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Metastability

A system possesses metastable states if:
o (most) initial states converge quickly to some metastable state
o the lifetime of the metastable state is very long

@ the probability of return is very small
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@ the probability of return is very small

flatness of the state space

@ Allen-Cahn equation
(Otto-Reznikoff)

@ Becker-Doring systems
(Penrose)
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Metastability

A system possesses metastable states if:
o (most) initial states converge quickly to some metastable state
o the lifetime of the metastable state is very long

@ the probability of return is very small

flatness of the state space barriers in the state space

@ chemical reactions
(Eyring-Kramers)

@ Nucleation in spin systems
(Bovier, den Hollander,
Spitoni)
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Quantification for Metastability in Fokker-Planck equation
Spectral characterization vs. energetic/entropic characterization
Fokker-Planck equation with potential H : R" — R:

Oruy =V - (<€VUt + utVH) equilibrium: p = exp (—a_lH)
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Spectral characterization vs. energetic/entropic characterization
Fokker-Planck equation with potential H : R"” — R:

Orup =V - (eVue + uVH) equilibrium: p = exp (—a_lH)
@ Spectral gap \: Exponential convergence of [ |u — u|? dx
e [JKO98]: gradient flow of energy

5(u)=/ulogudx—i—a‘l/Hudx:/ﬁlogﬁdu

Logarithmic Sobolev inequality = exponential convergence
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Quantification for Metastability in Fokker-Planck equation

Spectral characterization vs. energetic/entropic characterization
Fokker-Planck equation with potential H : R"” — R:

Orup =V - (eVue + uVH) equilibrium: p = exp (—s_lH)
@ Spectral gap \: Exponential convergence of [ |u — u|? dx
e [JKO98]: gradient flow of energy

5(u)=/ulogudx—i—&?_l/Hudx:/ﬁlogﬁd,u

Logarithmic Sobolev inequality = exponential convergence

Goal: Metastability in “entropic” setting for Foker-Planck
Necessary: Technique providing sharp asymptotics for ¢ < 1
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Quantification for Metastability in Fokker-Planck equation
Spectral characterization vs. energetic/entropic characterization
Fokker-Planck equation with potential H : R"” — R:

Orup =V - (eVue + uVH) equilibrium: p = exp (—5_1H)
@ Spectral gap \: Exponential convergence of [ |u — u|? dx
e [JKO98]: gradient flow of energy

8(u)=/ulogudx—i—a_l/Hudx:/ﬁlogﬁd,u

Logarithmic Sobolev inequality = exponential convergence

Goal: Metastability in “entropic” setting for Foker-Planck
Necessary: Technique providing sharp asymptotics for ¢ < 1
Outlook: gradient flow structure for Markov chains (Maas, Mielke):
Metastability in “entropic” setting for Markov chains
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Poincaré and logarithmic Sobolev inequality -4 i

Generator L gives evolution of f; = u;/u:

Oify = Lfy == eAfy — VH - Vf.
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Definition

w satisfies the Poincaré inequality PI(A) if Vf : R" - R
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p satisfies the Poincaré inequality PI()) if Vf : R" — R
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and the logarithmic Sobolev inequality LSI(«) if VF : R" — R
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Poincaré and logarithmic Sobolev inequality -4 i
Generator L gives evolution of f; = u;/u:

Oify = Lf; ;= eAfy — VH - Vf,.
Definition

p satisfies the Poincaré inequality PI()) if Vf : R" — R

var,,(f) :z/(f—/fd,u)zdug §/|ny2du. PI())

and the logarithmic Sobolev inequality LSI(«) if VF : R" — R

Ent,(f?) ::/f2 log —— f2d /|Vf\ dp. LSI(c)

PI(A\) and LSI(«) imply exponential convergence to u:
PI(\) = var,(f;) < var,(fo)e 2!
LSI(a) = Ent,(f;) < Ent,(fo)e 2"
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Goal: Optimal constants in Pl and LSI -4 i'!!n'ﬂ

Accurate estimates of A and « in the regime ¢ < 1:
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Goal: Optimal constants in Pl and LSI e MW

Accurate estimates of A and « in the regime ¢ < 1:

A=Cre)e T (1+0(1) and a=Cale)e F (1+0(1)).
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Heuristics

dX; = —VH(X,) dt + v2c dW,

e particle follows —VH as long as [VH| ~ 1
@ noise is dominant, if |VH| < /&

2
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Figure : Trajectory for e = 0.4
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Figure : Trajectory for e = 0.2
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Figure : Trajectory for e = 0.1
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0.5

