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Longtime behaviour under detailed balance

Self-similar behavior without detailed balance

Oscillatory behavior under suitable forcing



Introduction and Motivation



Outline

Models of nucleation and condensation

— M ONSTER
Nucleation of oversaturated vapor:
¢ Only monomers move

¢ no collisions between clusters

« clusters grow/shrink by one monomer
Applications:

e polymerization

e cloud and galaxy formation mechanism
[Smoluchowski 1916, Becker-Doring 1935]

[Tanaka et al J. Chem. Phys. 2011]
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Models of nucleation and condensation

Nucleation of oversaturated vapor:
¢ Only monomers move

e no collisions between clusters

« clusters grow/shrink by one monomer
Applications:

e polymerization

e cloud and galaxy formation mechanism
[Smoluchowski 1916, Becker-Doéring 1935]

Clustering of granular gases:

e Single beads hop to neighboring cells
e hopping rate depends on cell filling

e phases: frozen, clustering, gaseous
Applications:

e migration, population dynamics

o wealth exchange

[Spitzer 1970 zero-range process] [S Dorbolo et al 2011 Eur. J. Phys. 32]

Goal: Dynamic of cluster population.



Longtime behavior of the exchange-driven
growth model

[S. J Nonlinear Sci "19]



Exchange-driven

growth: longtime behavior e Well-posedness - 5/ 22

Exchange driven growth model (EDG) —"— wwu

MUNSTER

Previous models evolve size distribution (X)r>0 in a population of clusters as

K(l,k—1)

X1+ X X+ X121, for k,1>1.

K(k,—1)

o K(lI,k— 1) rate kernel: jump of monomer from [ to k — 1 cluster
 rate equation is a countable set of nonlinear coupled ODEs:

¢ = Z:[{(l7 k— 1)Clck—1 — ZK(k’,l — 1)CkCl_1

1>1 1>1

(EDG)
- ZK(L k)cier, + ZK(k + 1,1 = 1)ckqic1.
>1 1>1
e two conservation laws:
1:ch and QZZka
k>0 E>1

Theorem (Well posedness [S. J Nonlinear Sci '19])

If the kernel K has at most linear growth K (k1) < C'kl, then the solution to (EDG) is a semigroup
onPe={cel(No) : c«>0, X 5ok =1, Y5 lcr =0}




If the kernel is curl-free
K(l,k—1
Xp—1+ X1+ Xo K-:‘ Xk+Xl 1+ Xo

! K (k1= 1) K(1,0) K(1,k — 1)
\ xk{/a T Kk - 1) K(k0) K(1,1 - 1)
Xk 1+ X+ X

then there exists a chemical potential and (formal) equilibria

1
K(1,k—1) P !
=1 = ——— = and th Z =
Q=1 Q kr:[l K0 w(9) = Zr5 with Z(9) ;m
These equilibria have a critical mass density o, € [0, 0]
, B K(k,0)
= hm sup Z lwy (¢ with e = kl_mo KOLE—1) € (0, 00].

e >1

= Free energy functional (gradient flow, Lyapunov function)

ch log—

k>0

wwu

MUNSTER



vior e Longtime b

Longtime behavior and phase separation

Theorem [S. J Nonlinear Sci ’19]

Let K be curl-free, sublinear, sufficiently regular with ¢. € (0, 00).
Then for any o € (0,00) and any ¢(0) € P2, the solution ¢ of (EDG) satisfies Ve > 0

1. If g < go: Then Fle(t)] = Flwe] and Y (14 D]er(t) —wf| =0 as t— 0.
>0

2. If 0 > oo Then Fle(t)] = Flw] + (0 — oc)log ¢c and ¢ (t) — w)* as t — oo.
In particular, excess mass ¢ — o. vanishes!
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Longtime behavior and phase separation

MUNSTER

Theorem [S. J Nonlinear Sci ’19]

Let K be curl-free, sublinear, sufficiently regular with ¢. € (0, 00).
Then for any o € (0,00) and any ¢(0) € P2, the solution ¢ of (EDG) satisfies Ve > 0
1. If g < go: Then Fle(t)] = Flwe] and Y (14 D]er(t) —wf| =0 as t— 0.
1>0
2. If 0 > oo Then Fle(t)] = Flw] + (0 — oc)log ¢c and ¢ (t) — w)* as t — oo.

