as before holds F(n)→ 0 as t→∞.

� In the case ρ0 > ρs holds n(t)
∗
⇀ ω(zs) in `1 as t→∞.

In particular ρ0 =
∑
l lnl(t) 6→

∑
l lωl(zs) = ρs .

Moreover, the infimum

inf
n∈M(ρ0)

F(n) = F(ω(zs))

is not attained.

In which way does the excess mass ρ0 − ρs vanish?
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Becker-Döring – Gradient flow formulation

Interpret as chemical reaction X1 +Xl
al−−−⇀↽−−−
bl+1

Xl+1 and formalism by [Mielke ’11].

Stöchiometric coefficients αli := δ1
i + δli and βli := δl+1

i .

Rewrite evolution with stationary rate kl := alω1ωl
DBC
= bl+1ωl+1

ṅ = −
∞∑
l=1

(
aln1(t)nl(t)− bl+1nl+1(t)

)︸ ︷︷ ︸
=Jl

(
αl − βl

)
= −

∞∑
l=1

kl
(
nα

l

ωαl
− nβ

l

ωβl

)(
αl − βl

)
.

Differential of the free energy: DF(n) =
(

log nl
ωl

)∞
l=1

.

Metric defined by Onsager matrix (βl − αl is like ∇l)

K(n) :=
∞∑
l=1

klΛ

(
nα

l

ωαl
,
nβ

l

ωβl

)(
αl − βl

)
⊗
(
αl − βl

)
with Λ(a, b) :=

a− b
log a− log b

.

Then ṅ = −K(n)DF(n) follows from chain rule

Λ

(
nα

l

ωαl
,
nβ

l

ωβl

)
DF(n) · (αl − βl) =

nα
l

ωαl
− nβ

l

ωβl
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Becker-Döring – formal expansion [Penrose ’97]

Assumption: ρ0 > ρs, z = zs and ω = ω(zs).
Consider large clusters with cut-off l0 ∼ ε−x for some x ∈ (0, 1/2) and ε > 0.
Define empirical macroscopic cluster distribution

νε(dλ) := (Πεn)(dλ) := ε
∑
l≥l0

δεl(λ)
nl
ε2

⇒
∫
λ νε(dλ) =

∑
l≥l0

lnl.

Expansion of free energy η(x) = x log x− x+ 1

F(n) ≥
∑
l≥l0

ωl η

(
nl
ωlx

)
= εγ

q

zs(1− γ)

∫
λ1−γ νε(dλ)(1 + o(1)).

Rescaled microscopic energy Fε(n) := ε−γF(n).
Macroscopic energy E(ν) = q

1−γ

∫
λ1−γ ν(dλ).

Formal expansion of Onsager matrix for l ≥ l0 with λ = εl

(K(n)ψ)l ≈ −ε
1−α+γ∂ελ(zsλ

α wε νε) with ∂ελf(λ) :=
f(λ+ ε)− f(λ)

ε
,

where wε(εl) = Πεψ := ε−γ(ψ1 + ψl − ψl+1) leads to time-scale ε1−α+γ .
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Becker-Döring – rescaled gradient structure

Onsager matrix Kε(n)wε := 1
ε1−α+γK(n)ψ with wε(εl) = ε−γ(ψ1 + ψl − ψl+1).

Action Aε(n,wε) := 1
ε1−α+2γ 〈ψ,K(n)ψ〉

Dissipation Dε(n) := 1
ε1−α+2γA(n,−DF(n)).

Curves of finite action and variational characterization

A weak solution [0, T ] 3 t 7→ (nε(t), wε(t)) to the rescaled continuity equation
ṅε(t) = Kε

(
nε(t)wε(t)

)
, denoted by (nε, wε) ∈ CEεT , is called a rescaled curve of

finite action if

sup
t∈[0,T ]

Fε(nεt ) <∞,
∫ T

0

Aε(nε(t), wε(t)) dt <∞ and
∫ T

0

Dε(nε(t)) dt <∞.

Moreover, for such a curve the functional

J ε(nε) := Fε(nε(T ))−Fε(nε(0))+
1

2

∫ T

0

Dε(nε(t)) dt+
1

2

∫ T

0

Aε(nε(t), wε(t)) dt.

is non-negative with J ε(nε) = 0 if and only if nε is a solution to the rescaled
Becker–Döring equation.
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LSW equation – formal gradient structure

The [Lifshitz–Slyozov, Wagner ’61] (LSW) equation models the coarsening of large
clusters and solves the nonlocal conservation law

∂tνt + ∂λ
(
λα
(
u(νt)− qλ−γ

)
νt
)

= 0 with u(νt) =
q
∫
λα−γ νt(dλ)∫
λα νt(dλ)

Formal gradient structure [Niethammer ’04]
State space M := {ν ∈ C0

c (R+)∗ |
∫
λ ν(dλ) = ρ0 − ρs =: ρ̄}

Tangent space TνM := {s ∈ C0
c (R+)∗ |

∫
λ s(dλ) = 0}.

