Gradient flow formulation and longtime behaviour of a
constrained Fokker-Planck equation

André Schlichting

Institut fir angewandte Mathematik, Universitat Bonn

joint work with Simon Eberle and Barbara Niethammer
arXiv: 1612.01427

88™ GAMM Annual Meeting - limenau@Weimar

March 9, 2017

,_ " Il |
universitatbonnl  iam




Introduction
and
Motivation

André Schlichting e A constrained Fokker-Planck equation e March 9, 2017 e Page 1(12) universita’tﬂ !alu |



Fokker-Planck equation: gradient flow and longtime behaviour

Starting point: The classical Fokker-Planck equation
Op(t,x) = Oz (Z/QBZp(t, z) + H'(z)p(t,z))
with p(0, ) = p°(z) and [ p°(z) dz = 1 posses a free energy
]:(p):VQ/ p(x)log p(x) dm—l—/H p(x)dz + Fo.
such that it is the gradient flow with respect to the Wasserstein metric

dp=—K(p) DF(p)  with  K(p)p := —0:(p 0=¢).
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Fokker-Planck equation: gradient flow and longtime behaviour

Starting point: The classical Fokker-Planck equation
Quplt,x) = 0 (V0up(t,x) + H' (2)p(t, )
with p(0, ) = p°(z) and [ p°(z) dz = 1 posses a free energy

]:(p):VQ/ p(x)log p(x) da:—l—/H p(x)dz + Fo.
such that it is the gradient flow with respect to the Wasserstein metric
dp=—K(p) DF(p)  with  K(p)p := —0:(p 0=¢).

Convergence to equilibrium via the entropy method:
Set o := exp(—H /v )/Zo with Zo = [ exp(—H (z)/v?) dz and Fo = log Zo then

Energy dissipation relation:

d

dt]—'( p(t)) = _/y,ﬂa,c 1ogp+H’|2dx <0.

André Schlichting e A constrained Fokker-Planck equation e March 9, 2017 e Page 2 (12) universitatﬂ jam |



Fokker-Planck equation: gradient flow and longtime behaviour

Starting point: The classical Fokker-Planck equation
Quplt,x) = 0, (V0up(t, z) + H' (2)p(t, 2))
with p(0,z) = p°(z) and [ p°(z) dz = 1 posses a free energy

]-'(p):yz/ p(x)log p(x) der/H p(x)dz + Fo.
such that it is the gradient flow with respect to the Wasserstein metric

op=—K(p) DF(p)  with  K(p)p = —0u(pup).
Convergence to equilibrium via the entropy method:
Set o := exp(—H/v*)/Zo with Zo = [ exp(—H (z)/v?) dz and Fo = log Zo then
F(p) = v*H(plo) >0  with = 0iff p = 0.
Energy dissipation relation:

d
dt

1

LSI

- , L2 LSl
—Flp(t)) = — |y 8Ilogp+H‘ dz < — F(p(t))-

leads to exponential convergence to equilibrium F(p(t)) < e i F(p(0)).
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Fokker-Planck equations: constraint

Motivation:
B Many-particle storage system exposed to external dynamical loading obeying

/:cp(t, z)de = £(t) with ¢ dynamical load. C

B Example: Lithium-ion batteries during a charge-discharging cycle’

Tw. Dreyer, C. Guhlke, M. Herrmann, Cont. Mech. and Thermodyn. 23(3), 211-231, 2011.
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Fokker-Planck equations: constraint

Motivation:
B Many-particle storage system exposed to external dynamical loading obeying

/:cp(t, z)de = £(t) with ¢ dynamical load. C

B Example: Lithium-ion batteries during a charge-discharging cycle’

The constraint C introduces a nonlocal Lagrange multiplier o (%)

Op(t,x) = (1/ Oup(t,x) + (H'(z) — o(t)) p(t,z)) ,
givenby o (¢ /H p(t, ) dz + €(t).

Tw. Dreyer, C. Guhlke, M. Herrmann, Cont. Mech. and Thermodyn. 23(3), 211-231, 2011.
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Fokker-Planck equations: constraint

Motivation:
B Many-particle storage system exposed to external dynamical loading obeying

/:cp(t, z)de = £(t) with ¢ dynamical load. C

B Example: Lithium-ion batteries during a charge-discharging cycle’

The constraint C introduces a nonlocal Lagrange multiplier o (%)

Op(t,x) = (1/ Oup(t,x) + (H'(z) — o(t)) p(t,z)) ,
givenby o (¢ /H p(t, ) dz + €(t).