In particular, excess mass ¢ — o. vanishes!
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Self-similar behavior of the
exchange-driven growth model

[Eichenberg-S. arXiv:2005.11980]



Special class of kernels —— wwy

MUNSTER

Product kernel: for A € [0,2) m K(k,0) =0 forall k > 1
= no formation of new
K(k,1) = Kx(k,1) = ax(k)ax(l) clusters
' 2y A >0, m Homogeneity and symmetry
with ax(k) = 1= 6o, A=0 simplify (EDG) through
o ’ moments

My[c] = Zl“ &

1>1



Special class of kernels —— wwy

MUNSTER

Product kernel: for A € [0,2) m K(k,0) =0 forall k > 1
= no formation of new
K(k,1) = Kx(k,1) = ax(k)ax(l) clusters
' 2y A >0, m Homogeneity and symmetry
with ax(k) = 125 A= 0 simplify (EDG) through
k.05 ’ moments

éo = MA[C] M[d = l;l“cz
. C ( 201 +2 (22) (EDG)\) B
¢ = M,\ [c] ( — DA — 2k e + (K +1) Ck+1) = Average cluster size

E( 1—60 chk



Special class of kernels —— wwy

MUNSTER

Product kernel: for A € [0,2) m K)(k,0)=0forall k>1
= no formation of new
K(k,1) = Kx(k,1) = ax(k)ax(l) clusters
) kX, A >0, m Homogeneity and symmetry
with ax(k) = 1= 6o, A=0 simplify (EDG) through
” ’ moments
o = MA[C] Mild =3 e
1>1
¢ Ald (- 201 + 2)‘02) (EDG,)
k= M/\ [c] ( — 1) epo1 — 2k e + (K +1) Ck+1) = Average cluster size
Theorem (Coarsening rate) () T 1) colt Z kex(t [c]
tP, if0 <\ <3/, .
m Coarsening exponent
U(t) < § exp(Ct),  if A =3/, 1

(tel — )P, if32<A<2 B=3"5x



Self-similar behavior

MUNSTER

Behave solutions dynamical self-similar?
cn(t) o< ps(t)"2ga(s(t) k) for t > 17
for the explicit profile

1 1,1—/\ l,?—)x
7o) = g5 ow(-g )



Self-similar behavior

MUNSTER

Behave solutions dynamical self-similar? Measure-valued formulation

t )2 )k for t > 17
ovl8) o poli)Tgr(o07R) - fort > pelt) = 5(6) 3 ex(t)dscoi
for the explicit profile o1

1 gt=* 22
gx(z) = Z_Am €xXp <_ (2 - )\)2>’ Number of clusters
o0
Myl =1=¢y = s_l(t)/ dpte.
0

Total mass density

<mmzﬁmw0



Self-similar behavior

MUNSTER

Behave solutions dynamical self-similar? Measure-valued formulation
cx(t) o< ps(t)2gx(s(t) 1k for t > 17
'(') () 2gx(s(t)"'k) 1e(t) = 5(6) 3 (1)) 1
for the explicit profile =
1 .%‘1 A 2—A =
9A(@) = 752 — 2-\°¢ p( (2—X)2 )’ Number of clusters

Theorem (Self-similar behavior)

o0
Myl =1—=¢y = s_l(t)/ dpte.
1. For 0 < X < 3/2 there exists C'= C'(A, p) > 0 and 0

s(t) = CtP with 8 = (3 —2\)71, Total mass density
such that every global solution ¢ to (EDG,) satisfies o
te(t) = pga as t — oo. M[c] = / dphe-
2. For A =3/ 0

3. For 3/2 < A < 2 and tge as before there exists
C =C(\p)>0and
s(t) =C(tga —t)?  with = (3—-2))""!
such that every solution ¢ to (EDG) existing on [0, tge1)
satisfies te(t) = pgn as t — tgel.