Onsager operator (cp. formal expansion) and action; 1d: w = ∂λW

K(ν)w := −∂λ(λαw ν) and A(ν, w) := 〈w,Kw〉 :=

∫
λα|w|2 dν.

Cotangent space T ∗νM := {w |
∫
λαw ν(dλ) = 0}.

Energy E(ν) = q
1−γ

∫
λ1−γ ν(dλ), in general DE(ν) /∈ T ∗νM ! For s ∈ TνM holds

DE(ν) · s = q
1−γ

∫
λ1−γs dλ = −

∫ (
λu− q

1−γλ
1−γ
)
s dλ = −

∫
λα
(
u− qλ−γ

)
w dν.

where u = u(ν) is chosen such that λ 7→ u− qλ−γ ∈ T ∗νM .
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LSW equation – formal gradient structure

The [Lifshitz–Slyozov, Wagner ’61] (LSW) equation models the coarsening of large
clusters and solves the nonlocal conservation law

∂tνt + ∂λ
(
λα
(
u(νt)− qλ−γ

)
νt
)

= 0 with u(νt) =
q
∫
λα−γ νt(dλ)∫
λα νt(dλ)

Formal gradient structure [Niethammer ’04]
State space M := {ν ∈ C0

c (R+)∗ |
∫
λ ν(dλ) = ρ0 − ρs =: ρ̄}

Tangent space TνM := {s ∈ C0
c (R+)∗ |

∫
λ s(dλ) = 0}.

Onsager operator (cp. formal expansion) and action; 1d: w = ∂λW

K(ν)w := −∂λ(λαw ν) and A(ν, w) := 〈w,Kw〉 :=

∫
λα|w|2 dν.
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LSW equation – dissipation

Proposition (Dissipation is strong upper gradient of the energy)

Assume α ≥ 1− 3γ. Let (ν, w) ∈ CET be a curve of finite action in M such that

inf
u∈L2([0,T ])

∫ T

0

∫
λα
(
u(t)− qλ−γ

)2
dνt dt <∞.

Then, it holds the moment estimate
∫ T

0

∫
λα dνt dt <∞.

Moreover, the minimization problem has a unique solution u ∈ L2([0, T ]) such that

λ 7→ u(t)− qλ−γ ∈ T ∗νtM for a.e. t ∈ [0, T ]

and the dissipation defined for a.e. t ∈ [0, T ] by

D(νt) :=

∫
λα
(
u(t)− qλ−γ

)2
dνt with u(t) :=

q
∫
λα−γ dνt∫
λα dνt

,

is a strong upper gradient for the energy E

|E(νt)− E(νs)| ≤
∫ t

s

√
D(νr)

√
A(νr, wr) dr, ∀0 ≤ s < t ≤ T.
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LSW equation – variational formulation

Proposition (Compactness)

Assume α ≥ 1− 3γ and let (νn, wn) ∈ CET for n ∈ N be a family of curves of
uniformly bounded action and dissipation such that {νn0 }n∈N is tight. Then, there
exists a subsequence and a couple (ν, w) ∈ CET , such that

∀t ∈ [0, T ] : νnt
∗
⇀ νt and wnνn

∗
⇀ wν.

In addition, the action and dissipation satisfy the lim inf estimates

lim infn→∞
∫ T

0
A(νnt , w

n
t ) dt ≥

∫ T
0
A(νt, wt) dt

lim infn→∞
∫ T

0
D(νnt ) dt ≥

∫ T
0
D(νt) dt

Proposition (LSW as curves of maximal slope)

Let α ≥ 1− 3γ. For (ν, w) ∈ CET with finite action holds

J(ν) := E(νT )− E(ν0) + 1
2

∫ T
0
D(νt) dt+ 1

2

∫ T
0
A(νt, wt) dt ≥ 0.

Moreover, equality holds if and only if νt is a weak solution to the LSW equation.