-0.5

Figure : Trajectory for e = 0.05 (red £ = 0)
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Two scales by decomposition a la [GOVWO09]* st |

The partition [#; Q; = R" is called admissible for p if:
(i) For each local minimum m; € M exists Q; with m; € Q;

(i) The partition sum of each Q; is approximately Gaussian

(2me)2 ( H(m,—))
Vi), = ——————exp| — ) (L +0(1)).
H@Z = e () (L ol1)
Restricted measures: u; = puL;, i =0,1. Ko 4 h

Macroscopic measures fi on {0,1}:
fi = Zobo + Z161.

Mixture representation:
n= Zo,uo + Zl,ul with Z; == ,UJ(Q,').

IN. Grunewald, F. Otto, C. Villani, and M. G. Westdickenberg, A’ twb-scale appréachto
logarithmic Sobolev inequalities and the hydrodynamic limit, Annales de I'Institut Henri
Poincaré, Probabilités et Statistiques, 45:2, 2009.
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Ideas motivated from [CM10]?

var,(f) = Zovar,,(f) + Zivar, () + Z0Z1 (Eo(f) — B,y (£))?

local variances mean-difference

local entropies macroscopic entropy
7\

Ent,, (%) = Zo Ent,,(f?) + Z1 Ent,, (%) + Entz (E,., (F?))

2D. Chafai and F. Malrieu, On fine properties of mixtures with respect to
concentration of measure and Sobolev type inequalities, Annales de I'Institut Henri
Poincaré, Probabilités et Statistiques, 46:1, 2010.
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Ideas motivated from [CM10]?

var,(f) = Zovar,,(f) + Zivar, () + Z0Z1 (Eo(f) — B,y (£))?

local variances mean-difference

local entropies

Ent,(f?) < Zo Ent,o(f?) + Z1 Ent,, (F%) +

202y
+ m (vamo(f) + vary, (f) + (B, (f) — Em(f))z) ’

where A(Zy, Z1) = % is the logarithmic mean.

Expect from heuristics:
@ good estimate for local variances/entropies

@ exponential estimate for mean-difference

2D. Chafai and F. Malrieu, On fine properties of mixtures with respect to
concentration of measure and Sobolev type inequalities, Annales de I'Institut Henri
Poincaré, Probabilités et Statistiques, 46:1, 2010.
André Schlichting (IAM Bonn) Two-scale decomposition October 9, 2013 8 /28



Main results
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Theorem (Local Pl and LSI [Menz, S. 2012])

There exists an admissible partition #); Q2; = R" such that each local
measure p; = pLSQ; satisfies Pl(Ajoc) and LSI(avjoc) with

Aol =0(e) and al=0(1).
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Main results

Theorem (Local Pl and LSI [Menz, S. 2012])

There exists an admissible partition #); Q2; = R" such that each local
measure p; = pLSQ; satisfies Pl(Ajoc) and LSI(avjoc) with
Aol =0(e) and al=0(1).

loc —

@ Pl is as good as for convex potential
@ Non-convexity of potential worsens LSI
@ Both results scale optimal in one dimension

Theorem (Mean-difference estimate [Menz, S. 2012])

Z 2me \detV2H(501)| =1
B, f—E,f)?<—~ =2 ef ”(50»1)/ Vi dp.
( Ho M1 ) ~ (277'6)5 |>\_(V2H(50’1))| | | 1%

“<": up to multiplicative error 1 + o(1) as ¢ — 0.

~ "
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Eyring-Kramers formula 4

Corollary
The measure yu satisfies PI(\) and LSI(«) with

1 Z, 2mey/|det V2H(sp1)| Heoa) 2 1
— =~ LyZ- i = e e and — ~ ——
AT 2re)E A (VPH(0))] o~ NZo.21) A
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Eyring-Kramers formula 4

Corollary
The measure yu satisfies PI(\) and LSI(«) with

l o 2T Z'u 2me \det V2H(50’1)| e"’(so,l) 1

2
n e and — ~ —.
A (2me)2 AT (V2H(s0,1))| o NZo, Z1) A

Asymptotic evaluation of the factor A(Zy, Z1) for two special cases:

H(mo) < H(my) : 2 %(Hm”;mwﬂﬁ%<%>>=mfﬂ
Ao

KotK1
H(mg) = H(my) : NEIS_mU

where k; := \/det V2H(m;).
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Proof: Local Pl and LSI AN

Theorem (Local Pl and LSI [Menz, S. 2012])

There exists an admissible partition |#; Q; = R" such that each local
measure p; = u$Q; satisfies Pl(Ajoc) and LSI(avjoc) with

Aol =0(e) and apl=0(1).
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Proof: Local Pl and LSI AN

Theorem (Local Pl and LSI [Menz, S. 2012])

There exists an admissible partition |#; Q; = R" such that each local
measure p; = u$Q; satisfies Pl(Ajoc) and LSI(avjoc) with

Aol =0(e) and apl=0(1).

@ lack of convexity of H on 2
= rules out Bakry-Emery criterion

@ non-exponential behavior of constants
= rules out Holley-Stroock perturbation principle

@ optimality available in one dimension
= Muckenhoupt and Bobkov/Gotze functional
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Proof: Local Pl and LSI via Lyapunov condition wsdem ol

Technique developed by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008—-

Definition (Lyapunov condition on domains)

L satisfies a Lyapunov condition with constants A, b > 0 and some U C ,
if there exists a Lyapunov function W : Q — [1, 00) satisfying

LW
— < A+ b1y.
ceW — + v

and Neumann boundary condition on £, such that integration by parts

holds
/ f(—LW)du = 5/ (VF,VW)dp.
Q Q
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Proof: Local Pl and LSI via Lyapunov condition wsdem ol
Technique developed by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008—-

Definition (Lyapunov condition on domains)

L satisfies a Lyapunov condition with constants A, b > 0 and some U C ,
if there exists a Lyapunov function W : Q — [1, 00) satisfying

LW
— < A+ b1y.
ceW — + v

and Neumann boundary condition on £, such that integration by parts

holds
/ f(—LW)du = 5/ (VF,VW)dp.
Q Q

Theorem ([BBCGO8], [Menz, S. '12 for domains])

Suppose L satisfies a Lyapunov condition on Q and U satisfies Pl(Ay),
then Q) satisfies Pl(\q) with

Aq >

Au

b+ Ay )
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Proof: Local Pl and LS -

Lyapunov function

@ Task: Find a function W : Q — [1,00) such that

LW
W ST Ls, m)
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Proof: Local Pl and LSI AN

Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

LW
S A+ bIg (m)

@ Ansatz W = exp (2—’1) where H is an e-perturbation of H

1 ~ 1 _ -
AH — —|VH]?
2 4€| ’

S

October 9, 2013 13 /28
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Proof: Local Pl and LSI AN

Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

LW
S A+ bIg (m)

@ Ansatz W = exp (2—’1) where H is an e-perturbation of H

N l|V/f/y2 <
2 4e -

S

October 9, 2013 13 /28
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Proof: Local Pl and LSI AN

Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

LW
TS A+ ble, ().

@ Ansatz W = exp (2—’1) where H is an e-perturbation of H

2

W 1 ~ 1. _~,!
- = ZAH - —|VHP < -\
w 2 4€W ==X

» if x is \/e-away from critical points: »3’1|VI:I(X)|2 >4\

October 9, 2013 13 /28
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Proof: Local Pl and LSI AN

Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

LW
TS A+ ble, ().

@ Ansatz W = exp (2—’1) where H is an e-perturbation of H

2

w 1 -~ 1 .
—— = -AH—- —|VAP? < -\
w 2 4-6‘ "=
» if x is \/e-away from critical points: »3’1|VI:I(X)|2 >4\
» if x is \/e-nearby a critical point of index k > 1
AH(x) =] +-+ A+ N+ + A +0(Ve)

>0

<0

October 9, 2013 13 /28
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Proof: Local Pl and LSI AN

Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

LW
TS A+ ble, ().

@ Ansatz W = exp (2—’1) where H is an e-perturbation of H

2

w 1 -~ 1 .
—— = -AH—- —|VAP? < -\
w 2 4-6‘ "=
» if x is \/e-away from critical points: »3’1|VI:I(X)|2 >4\
» if x is \/e-nearby a critical point of index k > 1
AH(x) =] +-+ A+ N+ + A +0(Ve)

>0

<0

Can negative eigenvalues be enforced such that AH(x) < —2A7?
Two-scale decomposition October 9, 2013
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Proof: Local Pl and LSI AN

Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

LW
TS A+ ble, ().

