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Fokker-Planckevolution of lanX; = %
@%=r ("r %+ % H)

Gibbs measure (dx) = Ziepr Hodx,

where Z = exp H dx

Generatorevolution off; = %=
@i=Li=" ftr Hrf:

R
Dirichlet form E(f) := lg{ Lf)f d
=" jr fj’d:
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De nition
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var (f):=  f2 fd d jr fj°d: PI(%

%
and thelogarithmic Sobolev inequality LSI) if 8f : R"! R
z ¢2 z

Ent (f?) = leogRWd 2 jr fjd: LSI( )

PI(% and LSI( ) imply exponential convergende

PI(% ) var (f) var (fo)e 2%
LSI( ) ) Ent (f)) Ent (fo)e 2"
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Goal: Optimal constants in Pl and LSl st |

Accurate estimates o%and in the regime" 1.

%= Cy")e " (1+0(1) and  =C (e T (L+o(1):
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Heuristics kW

dX; = r H(X) dt + pTth

o particle followsr H aslong agr Hj 1
e noise is dominant, ifr Hj. = "
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Two scales by decompositiona la [GOVWOQ9} s M|

U
The partition i = R"is called for if:

[
(i) For each local minimunm; 2 M exists j 2Py withm; 2

(i) The partition sum of each ; is approximately Gaussian

o (2")2 H(m) .
()Z = PWGXP — (L+0(1):
i= X i=0;1. 0 3 !

= Zo ot Zl 1- !
Mo So:1 M1

=Zg ot Zy 1 withzZi := ().

IN. Grunewald, F. Otto, C. Villani, and M. G. Westdickenberg, A two-scale approach to
logarithmic Sobolev inequalities and the hydrodynamic limt, Annales de I'Institut Henri
Poincae, Probabilies et Statistiques, 45: 2, 2009.
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2
JE )]

Z
Ent (f2) = ZoEnt ,(f?)+ ZyEnt ,(f?)+ Ent E (f?)

2D. Chafas and F. Malrieu, On ne properties of mixtures with respect to
concentration of measure and Sobolev type inequalitiednnales de I'Institut Henri
Poincae, Probabilies et Statistiques, 461, 2010.
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Theorem (Local Pl and LSI)

U
There exists an admissible partition;,

i = R" such that each local
measure | =

X j satis es Pl(%yc) and LSI( joc) with

%s=0(") and = O(1):

loc

Pl is as good as for convex potential
Non-convexity of potential worsens LSI
Both results scale optimal in one dimension

Theorem (Mean-di erence estimate)

p 1 2 M1 17 N+ Z
Z 2" jdetr 2H(sp1)j o« 1 L.
Ef E,f)2. r— =g He) jr £j2d:
E ) @2")z i (r2H(so)] I
\. " up to multiplicative errorl + o(1) as" ! O.
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Eyring-Kramers formula siesiomy W

Corollary
The measure satis esPI(% and LSI( ) with
p T 1 1 9117 N+
2" 2H(s0:1)] HGow
1 Z jdetr “H(so:1)] Heos and 2 1

= Z0Z _ _ 1 .
% 2 ] (1 H(s)i (Zo:Z21) %
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Corollary
The measure satis esPI(% and LSI( ) with
p T 1 1 9117 N+
2" 2H(sp;1)] Heow
1 Z jdetr “H(so:1)] Heos and 2 1

= Z0Z _ _ 1 .
% 2 ] (1 H(s)i (Zo:Z21) %

Asymptotic evaluation of the factor ¢g;Z1) for two special cases:

% 1 H(ml) H(mo)
2 n
% 0; 1

(o 1)

H(mp) < H(my) :

+log — =0(" Y
1

H(mo) = H(my) : = 0(1);

q___
where ; ;= detr 2H(m;):
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Theorem (Local Pl and LSI)

There exists an admissible partition; ; = R" such that each local
measure ; = X ; satis esPl(%yc) and LSI( |oc) with

%e=0(") and L= 0O(Q):

loc

lack of convexity oH on
) rules out BakryEmery criterion

non-exponential behavior of constants
) rules out Holley-Stroock perturbation principle

optimality available in one dimension
) Muckenhoupt and Bobkov/Getze functional
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Proof: Local Pl and LSI via Lyapunov condition® ™|
Technique developed by Bakry, Barthe, Cattiaux, Guillin, Whg and Wu 2008{

De nition (Lyapunov condition on domains)
L satises a

with constants ; b > 0 and someJ
if there exists a

W : | [1;1) satisfying
LW
— + b 1ly:
"W b1y
and Neumann bogndary condition 09 , such that integration by parts

holds
f( L W)d =" hrf;r Wid:
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De nition (Lyapunov condition on domains)

L satises a with constants ; b > 0 and someJ ,
if there exists a W: | [1;1) satisfying
LW
+ b1y:
IIW U

and Neumann bOlZJndary condition 09 , such that integration by parts

holds
f( L W)d =" hrf;r Wid:

Theorem ([BBCGO08])

Suppose L satis es a Lyapunov condition andU satis esPI(%y), then
satis es PI(% with
[0) (o)
& b+ % &
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Proof: Local Pl and LSI AN Y

Proof: Lyapunoy PI(%
Integration by parts oW wrt. to L yields

2
fz(ul\'/\\;v) = r\f/—v;rW d
z z
=2 \;—vhrf;rWid f‘\rlv#d
z Z f 2
R, Al :
= jrfj°d rf WrW d:
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Proof: Local Pl and LSI

Proof: Lyapunoy PI(%
Integration by parts oW wrt. to L yields

"1 11} |
universititbonnl  iam

(W) o _ iz
f "Wd—er,rWd )
_ f o f2jr Wj?
=2 Whrf,rW|d Td
jr fj*d
The Lyapunov conditions ensures 1%+ 21y:
Z Z Z
LW
var (f) (f fu)d (f fu)>—d + b (f fu)2d
W u
Z b Z
. .2 . 22 1.
jr fj°d + %0 Ujr fjod:
April 12, 2013
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Lyapunov function

Find a functionW : ! [1;1 ) such that
Lw
W * D 1lgp.(m:
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1
W P

4||

Ande Schlichting (IAM Bonn) Optimal Pl and LSI April 12, 2013 13/ 24



Proof: Local Pl and LSI AN Y

Lyapunov function

Find a functionW : ! [1;1 ) such that
LW
W +b 1Bap ~(m)-

AnsatzW = exp % , whereH is an"-perturbation ofH
Cw

1
W P

4||

Ande Schlichting (IAM Bonn) Optimal Pl and LSI April 12, 2013 13/ 24



Proof: Local Pl and LSI AN Y

Lyapunov function

Find a functionW : ! [1;1 ) such that
LW
W +b 1Bap ~(m)-

AnsatzW = exp % , whereH is an"-perturbation ofH

=Z A
2 4"

w1 1
. H.z
W A

Cifxis? "-away from critical points:" 1jr H(x)j?> 4
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W 2 4IIJ J
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Proof: Local Pl and LSI AN Y

Construction of Lyapunov function

Figure : H around a saddle point
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Proof: Local Pl and LSI AN Y

Construction of Lyapunov function

Figure : H around a saddle point Figure : H around a saddle point

p

H is quadratic perturbation oH in = "-neighborhoods of critical points:

sup H(x) H(x) = O("):
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Proof: Mean-di erence estimate p—A Y

Find a good estimate foC in 7
(E o(f) E.(f)* C jrfj?d:
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Proof: Mean-di erence estimate p—A Y

Approximation step
Find a good estimate fo€ in 7
(E o(f) E.(f)? C jrfj’d;

Approximate o and ; by truncated Gaussiansy and 1:

i N (mi;" i)XBpW(mi) with _l-= 2H(rnl)
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Proof: Mean-di erence estimate

Approximation step
Find a good estimate fo€ in 7
(E ,(f) E.(f)* C jrfj*d:

Approximate ¢ and ; by truncated Gaussiansy and 1:

N (mi;" )xBP«(m) with  1:=r 2H(m):

[
Introduce ¢ and 1 as

2 2
(Ef E.H? @+ )ES ED

transport)zzrgument

+2(1+ Y fE f {ZE if)f

i=f01g approximation bound

Approximation
bound follows from local Pl and local LSI.
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15/ 24



Proof: Mean-di erence estimate p—A Y

Transport interpolation
Find a good estimate foC in 7
(Eo(f) E.(f)? C jrfj*d:

Transport ( s 2 Di ( R";R"))sz(0:1] interpolating ( s); 0= s
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Transport interpolation
Find a good estimate foC in 7
(Eo(f) E.(f)? C jrfj*d:

Transport ( s 2 Di ( R";R"))sz(0:1] interpolating ( s); 0= s
Z Z Z Z
2 1 d 2

fdo fdi = gl 9dsdo
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= 1 f s dogds
0
D E 2
= 1'rf %
—S S d
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Transport ( s 2 Di ( R";R"))sz(0:17 interpolating ( s); 0= s

Z Z 2 ZZ1d 2
fdo fd, = —(f s)dsd o
Z ZD E 2
= 1 f s dogds
Z Z, ds 2
= s P =dsrf d
0 d
Z Z Z
1 1dS 2
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Proof: Mean-di erence estimate p—A Y
Sideremark: Weighted transport distance

De nition
For o; 1 de ne the by
Z Z,

T2( o; 1) = inf -
(o0 1) ;nsg s d

( s)s2[0;1) IS absolutely continuous is: ( s); 0= .
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Proof: Mean-di erence estimate p—A Y

Sideremark: Weighted transport distance

De nition
For o; 1 de ne the by
Z Z,

T(o, 1)—|nf — s d_
sg 0

( s)s2[0;1) IS absolutely continuous is: ( s); 0= .