Some ingredients for the proof —— wwy

MUNSTER

Time-change
7(t) = [ My[c](s) ds.
Discrete weighted Lapplacian:

Oru = An(ayu), k>1,
u(r,0) =0, >0,

Tail-distribution: U(t, k) = 35, u(t,1)

U (k) = 07 (ax0*U)(k),
otuU(t,0) = 0.

Proposition (Discrete Nash-inequality)

1

2(2—)) L
U113 S UM Ex(U)>%,
Dirichlet form: Ex(U) = Y5, KMo+ U (k).

= Nash-continuity, decay, moment bounds, ...



Some ingredients for the proof —— wwy

MUNSTER

Time-change Continuous solution:
7(t) = [y Male](s) ds. Oup = 0y (arDap) = Lo, (t,7) € RZ,
Discrete weighted Lapplacian: ax0zplu=0 = 0, t€ Ry,
{&u = An(aru), k>1, #(0,) = o, reRy.
u(r,0) =0, r>0. Discrete-to-continuum interpolation:

U(t,x) = (LU)(e M, z) = e U(e 1, e 1).
Tail-distribution: U(t, k) = 3,5, u(t,[) (t,2) = (U) (et x) =7V (et [e7%2) + 1)
- parabolic scaling: k oc t* with a = ﬁ € [%,oo)
{&U (k) = 8~ (ax0+U) (),

otuU(t,0) = 0.

Proposition (Discrete Nash-inequality)

1

2(2—)) L
U113 S UM Ex(U)>%,
Dirichlet form: Ex(U) = Y5, KMo+ U (k).

= Nash-continuity, decay, moment bounds, ...



Some ingredients for the proof —— wwy

MUNSTER

Time-change Continuous solution:
7(t) = [y Male](s) ds. Oup = 0y (arDap) = Lo, (t,7) € RZ,
Discrete weighted Lapplacian: ax0zplu=0 = 0, t€ Ry,
{f%u = An(aru), k>1, #(0,) = o, reRy.
u(r,0) =0, r>0. Discrete-to-continuum interpolation:

U(t,x) = (LU)(e M, z) = e U(e 1, e 1).
Tail-distribution: U(t, k) = 3,5, u(t,[) (t,2) = (U) (et x) =7V (et [e7%2) + 1)
- parabolic scaling: k oc t* with a = ﬁ € [%,oo)
{&U (k) = 8~ (ax0+U) (),

oTU(#,0) = 0. '
Proposition (Discrete Nash-inequality) It holds U — U solution to (NP?).

Proof: Replacement lemma, compactness

2(2-1) L
2 < 3—Xx =
1U1lz 5 11U E\U)*, Note: For t = 1, we get

Dirichlet form: Ex(U) = Y5, KO U(K)[’. e=U(e™t, [e7%x) +1) = pGa(2).
1

3 3 in 1 -ti havi i = .
= Nash-continuity, decay, moment bounds, ... = Obtain long-time behavior by setting ¢ = ¢



Oscillations in a Becker—Doring model with
injection and depletion

[Niethammer-Pego-S.-Velazquez WIP 20]



cal bubblea

MUNSTER

Morgan reaction’ describes the oscillatory release of gas CO t[Morgan, J. S. J. Chem. Soc., Trans.

during dehydration of formic acid in concentrated sulfuric acid 1916, 109, 274-83 ]
b[Smith, K. W.; Noyes, R. M.; Bowers,
HgSO4 P. G. J. Phys. Chem., “Chemical Oscil-
HCOOH(SOIH) CO( ) + Hzo(SOIH) lations and Instabilities”, 1983.]

SNB’ separated reaction into reversible and irreversible parts

HCOOH(soln) % CO(soln) + H2O(soln) {C}
CO(soln) — CO(g) {P}

Process {P} is separated into a growth process of CO-bubbles

CO(soln) == CO(nuclei) {P1}
CO(nuclei) + CO(soln) Z— 2 CO(bubbles) {P2}
CO(bubbles) — CO(g) {Ps}

Goal: Minimal models for {P1-P3} showing oscillations.