Frst goal: Incorporate constraint in gradient flow formulation®

Tw. Dreyer, C. Guhlke, M. Herrmann, Cont. Mech. and Thermodyn. 23(3), 211-231, 2011.
2W. Dreyer et. al., Global existence for a nonlocal and nonlinear Fokker-Planck equation, 2015
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Fokker-Planck equations: constraint

Motivation:
B Many-particle storage system exposed to external dynamical loading obeying

/:cp(t, z)de = £(t) with ¢ dynamical load. C

B Example: Lithium-ion batteries during a charge-discharging cycle’
The constraint C introduces a nonlocal Lagrange multiplier o ()

Op(t,x) = (1/ Oup(t,x) + (H'(z) — o(t)) p(t,z)) ,
givenby o (¢ /H p(t, ) dz + €(t).

Frst goal: Incorporate constraint in gradient flow formulation®

Second goal: Give a characterization of the internal time-scale of relaxation.

Tw. Dreyer, C. Guhlke, M. Herrmann, Cont. Mech. and Thermodyn. 23(3), 211-231, 2011.
2W. Dreyer et. al., Global existence for a nonlocal and nonlinear Fokker-Planck equation, 2015
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Constrained gradient flow
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Constrained gradient flow: Formalism

Constrained state space: M* := {p € P(R) : M1(p) = £}, M1(p) := [ zp(x)dz.
In general Mt = {p € P(R) : C(p;t) = 0}, here C(p; t) := Mi(p) — £(t).
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Constrained gradient flow: Formalism

Constrained state space: M* := {p € P(R) : M1(p) = £}, M1(p) := [ zp(x)dz.
In general Mt = {p € P(R) : C(p;t) = 0}, here C(p; t) := Mi(p) — £(t).

Assumption: Constraint is nondegenerate

(DC(p;t), K(p)DC(p;t)) = |VC(p;t)|2 > 0.
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Constrained gradient flow: Formalism

Constrained state space: M* := {p € P(R) : M1(p) = £}, M1(p) := [ zp(x)dz.
In general Mt = {p € P(R) : C(p;t) = 0}, here C(p; t) := Mi(p) — £(t).

Assumption: Constraint is nondegenerate

(DC(p;t), K(p)DC(p;t)) = |VC(p;t)|2 > 0.

Here: [VC(p, )% = /|8xx|2p(x) dz =1
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Constrained gradient flow: Formalism

Constrained state space: M* := {p € P(R) : M1(p) = £}, M1(p) := [ zp(z)da.
In general Mt = {p € P(R) : C(p;t) = 0}, here C(p; t) := Mi(p) — £(t).

Assumption: Constraint is nondegenerate
(DC(p;t), K(p)DC(p; 1)) = [VC(p; t)]3 > 0.

B For stationary constraints C(p,t) = C(p, 0) an orthogonal projection is sufficient

B Dynamical constraints: augment state space with time dimension
= pass from nonautonomous system to autonomous
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Constrained gradient flow: Formalism
Constrained state space: M* := {p € P(R) : M1(p) = £}, M1(p) := [ zp(z)da.
In general Mt = {p € P(R) : C(p;t) = 0}, here C(p;t) := Mi(p) — £(t).
Assumption: Constraint is nondegenerate

(DC(p;t), K(p)DC(p; 1)) = [VC(p; t)]3 > 0.

B For stationary constraints C(p,t) = C(p, 0) an orthogonal projection is sufficient

B Dynamical constraints: augment state space with time dimension
= pass from nonautonomous system to autonomous

Constrained gradient flow

p: Ry — M is the constrained gradient flow with respect to the nondegenerate
dynamical constraint C : M x R4 — R, ifforall ¢ > 0:

9ep = —K(p(t))DF (p(t)) + o (p(t), t) K(p(t))DC(p(t),1),
<D.7'-(p), K(p)DC(pv t)) + 8tc(p7 t) X

with o(p,t) = IVC(p,t)I3
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Constrained gradient flow: Time-discrete Euler scheme

Let h > 0 be a fixed time step and define for k > 1

. 1 _
p" = argmin (§W§<p’“ Lo+ hf(p)).
pEME(KR)
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Constrained gradient flow: Time-discrete Euler scheme