@ Ansatz W = exp (2—’1) where H is an e-perturbation of H

2

w 1 -~ 1 .
—— = -AH—- —|VAP? < -\
w 2 4-6‘ "=
» if x is \/e-away from critical points: »3’1|VI:I(X)|2 >4\
» if x is \/e-nearby a critical point of index k > 1
AH(x) =] +-+ A+ N+ + A +0(Ve)

>0

<0

Can negative eigenvalues be enforced such that AH(x) < —2A? YES!
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Proof: Local Pl and LSI

Construction of Lyapunov function

Figure : H around a saddle point
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Proof: Local Pl and LSI ..l

Construction of Lyapunov function

Figure : H around a saddle point Figure : H around a saddle point

H is quadratic perturbation of H in \/e-neighborhoods of critical points:

sup |H(x) — A(x)| = O(e).

X
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Proof: Mean-difference estimate - i'!!n'ﬂ

Goal: Find a good estimate for C in
(o) ~ (£ < € [ 97
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Proof: Mean-difference estimate —k
Approximation step

Goal: Find a good estimate for C in
(Byo(F) ~ (£ < € [ 97

Step 1: Approximate pg and pq by truncated Gaussians vy and vy:

m,-). “ ';‘ﬂ
“l

vi ~ N(mj,eL;) B z(m;) with 1= V2H(
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Proof: Mean-difference estimate —k

Approximation step

Goal: Find a good estimate for C in
(Byo(F) ~ (£ < € [ 97

Step 1: Approximate pg and pq by truncated Gaussians vy and vy:

Vi ~ N(m;,aZ;)LB\/g(m,-) with Zi_l = V2H(m,-). >

!
2
1

(Buof ~Bf)* < (L4 7) Bl “Bulf (O
N————

transport argument
+21+77Y) > (B f - B, f)° (.

i={0,1} approximation bound k

Introduce 1y and vy as coupling:

=- Approximation bound follows from local Pl and local LSI.
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Proof: Mean-difference estimate —k

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®5 € Diff(R",R"))s¢0,1) interpolating (®s)sr0 = vs
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Proof: Mean-difference estimate —k

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®5 € Diff(R",R"))s¢0,1) interpolating (®s)sr0 = vs

(Jrow- [ran) =([ [ Lo dsdyo)zz
(// (b5, VFoo dyods)2
=(/0 /<d>sod>s_1,Vf>d1/5ds)
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Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®5 € Diff(R",R"))s¢0,1) interpolating (®s)sr0 = vs

(Jrow [ran) = ([ [ Lisoo dsdyo)zz
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Proof: Mean-difference estimate —k

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®5 € Diff(R",R"))s¢0,1) interpolating (®s)sr0 = vs

(Jrow [ran) = (] [ Lironyssao)
(// ., VFod dyods) |
=(/</0 b, o¢51(:j ds Vf>d,u>
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Proof: Mean-difference estimate —k

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®5 € Diff(R",R"))s¢0,1) interpolating (®s)sr0 = vs

(fron frf (1 s
:(/O /<d>s,wo¢s>duods) |
=(/</01daso¢;l‘:i—fds,w>du>
</

1 2
. dv
b, o — =
/0 SO
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Proof: Mean-difference estimate —k

Sideremark: Weighted transport distance

Definition
For 1p, 1 < i define the weighted transport distance by

2

T2(1 u)—inf//ldD od)_l%ds d
2(vo,11) = | Pso st .

{®s}

(®s)sefo,1] is absolutely continuous in s: (s)sro = vs.
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Proof: Mean-difference estimate —k

Sideremark: Weighted transport distance

Definition
For 1p, 1 < i define the weighted transport distance by

2

1 % dp.

1 .
vp,v1) = inf CDSOCD_
Tulvos ) = {0s} > dp

(®s)sefo,1] is absolutely continuous in s: (s)sro = vs.