» Becker—Dor el with inj nd depletion

From the Morgan reaction to the Bubbleator

Morgan reaction’ describes the oscillatory release of gas CO
during dehydration of formic acid in concentrated sulfuric acid

HCOOH(soln) 22224, €O (g) + H,O(soln)

SNB’ separated reaction into reversible and irreversible parts

HCOOH(soln) % CO(soln) + H2O(soln) {C}

CO(soln) — CO(g) {P}

Process {P} is separated into a growth process of CO-bubbles

CO(soln) == CO(nuclei) {P1}
CO(nuclei) + CO(soln) Z— 2 CO(bubbles) {P2}
CO(bubbles) — CO(g) {Ps}

Goal: Minimal models for {P1-P3} showing oscillations.

MUNSTER

T[Morgan, J. S. J. Chem. Soc., Trans.
1916, 109, 274-83.]

b[Smith, K. W.; Noyes, R. M.; Bowers,
P. G. J. Phys. Chem., “Chemical Oscil-
lations and Instabilities”, 1983.]

[Kunz, H.; Johannesmeyer , F.; Oetken
, M.: Das ,pulsierende Sektglas“,
CHEMEKON 7 (2000) 30-31]



odel with injection and depletion e Chemical-physical bubb

Modehng of the Bubbleator

Ingredients for oscillations in chemical reaction networks:
m open system
m no detailed balance
m feed-back loop (nonlinear)

= multiple stationary points

Bubbleator is a physical-chemical system:"
Chemical: reaction provides a constant source of microbubbles
Physical: diffusion of microbubbles into bubbles describes the formation of larger bubbles

Oscillations are caused by the growth process of the bubbles.

Goal: Oscillatory growth model for the statistics of bubble sizes with constant source.

IBowers, P. G.; Noyes, R. M.: Chapter 13: Gas Evolution Oscillators. Wiley, New York (1985) 473-492.

MUNSTER



el with inj and depletion

Becker-Doring equation — derivation

Model [Becker-Doring '35] for coagulation and fragmentation of clusters consisting of identical
monomers (microbubbles)

X1+Xl,1%Xl, 1=23,...
1

under the assumption of conservation of the total mass density

> ing(t) = 1m(0) = po.
=1 =1

Let J; be the net-flux from [ — 1 to I-clusters
ﬁl(t>=Jl_1(t)—Jl(t) 1=2,3....

Mass conversation implies
() ==Y Ji(t) = Ji(t) = Jo(t) — Ja(t).
=1

The (net) flux is determined from mass-action-kinetics

Jl(t) =aqny (t)nl(t) - bl+1nl+1(t), [=1,2,....

MUNSTER



and depletion e

Stationary states are characterized by the detailed balance condition J; = 0

. aj—1-°-a1
awiw; =bwipr = w(z)=2'Q; with @ =1and Q; = o
by



el with inj and depletion e Tt ecker-Dé em

Becker-Doring equation — stationary states and rates

Stationary states are characterized by the detailed balance condition J; = 0

. aj—1---0ay
awiw; =bwipr = w(z)=2'Q; with @ =1and Q; = o
by

Has w(z) finite mass?
Assumption: Series z — Y, lw;(z) has finite radius of convergence zs < oo with finite value
Ps 1= D joq lwi(zs) < 00.
Concrete (physical) rates: For a € [0,1), v € (0,1) and 25, > 0
ap:=1“ and by = 1¢ (zs + ql_”).

Example: Exponents 3-dim balls (diffusion-controlled growth): a =y = %

Stationary state for [ > 1
z _
wi(z) >~ exp <l log(z—s> - %11 7) .

Define z(pg) such that > lw;(z) = po for pg < ps and set z(pgy) = 2z for pg > ps.



MUNSTER

F(n) :=H(n|lw(z) Zwm( ) with n(x) =xlogx —xz + 1.

Then dt]:( n) = Z(amlnl —bip1nip1)(logaming —logbiyini11) <0
=1

Long-time behavior [Ball, Carr, Penrose ’89]

m For z = 2(pg) as before holds F(n) — 0 as ¢ — co.