Let h > 0 be a fixed time step and define for k > 1

. 1 _
p" = argmin (§W§<p’“ Lo+ hf(p)).
pEME(KR)

Assumption: £ is Lipschitz and H € C3(R) is uniform convex at oo, that is

lim H"(z) =cg+ > 0.

xr—Foo

Initial data p° has finite second moment M (p”) < oo
and bounded free energy F(p°) < co.
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Constrained gradient flow: Time-discrete Euler scheme

Let h > 0 be a fixed time step and define for k > 1

/1 _
p" = argmin <§W22(pk Lo+ hf(p)>~
pEMLCRR)

Assumption: £ is Lipschitz and H € C3(R) is uniform convex at oo, that is

lim H'(x) =cu,4+ > 0.

xr—Foo

Initial data p° has finite second moment M (p”) < oo
and bounded free energy F(p°) < co.

Well-posedness: via direct method and convexity of F and M*
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Constrained gradient flow: Time-discrete Euler scheme

Let h > 0 be a fixed time step and define for k > 1

. 1 _
p" = argmin (fWQZ(pk L)+ hf(p)).
pEMLkR)

Passage to the limit h — 0

Let pr, be a piecewise constant interpolation of {p"} solution of the scheme, then py,
converges weakly to a weak solution of the constrained Fokker-Planck equation.
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Constrained gradient flow: Time-discrete Euler scheme

Let h > 0 be a fixed time step and define for k > 1

. 1 _
p" = argmin (fWQZ(pk L)+ hf(p)).

pEME(KR)

Passage to the limit h — 0

Let py, be a piecewise constant interpolation of {p*} solution of the scheme, then py,
converges weakly to a weak solution of the constrained Fokker-Planck equation.

B Time-discrete approximation of the weak formulation: For all { € C°(R)

‘/ phorh 1 /((H’(w)faﬁ)azgfamg)pk p 10ssC] mzq 1

h
with the discrete Lagrange multiplier oF given by
L(kh) —£((k — 1)h
aﬁz/H/(a:)pZ(x)da:—F (kh) = &( ) )
R h
B A priori estimates on moments, entropy, energy and Wasserstein distance.
B Uniform convergence of the Lagrange multiplier via an Arzéla-Ascoli argument

WQ( ’pZ)’
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Convergence to equilibrium
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Convergence to equilibrium: Problems

Naive application of entropy method fails:
B System is not thermodynamically closed for £ % 0

%f(p(t)) = —D(p(t),a(t)) + o(t) £(t)
with

v°8, log L1 dz

D(p,0) := /’VQBZIng+H/70'|2dx:/ ’Y

and v, (z) = exp(fW)/ZU.
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Convergence to equilibrium: Problems

Naive application of entropy method fails:
B System is not thermodynamically closed for £ % 0

%f(p(t)) = =D(p(t),o(t)) +o(t) £(t)

with
2

V20, log L

D(p,0) := /Vaz logp+ H' — U|2dx :/
Yo

H(x)—0ocx
and ’YU(QE) = exp(f%)/zg.
B Naive use of logarithmic Sobolev inequality does not close the entropy relation,
evenfor{ =0

LF0) = ~Dlp(t), o(1)) <

Mismatch of reference state!

%H@@WQS*&EH@@Wmﬂ

H(p(t)Vo(r))

Crst
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Convergence to equilibrium: Local equilibrium

Idea: Constrained minimization of free energy

Characterization of minimizer

There exists a unique minimizer of the constrained minimization problem

oxp (_ H(z) — w)x>

V2

argmin F(p) = yay With v (z) = Z
peEMF A(E)

The function A : R — R implicitly defined by M; (vx(¢)) = £ satisfies the Bi-Lipschitz

estimate
dMi (yx)

< var .
N < Char < 00

0 <€ @ <
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Convergence to equilibrium: Local equilibrium

Idea: Constrained minimization of free energy

Characterization of minimizer

There exists a unique minimizer of the constrained minimization problem

oxp (_ H(z) — w)x>

V2

argmin F(p) = yay With v (z) = Z
peEME A(E)
The function A : R — R implicitly defined by M; (vx(¢)) = £ satisfies the Bi-Lipschitz
estimate
dM; (72)

O<Cvar§T§Cvar<oo'

Proof:
m Convexity of F and M? yields uniqueness

B Explicit construction for existence
B Bi-Lipschitz estimate:

%ﬁ\%) = /x2 Ya(z) dz — (/1’%(96) d17>2 = var(7).
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Convergence to equilibrium: Relative entropy and a priori bounds

Relative entropy magic
Forallp € R, all £ € R and all p € M it holds

CHJ‘

5 (= M0)? < Hlphv) = H(plnaw) < 5= (= A®)?
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Convergence to equilibrium: Relative entropy and a priori bounds

Relative entropy magic

Forallp € R, all £ € R and all p € M it holds

CHJ‘

5 (= M0)? < Hlphv) = H(plnaw) < 5= (= A®)?