R
Mean-di erence revisited: Identify jr fj2d = kfk? then

Hi( )’
z z )

fdo fd]_ = H_l()hO 1;fi|:L1()

2
( 0s 1) kf kﬂl( ) -

. 20 . _ 2
Indeed, it holds:T<( o; 1) = Kk ¢ 1kIi 1)
April 12, 2013 17/ 24



Proof: Mean-di erence estimate
Construction of transport interpolation

Ansatz ssuchthat s=( s)j 0= N( s )XBP~(s)
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(E f E,0H)?2.

ya
jr fj°d:
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Proof: Mean-di erence estimate
Construction of transport interpolation

Ansatz ssuchthat s=( s)j 0= N( s )XBP~(s)
(1) optimize ) passage of saddle = 51
(2) optimize _ ) direction of eigenvector to (r 2H(sp:1))
(3) optimize ) 1= r 2H(sy.1) on stable manifold of;1

0 1

Z
jr fj°d:
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Main results

Sketch of the Proofs
Local Pl and LSI
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Application to entropic switching siesiomy W

Investigation of speci ¢ energy landscape:
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Fluxes and reaction rates sy |

Interpretation as chemical reactions

A=1fix & rgreactant
B=1fijx a rgproduct
C=fix @ rgintermediate product

What are typical reaction rates and paths?
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Interpretation as chemical reactions

A=1fix & rgreactant
B=1fijx a rgproduct
C=fix @ rgintermediate product

What are typical reaction rates and paths?

How to de ne the reaction rate?
Steady state with in ow of reactants and out ow of products:

LhA;B =0 in (A[ B)C and hA;B:]-A inA[ B:

De nition (Reaction rate)
A yA

kag =" jdasj’d =" jr hagj’d:
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Entropic switching sy |

Numerics: P. Metzner, C. Schatte and E. Vanden-Eijnden 2006 [NEB]

115 1 105 0 05

very low temperaturée' VS. low temperature'

1 15

[MSVEOQ6] P. Metzner, C. Schutte, and E. Vanden-Eijndenl|lustration of transition path
theory on a collection of simple examplesThe Journal of chemical physics, 128; 2006.
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Connection to electrical networks sy |

series and parallel law

minima become nodes

Ande Schlichting (IAM Bonn) Optimal Pl and LSI April 12, 2013 22124



Connection to electrical networks sy |

series and parallel law

minima become nodes
) saddles become resistors

Ande Schlichting (IAM Bonn) Optimal Pl and LSI April 12, 2013 22124



Connection to electrical networks p—A Y

series and parallel law

minima become nodes
) saddles become resistors

boundary condition
becomes voltage source
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Connection to electrical networks p—A Y

series and parallel law

1 ‘ 1
] ]
Rae C Rcs
A B
@ [} @
Ras
+|

voltage

Ohm's law: total current = ol resistance
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] ]
Rae C Rcs
A B
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Ras
+|

' . — voltage
Ohm's law: total current = ol resistance

series and parallel law

The total resistanceR betweenA and B of the network satis es
1 _ 1 N 1
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Ras
+|

' . — voltage
Ohm's law: total current = ol resistance

series and parallel law
The total resistanceR betweenA and B of the network satis es

1 1 1 Ohm
= 8 + = Kas:
R Rag Rac+ Rce
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Result and comparison with numerical data i ™|

Identi cation can be justi ed using the weighted transport stiance

Series and parallel law for transport cost

’ 1 1,1
APT2(XA; XB) Tag  Tac+ Tcs’
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Identi cation can be justi ed using the weighted transport stiance

Series and parallel law for transport cost
} 1 1, 1
AP T2(xA; xB) Tas Tac+ Tcs'

where z z,

2

d
Tag = inf 1= S5ds d:
AB 2 ( saB) 0 - ° d

( sag): transport interpolations between xA and XB acrosssag .
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Series and parallel law for transport cost
} 1 1, 1
AP T2(xA; xB) Tas Tac+ Tcs'

where z z,

2

d
Tag = inf 1= S5ds d:
AB 2 ( saB) 0 - ° d

( sag): transport interpolations between xA and XB acrosssag .

"=0:15 "=0:6
[MSVEO6] TPT, ux 9:47 108 1912 102
[MSVEO06] TPT, commitor 922 10 & 1:924 10 2
transport, numericalZ 9:33 108 1:926 10?2
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Overdamped Langevin dynamics at low temperature
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Summary sy |

Overdamped Langevin dynamics at low temperature
Partitions and splitting induced from dynamic (two scales)

Optimal constants in Pl and LSI follow from two ingredients:

I goodlocal mixing
) Lyapunov technigue handles non-convex situations

I sharpestimates of mean-di erence
) transport representation oH -norm and optimization

Relation to electrical networks to estimate reaction rates
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