= In the case pg > ps holds n(t) = w(z,) in £* as t — oo.

In particular pg = >, Ini(t) A >, lwi(zs) = ps -
Moreover, the infimum

inf  F(n) =F(w(zs)) is not attained!
neM(po)



MUNSTER

F(n) :=H(n|lw(z) Zwm( ) with n(x) =xlogx —xz + 1.

Then dt]:( n) = Z(amlnl —bip1nip1)(logaming —logbiyini11) <0
=1

Long-time behavior [Ball, Carr, Penrose ’89]

m For z = 2(pg) as before holds F(n) — 0 as ¢ — co.

= In the case pg > ps holds n(t) = w(z,) in £* as t — oo.

In particular pg = >, Ini(t) A >, lwi(zs) = ps -
Moreover, the infimum

inf  F(n) =F(w(zs)) is not attained!
neM(po)

[Niethammer ’03, S. "19] find a nonlocal conservation law (LSW) for the excess mass.



v Becker—Dori W and depletion er- ubbleator Model

The Becker- Dormg-Bubbleator' Model

BD-bubbleator: source S > 0 and depletion r > 0

MUNSTER

02 x,
X1+ Xp &= Xp1, k=1,2,3,...
k+1
rkb®
Xk—>®, k=23,...

Reaction rate ODE system
- Al =3 A

Jk[n]:aknlnk_bk+1nk+1a k=2,3,...
’flk = kal[n] - Jk[n] —rkbnk 5 k= 2,3,...



v Becker—Dori N ec and depletion he er-Doéring-Bubbleator Model

The Becker- Dormg—Bubbleator' Model

MUNSTER

BD-bubbleator: source S > 0 and depletion r > 0  Assumptions and regime:
Physical rates (surface area, Gibbs-Thompson):

5
=X =k and b=ap(1+-L).
QA _
X1+ X i1 Kt k=123, .. Stationary distribution (S =0,7 =0): n; =1
b
Xp 250, k=2,3,... wi(n1) ~ eXP<l log(n1) — —ll 7)

Let ny =1+ e > 1: critical radius k (n
Reaction rate ODE system 1 erit (121)

l
5
cnt bkcrn: O kCrlt ( >

ag
=—Ji[n Z Ji[n Second order expansion: excess defect u
e\
Jk[n]:aknlnk—bkﬂnkﬂ, k=2.3,... n1=1+€+(5) UZ1+€+kcrit

’flk = kal[n] - Jk[n] —kank, k:2,3,...



Oscillations in a Becker—Déring model with injection and depletion e Formal asymptotic expansion 19 / 22

Constant flux steady states: Nucleation flux =——— wwu

MUNSTER

Recall: Zero flux steady states are
characterized by the detailed bal-
ance condition J; =0

awiw; = bir1wit1
= wiz) =72Q

with Q1 =1 and Q; = all:ll—b:l



» Becker—Dor el with inj and depletion e Form

Constant flux steady states: Nucleation flux

Now: Constant flux steady states { fj }x>1 solve Ji[f] = J(71) # 0

agfy fo(n1) — b1 feg1(ma) = Ji[f] = J(n),  1>2,
fi(n1) = ny and such that fi(71) is bounded as k — oo.

oo

1

I+
= w@Qiny

= fre(P1) = J (1) Qri}

1 1
where — = .
J (1) ; aQinit!

1
By Laplace asymptotics follows for n; =1+ ¢ + (%) Tu

J(ny) ~ Jee®  with Jo = il EB—tleXp(_ j q%gl_;z).

and fe(n) =~ = for k> kerit -

MUNSTER

Recall: Zero flux steady states are
characterized by the detailed bal-
ance condition J; =0

awiw; = bir1wit1
= wiz) =2'Q

with @1 =1 and Q; = —b':l.



el with inj nd depletion e Form

Quasistationary approximation

MUNSTER

Transport approximation of large clusters:
For the flux for cluster much larger the critical radius
k> R > ket holds