Mean-difference revisited: Identify [ |Vf]*du = |yf\|§1(u), then

</fdz/o—/fdu1> (¢ Vl’f>H1(u))2

7:; (VOa Vl) HfHHl(M)

Indeed, it holds: 7'3(1/0,1/1) = |jvy — I/1|’i-l_1(#).
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Proof: Mean-difference estimate - i'!!n'ﬂ
Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)LB\/&;(%)

(]Ellof - EVl f)z S
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Proof: Mean-difference estimate - i'!!n'ﬂ

Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)LB\/&;(%)
(1) optimize v

(]Ellof - EVl f)z S
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Proof: Mean-difference estimate - i'!!n'ﬂ

Construction of transport interpolation
Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)LB\/&;(%)
(1) optimize v = passage of saddle v+ = sp1

(Euof — By f)? < —2 o HH(s0) / VA du.
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Proof: Mean-difference estimate - i'!!n'ﬂ
Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)LB\@(%)

(1) optimize v = passage of saddle v+ = sp1

(2) optimize A«
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Proof: Mean-difference estimate - i'!!n'ﬂ
Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)LB\@(%)

(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A~ (V?H(sp 1))

E, f — By f)? < es—lH(so,l)/ V2 dy.
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Proof: Mean-difference estimate - i'!!n'ﬂ
Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)LB\@(%)

(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4.« = direction of eigenvector to A~ (V2H(sp 1))

(3) optimize ¥+

: Qo Q1

-1.5 -1.0 -0.5 0.0 0.5 1.0 15 7

E Z 2me _1
2 < m e 1H(s0,1) 2
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Proof: Mean-difference estimate sz
Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)LB\@(%)

(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4.« = direction of eigenvector to A~ (V2H(sp 1))

(3) optimize X« = Y-} = V2H(sp1) on stable manifold of sp 1

: Qo Q1

-1.5 -1.0 -0.5 0.0 0.5 1.0 15

mj

/ 2
(Eyof—Eylf)z 5 Zﬂ 2me \detV H(So,l)‘ ea_lH(sovl)/|Vf|2dM,

2me)2 A (V2H(s0,1))

André Schlichting (IAM Bonn) Two-scale decomposition




Proof: Mean-difference estimate sz
Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)r0 = N (s, ZS)I_B\/E(’)/S)

(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4.« = direction of eigenvector to A~ (V?H(sp 1))

(3) optimize X« = Y-} = V2H(sp1) on stable manifold of sp 1

: Qo Q1

0.5 1.0 1.5

-15 -10 -05 00

i}
lam

Tdet T2 H(e
(Enf — B f)? 5 2ty 2V V0] ot / VP dp.

2me)2 A (V2H(s0,1))
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Discrete state space 4

reversible Markov chain

Markov chain {X(t)},~o on a finite state space S with generator

(LA)(x) =D plx, ) (F(x) = F(¥))

yes

and with detailed balance

w(x)p(x,y) = u(y)ply,x)  forall x,y € S.
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Discrete state space 4

reversible Markov chain

Markov chain {X(t)},~o on a finite state space S with generator

(LA)(x) =D plx, ) (F(x) = F(¥))

yes

and with detailed balance

w(x)p(x,y) = u(y)ply,x)  forall x,y € S.

For any A C S: first hitting time of A

Ta=inf{t>0] X(t) € A}.
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Metastable points and valleys st |

Definition (Metastable points [Bovier])

Let M ={a1,...,ak} CS. The set M is called a set of metastable
points, if there exists a ¢ > 0 such that

maXae A IPa[TM\a <Ta] oy i
minxes\M P, [TM < TX] - |S|
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Metastable points and valleys st |

Definition (Metastable points [Bovier])

Let M ={a1,...,ak} CS. The set M is called a set of metastable
points, if there exists a ¢ > 0 such that

max P,|T <T. 1
. aeEM a[ M\a a] S 0 <L — g = Q‘S| < 1 as |S‘ — 0.
minees\m Px [T < 7x] S|
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Metastable points and valleys st |

Definition (Metastable points [Bovier])

Let M ={a1,...,ak} CS. The set M is called a set of metastable
points, if there exists a ¢ > 0 such that

maX,eaq IPa [TM\a < Ta]
minXGS\M P, [TM < TX]

1
SQ<<E e =9lS|<K1 as|S|— 0.

Definition (Metastable partition)
Metastable points M C S give rise to a metastable partition {Q.},c v, if:
i) YVaeM:Q,C{xeS | Plra <7x] > Pxrana < 7}

i) Vae MVxeQ,:pu[x] < plal.

v
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S pl |tt| ng umversitétm |I5!|ITI1 |

induced by metastable partition

Conditional measures for a € M

_lo,(x)
pra(x) = Q) 11(x)

Marginal measure
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Spl'tt'ng umversitétm !al!r! |

induced by metastable partition

Conditional measures for a € M
Lg,(x)

Hal) = iq,)

1(x)
Marginal measure

fii= Y Zb,  with  Zy:=p(Q,).

vary(f) = Zavary,(f) + Zyvary,(f) + ZaZy(E,,(f) - Eub(f))2
Ent,(f?) < Z,Ent,,(f?) + Z1 Ent,,(f?)