André Schlichting • Macroscopic limits of the Becker-Döring equation • May 17, 2018 • Page 15 (22)



LSW equation – variational formulation

Proposition (Compactness)

Assume α ≥ 1− 3γ and let (νn, wn) ∈ CET for n ∈ N be a family of curves of
uniformly bounded action and dissipation such that {νn0 }n∈N is tight. Then, there
exists a subsequence and a couple (ν, w) ∈ CET , such that

∀t ∈ [0, T ] : νnt
∗
⇀ νt and wnνn

∗
⇀ wν.

In addition, the action and dissipation satisfy the lim inf estimates

lim infn→∞
∫ T

0
A(νnt , w

n
t ) dt ≥

∫ T
0
A(νt, wt) dt

lim infn→∞
∫ T

0
D(νnt ) dt ≥

∫ T
0
D(νt) dt

Proposition (LSW as curves of maximal slope)

Let α ≥ 1− 3γ. For (ν, w) ∈ CET with finite action holds

J(ν) := E(νT )− E(ν0) + 1
2

∫ T
0
D(νt) dt+ 1

2

∫ T
0
A(νt, wt) dt ≥ 0.

Moreover, equality holds if and only if νt is a weak solution to the LSW equation.

André Schlichting • Macroscopic limits of the Becker-Döring equation • May 17, 2018 • Page 15 (22)



Macroscopic Limit of the Becker-Döring gradient structure

Theorem (Convergence of curves of finite action) [S.’17]

Suppose that α ≥ 1− 3γ. Let (nε, wε) ∈ CEεT be such that J ε(nε) ≤ C and
νε0 := Πεnε(0) is tight, then there exists a limiting curve t 7→ (νt, wt) ∈ CET

∀t ∈ [0, T ] : νεt := Πεnε(t)
∗
⇀ νt and wεt (λ)νεt (dλ) dt

∗
⇀ wt(λ) dνt(dλ) dt.

There exists u ∈ L2((0, T )) such that

n1(·)− zs
εγ

L2

−−⇀ u(·) with u(t) =
q
∫
λα−γ νt(dλ)∫
λα νt(dλ)

.

The energy, the action and the dissipation satisfy the following lim inf estimates

∀t ∈ [0, T ] : lim
ε→0
Fε(νεt ) ≥ E(νt),

lim inf
ε→0

∫ T

0

Aε(νεt , wεt ) dt ≥
∫ T

0

A(νt, wt) dt,

lim inf
ε→0

∫ T

0

Dε(νεt ) dt ≥
∫ T

0

D(νt) dt.
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Macroscopic Limit of the Becker-Döring gradient structure

Corollary (Convergence of solutions) [Niethammer ’03]

In addition, assume nε(0) to be well-prepared in the sense that

lim
ε→0
Fε(nε(0)) = E(ν0)

then there exists a limiting (ν, w) ∈ CET such that lim infε→0 J ε(nε) ≥ J(ν) ≥ 0.
Especially, solutions converge: J ε(nε) = 0⇒ J(ν) = 0.

Conjecture: The statement holds already for macroscopic well-prepared initial data

lim
ε→0

E
(
Πεnε(0)

)
= E(ν0).

Continuous dependence on the initial data of the LSW-equation [S.’17]

Let {νε0}ε>0 be a tight sequence of initial data such that limε→0 E(νε0) = E(ν0).
Then there exists a solution ν ∈ C∞c ([0, T ]×R+)∗ to the LSW equation such that
νεt
∗
⇀ νt in C0

c (R+) for all t ∈ [0, T ].
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Quantification

André Schlichting • Macroscopic limits of the Becker-Döring equation • May 17, 2018 • Page 18 (22)



Quantification for gradient flows in Hilbert spaces

Let (Xn, 〈·, ·〉n) be Hilbert spaces and Fn : Xn → R lsc. free energies.
Then un : [0, T ]→ Xn is GF of Fn if

〈∂tun, ϕ〉n = −〈∇nFn(un), ϕ〉n := −DFn(un) · ϕ ∀ϕ ∈ Xn.

Assume there is a limit structure (X, 〈·, ·〉) and F : X → R lsc. such that

(i) Fn(vn)
Γ→ F (v) on [0, T ] (avoids issues of well-prepared initial data)

(ii)
∫ T

0
‖∇nFn(vn(t))‖2n dt

Γ→
∫ T

0
‖∇F (v(t))‖2 dt

(iii)
∫ T

0
‖∂tvn(t)‖2n dt

Γ→
∫ T

0
‖∇F (v(t))‖2 dt

Jn(vn) := Fn(vn(T ))− Fn(vn(0)) +
1

2

∫ T

0

‖∇nFn(vn(t))‖2n dt+
1

2

∫ T

0

‖∂tvn(t)‖2n dt

=
1

2

∫ T

0

‖∂tvn(t) +∇nF (vn(t))‖2n dt.