Ji = ag (nl—l)nk — %nk + bing — b1 Mk41 2 aREN.
= transport equation on macroscopic scale: Set f(k,t) =
n(t)

Ouf(y,t) +20, (y* fy, 1) = =y’ f(y, ).
coupled through boundary layer

1 1
fly,t) = J(n1) —— = Jooe" ——  for ket <y < R.
ey ey

Exponential monomer excess:

Introduce cut-off L < 1 of sub- and supercritical clusters:
Oru e
M (Dhess + )I) ~2 [ty +S,
Kerit Lkcrig+1




nd depletion e Form

Transport approximation of large clusters:
For the flux for cluster much larger the critical radius
k> R > ket holds
Ji = ag (nl—l)nk — %nk + bing — b1 Mk41 2 aREN.
= transport equation on macroscopic scale: Set f(k,t) =
Nk (t)

Ouf(y,t) +20, (y* fy, 1) = =y’ f(y, ).
coupled through boundary layer

Hy,t) = () =2

1
~ Jooeuﬁ for kcrit < Yy < R.

Exponential monomer excess:

Introduce cut-off L <« 1 of sub- and supercritical clusters:
Oru o
v —(Lk‘cm + 1)J(n1) —5/ fly, t)y*dy + S.
Kerit Lkerin+1

MUNSTER

Quasistationary approximation:

‘/transpor
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Quasistationary approximation

Transport approximation of large clusters:
For the flux for cluster much larger the critical radius
k> R > ket holds

akq

Ji = ag (nl—l)nk - 77 Nk + bing — b1 Mk41 2 aREN.
= transport equation on macroscopic scale: Set f(k,t) =
n(t)

Ouf(y,t) +20, (y* fy, 1) = =y’ f(y, ).
coupled through boundary layer

1 1
fly,t) = J(n1) —— = Jooe" ——  for ket <y < R.
ey ey

Exponential monomer excess:

Introduce cut-off L <« 1 of sub- and supercritical clusters:
Oru o
v —(Lk‘mt + 1)J(n1) —5/ fly, t)y*dy + S.
Kerit Lkerin+1

‘/transpor

Identification of scales:

B Jouwe ® Jeon ® 1 = fixes time and
length-scale

m S such that u = O(1) = fixes
S>0



nd depletion

Limit model and Hopf bifurcation

Model after setting the scales (R, T, S):
Evolution of exponential monomer excess:

Oru=1 —/ g(x, T)x%dx
0

Evolution of supercritical cluster density for z =
R~y > 0:
9-g(x,7) + 0y (2%g(x, 7)) = —(TR'r)2bg(z,T)

Boundary behavior: g(z,7) ~ <= forx — 0

T

MUNSTER
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MUNSTER

Limit model and Hopf bifurcation

Model after setting the scales (R, T, S):
excess:

Evolution of exponential monomer

(oo}
Oru=1 —/ g(x, T)x%dx
0
Evolution of supercritical cluster density for z =
R~y > 0:
9rg(x,7) + 8z (¢%g(x,7)) = —(TR"r)a’g(x,7)
e forz — 0

Boundary behavior: g(x,7) ~ &

Change of variable: v = {2 3 = 2
oo
Oru=1-— / h(z,1)z" dz,
0

z>0

= —9z5h(z, T),

O-h(z,7) + 0,h(z,T)
h(O, T) = eu(r) )



nd depletion e Form
MUNSTER

el with inj

Limit model and Hopf bifurcation
Integration of characteristics:
h(z,7) = exp(u(r—=2)) exp(—%z'g“‘l)

Model after setting the scales (R, T, S):
excess:

Evolution of exponential monomer
oo
Oru=1-— /0 g(@,7)adx gives in the equation of the monomer excess:
Oru=1-— fooo et(7=2) exp(—#zﬂ*‘l)z”dz

Constant stationary solution: For any 6 > 0
a lzB‘H) 2Vdz .