- % (varﬂa(f) + var,, (f) + (E,,(f) — ]E#b(f))Z) |

where A(Z,, Zp) = ﬁ is the logarithmic mean.
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Capacities e MW

Definition (Harmonic functions and capacities)

Let A, B C S be disjoint, then the harmonic function between A to B is
defined by

(LhA7B):0 ,XGS\(AUB)

hA7B(X) = ]lA(X) , X € AUB.

The capacity of a capacitor (A, B) is defined as

cap(A, B) = (hA,Ba _LhA,B)M .
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Capacities e MW

Definition (Harmonic functions and capacities)

Let A, B C S be disjoint, then the harmonic function between A to B is
defined by

(I_hAJg):O ,XGS\(AUB)

hA7B(X) = ]lA(X) , X € AUB.

The capacity of a capacitor (A, B) is defined as

cap(A, B) = (hA,Ba _LhA,B)M .

Probabilistic interpretation

ABcCS hag(x) = Px(7a < 78), xeS\(AUB)
a,beS cap(a, b) = p(a) Pa(1p < 7a) = p(b) Pp(7a < 7p).
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Pl and LSI for Markov chains —k

Theorem ([S., Slowik "13])
For a metastable Markov chain with M = {a, b} holds

1 1 Z,zy
——-_fath g .
§ = 3eante ) (L olelSD)

Moreover, under assuming a good local LSI, i.e. agi = 0(0|S]), holds
1 VAVAS 1 1
a 1 S)) = 75—~ -(1 S
o N2, Zp) cap(a, b) (1+o0(alS])) = NZs,2Z5) 0 ( + 0(0|S)))
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Pl and LSI for Markov chains AN

Theorem ([S., Slowik "13])
For a metastable Markov chain with M = {a, b} holds

1 1 Z,zy
- b (g .
§ = 3eante ) (L olelSD)

Moreover, under assuming a good local LSI, i.e. oyt = o(0|S|), holds

1 . ZaZb 1 o _ 1 l o
E - /\(Za,Zb) Cap(a7 b) (1 + (Q’S‘)) - /\(Za,Zb) 0 (1 + (Q‘S’))

iam |

Ingredients:

@ local PIl: Donsker-Varadhan variational characterization

= precursor of Lyapunov technique of continuous case
Needs refinement for local LSI!
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Pl and LSI for Markov chains AN

Theorem ([S., Slowik "13])
For a metastable Markov chain with M = {a, b} holds

1 1 Z,zy
- b (g .
§ = 3eante ) (L olelSD)

Moreover, under assuming a good local LSI, i.e. oyt = o(0|S|), holds

1 . ZaZb 1 o _ 1 l o
E - /\(Za, Zb) Cap(a7 b) (1 + (Q’S‘)) - A(Zaa Zb) 0 (1 + (Q‘SD)

iam |

Ingredients:

@ local PIl: Donsker-Varadhan variational characterization
= precursor of Lyapunov technique of continuous case
Needs refinement for local LSI!

e mean-difference estimate via H™1-norms in discrete setting
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Mea n—DIfFel’ence umversitétm |I5!|ITI1 |

Negative Sobolev norms in discrete setting

Identify Dirichlet form with H-norm

111y o= (Fo =L =5 D n(x)p(x:y) (F(x) = ().
x,y€S
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Mean-Difference —k

Negative Sobolev norms in discrete setting
Identify Dirichlet form with H-norm

111y o= (Fo =L =5 D n(x)p(x:y) (F(x) = ().
x,y€S

Negative Sobolev norm as dual norm

IF113 100 = sup (2(F.&).— lgll} :
A=) geHl(u)< g Hl(#)>
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Mean-Difference —k

Negative Sobolev norms in discrete setting
Identify Dirichlet form with H-norm

111y o= (Fo =L =5 D n(x)p(x:y) (F(x) = ().
x,y€S

Negative Sobolev norm as dual norm

IF113 100 = sup (2(F.&).— lgll} :
A=) geHl(u)< 8 Hl(#))