B Uniform bounds on moment, Lagrange multiplier and free energy

sup max{Ma(p(t)), o (t), F(p(t))} < C.

t>0

B Uniform logarithmic Sobolev estimate
Vio| <C:  H(plve) < CusiD(p,0).

The constant C;¢; characterizes the rate of convergence to equilibrium
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Convergence to equilibrium: Results |

Convergence to equilibrium

Suppose the dynamical constraint becomes constants

(e L' (Ry) = lim £(t) = £".

t— o0

Then .
_ t _ t—s 5
H(p®)racery) < € st H (0| yaeoy) + Ce,a/ e CLst[{(s)|ds.
0

with Cpo = [|o| o + [[A 0 4] -
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Convergence to equilibrium: Results |

Convergence to equilibrium

Suppose the dynamical constraint becomes constants

(e L' (Ry) = lim £(t) = £".

t— o0
Then .
__t __t=s -
H(p(®)|vaeqry) < e st H(p [yaeo)) + Ce,a/ e CLst|{(s)|ds.
0

with Cpo = [|o| o + [[A 0 4] -

Proof:
%’H(P(tﬂ%(m») = —D(p(t),(t)) + £(t)(a(t) — ML(t)))
S - ciSIH(p(t)I%m) + Coalf(t)]
=- CESI H(p()[vaceqry)) + Coel€(t)]
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Convergence to equilibrium: Results Il

B Fix reference state: Forany ¢* € R, any £ € Rand all p € M*
Cvar

2
2 Cyar

H(plvaes)) < Hplvae) + | — ¢
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Convergence to equilibrium: Results Il

B Fix reference state: Forany ¢* € R, any £ € Rand all p € M*

C(vaur %
H(plvaer)) < Hplvae) + 902 [ — €|2.

B Let £ converge exponentially: [((t)| < Loe™ ", then

H(pt)|[yr@e)) < Coe ™" with 7= min{C’ESII,/ﬁ}.
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Convergence to equilibrium: Results Il

B Fix reference state: Forany ¢* € R, any £ € Rand all p € M*

Cvar %
H(plvaer)) < Hplvae) + 902 [ — €|2.

B Let ¢ converge exponentially: |é(t)| < Loe ", then
H(p(t)h/\(f*)) < Coe ™t with 7= min{CEsllali}.

B Classical Csiszar-Pinsker inequality implies L*-convergence

/|P(t7$) — M)y | dz < Coe 27,
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Convergence to equilibrium: Results Il

B Fix reference state: Forany ¢* € R, any £ € Rand all p € M*

Cvar %
H(plvaer)) < Hplvae) + 902 14 —€|2.

B Let £ converge exponentially: [((t)| < Loe™ ", then
H(pt)|[yr@e)) < Coe ™" with 7= min{C’ESII,/i}.
B Classical Csiszar-Pinsker inequality implies L*-convergence
/|p(t,x) — ’Y)\(g*xz)| dz < C’oe_%t.
B A weighted Csiszar-Pinsker inequality due to [Bolley, Villani 2005] yields

(o(t) = A(£"))* < Ce™*
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Convergence to equilibrium: Results Il

B Fix reference state: Forany ¢* € R, any £ € Rand all p € M*

C(vaur %
H(plvaer)) < Hplvae) + 902 [ — €|2.

B Let £ converge exponentially: [((t)| < Loe™ ", then
H(pt)|[yr@e)) < Coe ™" with 7= min{C’ESII,/i}.
B Classical Csiszar-Pinsker inequality implies L*-convergence
/|p(t,x) — ’yA(g*)<z)| dz < C’oe_% L
B A weighted Csiszar-Pinsker inequality due to [Bolley, Villani 2005] yields

(o(t) = A(£"))* < Ce™*

Thank you for your attention!
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