Then with J(v) defined similarly holds

Jn(vn)
Γ→ J(v).

André Schlichting • Macroscopic limits of the Becker-Döring equation • May 17, 2018 • Page 19 (22)



Quantification for gradient flows in Hilbert spaces

Let (Xn, 〈·, ·〉n) be Hilbert spaces and Fn : Xn → R lsc. free energies.
Then un : [0, T ]→ Xn is GF of Fn if

〈∂tun, ϕ〉n = −〈∇nFn(un), ϕ〉n := −DFn(un) · ϕ ∀ϕ ∈ Xn.

Assume there is a limit structure (X, 〈·, ·〉) and F : X → R lsc. such that

(i) Fn(vn)
Γ→ F (v) on [0, T ] (avoids issues of well-prepared initial data)

(ii)
∫ T

0
‖∇nFn(vn(t))‖2n dt

Γ→
∫ T

0
‖∇F (v(t))‖2 dt

(iii)
∫ T

0
‖∂tvn(t)‖2n dt

Γ→
∫ T

0
‖∇F (v(t))‖2 dt

Jn(vn) := Fn(vn(T ))− Fn(vn(0)) +
1

2

∫ T

0

‖∇nFn(vn(t))‖2n dt+
1

2

∫ T

0

‖∂tvn(t)‖2n dt

=
1

2

∫ T

0

‖∂tvn(t) +∇nF (vn(t))‖2n dt.

Then with J(v) defined similarly holds

Jn(vn)
Γ→ J(v).

André Schlichting • Macroscopic limits of the Becker-Döring equation • May 17, 2018 • Page 19 (22)



Quantification for gradient flows in Hilbert spaces

Relative entropy/Bregman divergence in this setting is defined by

Gn(un|vn) := Fn(un)− F (vn)− 〈∇nFn(vn), un − vn〉n.

Theorem ([Fathi-S. 201?])

Assume for T > 0

(i) Jn(un) = 0, i.e. un of Fn in (Xn, 〈·, ·〉n)

(ii) Jn(vn)→ 0 as n→∞ (competitor obtained from limit)

(iii) ‖∂tun(t)‖n ≤ β(t) with β ∈ L2([0, T ])

(iv) ‖∇nFn(un(t))−∇nFn(vn(t))−Hessn Fn(vn(t))(un(t)− vn(t))‖n ≤
γ(t)Gn(un(t)|vn(t)) with γ ∈ L2([0, T ]).

Then

Gn(un(T )|vn(T )) ≤ (Gn(un(0)|vn(0)) + Jn(vn)) exp
(
‖β γ‖L1([0,T ])

)
.

Proof:
d
dt
Gn(un(t)|vn(t)) = · · · ≤ 1

2
‖vn(t) +∇nF (vn(t))‖2n + β(t)γ(t)Gn(un(t)|vn(t)).
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What about Wasserstein gradient flows?

Problem: For Wasserstein gradient flows, the metric/∇ is state-dependent!

Need the optimal W2-Transport map T from ρ to η with ρ, η ∈ P2,ac(R
d) that is

W 2
2 (ρ, η) = inf

π∈Π(ρ,η)

∫∫
|x− y|2π(dx,dy) =

∫
|T − id|2 dη.

The geodesic from η to ρ is given by ηt := ((1− t) id +tT )#η.

Variations along geodesics for some test function ξ

d

dt

∫
ξ dηt

∣∣∣∣
t=0

=

∫
∇ξ · (T − id) dη

Relative free energy in Wasserstein space

G(ρ|η) = F(ρ)−F(η)−
∫
∇δF
δη
· (T − id) dη,

with T#η = ρ the W2-optimal transport.
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The relative entropy wrt. the Wasserstein metric

For the entropy

F(ρ) =

∫
ρ log ρ

the relative entropy wrt. W2 is given by

G(ρ|η) =

∫
(div(T − id)− log detDT ) dη.

Let φ : Rd → R be the convex Kantorovich potential: T = ∇φ, then

div(T − id)− log detDT =

d∑
i=1

(
λi − 1− log λi︸ ︷︷ ︸

≥0

)
,

where {λi ≥ 0}di=1 are the eigenvalues of DT = Hessφ.

Is G a suitable for the quantification of gradient flow/hydrodynamic limits?
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Thank you for your attention!
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