Mean-difference becomes for two probability measure v4, vg
(-2
K oy

André Schlichting (IAM Bonn) Two-scale decomposition October 9, 2013 24 /28
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pooop

|EVA(f) - ]EVB(f)| =

< 1l

H ()




DISCI’ete ﬂOWS umversitét!n.r“ |Ia!|I1'I1|
Definition (Flow)

flow: an antisymmetric map ¢ : § X § — R with

dyesplxy)=0forallxeS
divergence: divp(x) == X, (9(x, ¥) — (¥, x))
. 1 1 2
form: E(p) 1= 3 Xoxyes mypiey [PV A
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Discrete flows —k

Definition (Flow)
flow: an antisymmetric map ¢ : § X § — R with
Zyes o(x,y)=0forall xe S
divergence: divp(x) = Zy (e(x,y) — v(y,x))
form:  E(¢) =3 Xx yes mgeegyy PV

Analog of weighted transport distance

André Schlichting (IAM Bonn) Two-scale decomposition October 9, 2013 25 /28



Discrete flows —k

Definition (Flow)
flow: an antisymmetric map ¢ : § X § — R with
Zyes o(x,y)=0forall xe S
divergence: divp(x) = Zy (e(x,y) — v(y,x))
form: 5(30) = % Zx,yeS m |¢(X?y)|2

Analog of weighted transport distance

Lemma (Representation of H~1-norm)

For two probability measure v, and vp holds

2
Va Vp

L =min {&(p) : div(x) = va(x) — vp(x),Vx € S}.

H=1(n)
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Discrete flows —k

Definition (Flow)
flow: an antisymmetric map ¢ : § X § — R with
Zyes o(x,y)=0forall xe S
divergence: divp(x) = Zy (e(x,y) — v(y,x))
form: £(0) = 3 X yes npyrveyy [P0V

Analog of weighted transport distance

Lemma (Representation of H~1-norm)

For two probability measure v, and vp holds

2
Va Vp

L =min {&(p) : div(x) = va(x) — vp(x),Vx € S}.

H=1(n)

Goal: Construct flow providing a good upper bound for mean-difference.
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Canon'cal ﬂOW umversitét!nn !a!!r!l

Harmonic flows between points z,7' € S:

0z (x,y) = M (hz,z’(X)_hz’z/(y)) {Lhz,z’ =0, on S\ {z,7}

cap(z,2') hy2(2) =1,h, () =0.
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Canonical flow —k

Harmonic flows between points z,7' € S:

_ 1(x) p(x,¥) _ Lhzz =0, on S\ {z,2'}
@272/(X,y) = Cap(zyz/) (hz,z’(X) hz,z/(y)) hz,z/(z) — ]_, hz,z’(zl) =0.
L H)Py) (o -t
8(902’21) = > 2 Cap(Z, z’)2 <hz,z (X) hz,z (}/)> cap(z, Z/) .
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Canonical flow —k

Harmonic flows between points z,7' € S:

1(x) p(x, y) Lh,, =0, on 8\ {z,2'}
z,z/\ X, = N hzz’ _hzz’ ’
SO ) (X .y) Cap(Z,Z/) ( i (X) y (-y)) hz7z/(z) — 1, hz,z/(zl) — 0
Then ( , .
N P X y
- h ! - h ! = —_—
5(9022 Zy cap < z,z (X) z,z (y)> cap(z, Z’)
Lemma

For two probability measures va,vg let the canonical flow be defined by

oasloy) = S va@s@) 0P () by ()

zeA,z’eB cap(z ‘ )

Then ., ., Is a flow and it holds

) < 3 4Bl

cenyes PLY)

V.
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

Introduce coupling measures 1/;,S and z/g between pia, fp:

(B,alf] — Buulfl)
1

< (1+7) (Balf] ~ Byglfl) +2(142) 2 (Bl - Eualf])’
ce{a,b}

v

André Schlichting (IAM Bonn) Two-scale decomposition October 9, 2013 27 / 28



Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

Interpolation between of H~! and H'norm 4 recognize covariance:

(Eplf] — Bulr])

< (1+7) (Bylf] - Ef) +2(1+ %) > (Bulfl- B,:[A)

ce{a,b}
o9 2 1 0
<(1+7)|=2-=2 D(f)+2(1+ = cov2C<f,—C)
K ol H-1(p) ( T> ce%;b} a He

4
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

Use canonical flow for H=*-norm + Cauchy-Schwarz on covariance:

(Eplf] — Bulr])
< (1+7) (Bylf] - Ef) +2(1+ %) > (Bulfl- B,:[A)

ce{a,b}
<(1+7) A (f)+2(1+ ) Y ( ”g)
< )= - =2 Vi (==
K K H=1(u) ce{a,b} g K
1 7
<(1+7)&E(p,s Va)D(f)—l—2(1+—) Z var,, | — | var,(f)
e T ce{a,b} ¢

4
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

Estimate canonical flow + Local Poincaré inequality:

(Byulf] ~ By 1)

<147 (Balf] - Byglfl) +2(142) 3 (Bulfl - E,glf))

ce{a,b}
W 1 2
<(1+7)||[2-=2 D(f)+2(1+ = Z covzc(f,—c)
K ol H=1(p) ( T> cé{ab} a He
1 )
< (147) E(p00) D) +2(14 7) D7 varue (1€ ) var(f)
ce{a,b}

1)

AAY) 1 v ()
<@1+1)> “ean(cy) D(f) + 2(1 + ) Ce%;b} — D)

X?.y

v
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

(Buulf] ~ By l7])
(1+ )Z QG D(f)+2<1+%> 3 e ) (5) D(f)

cap(x, y)

Choice of 12, ¢ € {a, b}, has to provide:
a) Comparison of capacities: cap(x,y) ~ cap(a, b)
for x € supp 1/;,s and y € supp I/g.
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

(Bl - Eu,,m)z

1+ )Z ACAG) D(f)+2<1+%) 3 MD(;‘)

cap(x, y)

Choice of 12, ¢ € {a, b}, has to provide:
a) Comparison of capacities: cap(x,y) ~ cap(a, b)

for x € supp 1/;,s and y € supp I/g.
b) Approximation in variance: var,, (v2/uc) < o(0S)
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

(B, 17 - Eu,,m)z

1+ )Z va()v(y) D(f)+2(1+%) 3 T“C)D(f)

cap X y) ce{a,b}

Choice of 12, ¢ € {a, b}, has to provide:

a) Comparison of capacities: cap(x,y) ~ cap(a, b)
for x € supp 1/;,s and y € supp I/g.

b) Approximation in variance: var,, (v2/uc) < o(0S)

For 6 > 0 and ¢ € {a, b} define:

Las(x)

p(Q2)

Q% :={x € S:cap(a,b) < dcap(c,x)} and vo[x]:=

plx]-
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

(B, 17 - Eu,,m)z

1+ )Z va()v(y) D(f)+2(1+%) 3 T*“)D(f)

cap X y) ce{a,b}

Choice of 12, ¢ € {a, b}, has to provide:
a) Comparison of capacities: cap(x,y) = cap(a, b)
for x € supp 1/‘51,s and y € supp I/g.
b) Approximation in variance: var,, (v2/uc) < o(0S)
For 6 > 0 and ¢ € {a, b} define:
5. ) 5 ) ]lﬂé(x)
Q) :={xe€S:cap(a,b) <dcap(c,x)} and vI[x]:= M(CQB) ulx].
C

@ Provides a) and b) for appropriate choice of 4.
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Truncate by capacity 4

Tradeoff between approximation and comparison of capacities

(B, 17 - Eu,,m)z

1+ )Z va()v(y) D(f)+2(1+%) 3 T*“)D(f)

cap X y) ce{a,b}

Choice of 12, ¢ € {a, b}, has to provide:
a) Comparison of capacities: cap(x,y) = cap(a, b)
for x € supp 1/‘51,s and y € supp yg.
b) Approximation in variance: var,, (v2/uc) < o(0S)
For 6 > 0 and ¢ € {a, b} define:
5. ) 5 ) ]195()()
Q) :={xe€S:cap(a,b) <dcap(c,x)} and vI[x]:= M(CQ‘S) ulx].
C

@ Provides a) and b) for appropriate choice of 4.
e Optimization of 7 = 7 = 0(p|S|) proves mean-difference Theorem.
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@ Examples of entropic gradient flows showing metastability:

» Fokker-Planck equation at low temperature
» Metastable reversible Markov chains for growing system

@ Partitions and splitting induced from dynamic (two scales)

e Optimal constants in Pl and LSI follow from two ingredients:

» good local mixing
= Donsker-Varadhan/Lyapunov technique

» sharp estimates of mean-difference
= transport/flow representation of H~1-norm and optimization
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