Evolution of supercritical cluster density for z =

R~y > 0:
9-g(x,7) + 0y (2%g(x, 7)) = —(TR'r)2bg(z,T) 1= elo [ eXp(_W
e forz — 0

Boundary behavior: g(x,7) ~ &

Change of variable: v = {2 3 = 2
oo
Oru=1-— / h(z,1)z" dz,
0

z>0

= —9z5h(z, T),

O-h(z,7) + 0,h(z,T)
h(O, T) = eu(T) )
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Limit model and Hopf bifurcation

MUNSTER

Model after setting the scales (R, T, S): Integration of characteristics:
Evolution of exponer;glal monomer excess: h(z,7) = exp(u(t—2)) exp(— /% zB+1)
Oru=1-— /0 g(@,7)adx gives in the equation of the monomer excess:

-1 eu(T—2) <__ ﬂ+1) v
Evolution of supercritical cluster density for x = Oru=1 f P\ 7B dz

R~y > 0: Constant stationary solution: For any 6 > 0
Org(,7) + 0u(ag(w, 7)) = —(TR'r)a"g(,7) 1= et [ exp(— 52 2.
Boundary behavior: g(z,7) ~ & for z — 0 Starting point for Hopf analysis:

Change of variable: v = %, = ﬁ m Linearization around constant solution
wr=a+u(z), s=z
du—1_ / o h(z,7)2" dz m Find pure imaginary eigenvalues = critical 6*
0 m Prove transversality condition: critical
A:-h(z,7) + 8,h(z,7) = —02Ph(z,7), 2>0 eigenvalues get positive real part for § < 6*
h(0,7) = eu(™) 7 = second order expansion of U.

m 3 odd has infinitely many bifurcations



odel with injection and depletion e Formal asympto

Hopf-Blfurcatlon of the limit model

MUNSTER

Parameters: 0 =0.1,n=2, =1



MUNSTER

Consider the truncated Becker-Déring model on {1,2,..., M}
X+ X = Xpy1, k=1,....M—1

with constant source S > 0 of monomers:

:_Jl Z‘]k out ] +S

Jk[n]:aknlnk_bk+1nk+]_, for k=2,....M—1
ng = Jy_1[n] — Ji[n] for k=2,....M-1
’flM = JM—I[ ] JOUt[ ] with JOUt[ ] = apy ninpr -

Oscillations can be observed for the rates:
m strong dissipative dynamic of small clusters k =1,..., K
m transport/hyperbolic dominated dynamic of large clusters k = K +1,..., M

a=A, l=1,..., K -1 and a =1, I=K,....M
bh=A, 1=2,...,K and by =0, I=K+1,....M
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Hopf-Bifurcation in M = 500, K = 15
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Unstable stationary state M = 500, K = 30 —— wwy
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Becker-Déring-Bubbleator 1T

The Becker-Doring-Bubbleator: Stationary states

MUNSTER

K—1 M

Ong = —A (n1)2 —ng + (ning —npg1)| —ma Z ng + S
(=1 (=K

Ogng = A[(ning—1 —ne) — (mang —neq1)] , 2<L<K -1

Ong = A(ming—1 —nKg) —ing
Ome=mn1 (ng—1 —ng) , K+1<l<M

Constant flux stationary state is explicit given by

S _ K+1 1—n1
M+1_n1 1 nk
(- Hm -
S 1— -1
ny = n s fori=2,...,K

VM A1 1y
n;=ng, forl=K+1,...,M.



Becker-Déring-Bubbleator 1T

Quasi-stationary approximation A — oo

Small clusters become quasistationary in the limit A — oo
nl:nll forl=2,....K

Allows to arrive at simplified systems, after deriving equation for n

S — K+1 M
at’fll = 7;1 (nle)_l with & = Z 7
2o 2(n1) 1=K
One =ni(ne—1 —nyg) , K+1<¢(<M

n = (n1)"
which has a constant flux stationary state given by
1
S R
N1:<m> and Nl:NlKv fOI'l:K,...,M.

Linearization in the regime M > 1 shows a Hopf-birfurcation in the parameter K.
Eigenvalues for M > 1 solve approximately
K-1

% (a2 +2)+(1—e ) =0 with a=— Z (K —m)* (Ny)™™

MUNSTER
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