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and

logarithmic Sobolev inequalities
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Introduction
Overdamped Langevin dynamics

Hamiltonian H : Rn → R energy landscape

Dynamic at temperature ε ≪ 1
dXt = −∇H(Xt)dt +

√
2ε dWt

Fokker-Planck evolution of lawXt = ̺t
∂t̺t = ∇ · (ε∇̺t + ̺t∇H)

Gibbs measure µ(dx) = 1
Zµ

exp
(
−H

ε

)
dx ,

where Zµ =
∫
e−

H
ε dx

Generator evolution of ft = ̺t/µ
∂t ft = Lft := ε∆ft −∇H · ∇ft .

Dirichlet form E(f ) :=
∫
(−Lf )f dµ

= ε
∫
|∇f |2 dµ.
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Distance and convergence to equilibrium
Quantification via functional inequalities

f ≡ const. is equilibrium state

for a strictly convex function ξ : R → R ∪ {+∞} define

Ξ(f ) :=

∫

ξ ◦ f dµ− ξ

(∫

f dµ

)

.

evaluate Ξ(ft) along solution ∂ft = Lft

d

dt
Ξ(ft) =

∫

ξ′ ◦ f ∂t ft
︸︷︷︸

=Lft

dµ = −ε

∫

ξ′′ ◦ f
︸ ︷︷ ︸

>0

|∇ft |2 dµ.

If FI(β), then
Ξ(ft) ≤ Ξ(f0)e

−2εβt .
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Poincaré and logarithmic Sobolev inequality

Definition

µ satisfies the Poincaré inequality PI(̺) if ∀f : Rn → R

varµ(f ) :=

∫

f 2 −
(∫

f dµ

)2

dµ ≤ 1

̺

∫

|∇f |2 dµ. PI(̺)

and the logarithmic Sobolev inequality LSI(α) if ∀f : Rn → R

Entµ(f ) :=

∫

f log
f

∫
f dµ

dµ ≤ 1

α

∫ |∇f |2
2f

dµ. LSI(α)

PI(̺) and LSI(α) imply exponential convergence to µ:

PI(̺) ⇒ varµ(ft) ≤ varµ(f0)e
−2̺εt

LSI(α) ⇒ Entµ(ft) ≤ Entµ(f0)e
−2αεt .

LSI(α) implies PI(α) ⇒ ̺ ≥ α
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Goal

Accurate estimates of ̺ and α in the regime ε ≪ 1:

̺ = C̺e
−∆H

ε (1 + o(1)) and α = Cαe
−∆H

ε (1 + o(1)).
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Heuristics
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Heuristics

Figure : Trajectory for ε = 0.4
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Heuristics

Figure : Trajectory for ε = 0.2
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Heuristics

Figure : Trajectory for ε = 0.1
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Heuristics

Figure : Trajectory for ε = 0.05 (red ε = 0)
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Partitions

Make use of the two scale in dynamics by decomposition [GOVW09]

Basins of attraction Ω0 ⊎ Ω1 = R
n of local minima m0,m1:

Ωi := {y0 ∈ R
n : ẏt = −∇H(yt), yt → mi} .

Ω0 Ω1

m0 m1s0,1

Restricted measures µ0, µ1:

µi := µxΩi , i = 0, 1.

Mixture representation

µ = Z0µ0 + Z1µ1, Zi := µ(Ωi ).
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Splitting

Lemma

varµ(f ) = Z0 varµ0(f ) + Z1 varµ1(f )
︸ ︷︷ ︸

local variances

+ Z0Z1 (Eµ0(f )− Eµ1(f ))
2

︸ ︷︷ ︸

mean-difference

Entµ(f
2) ≤

local entropies
︷ ︸︸ ︷

Z0 Entµ0(f
2) + Z1 Entµ1(f

2)

+
Z0Z1

Λ(Z0,Z1)

(

varµ0(f ) + varµ1(f ) + (Eµ0(f )− Eµ1(f ))
2
)

,

where Λ(Z0,Z1) =
Z0−Z1

logZ0−logZ1
is the logarithmic mean.

Expect from heuristics:

good estimate for local variances/entropies

exponential estimate for mean-difference
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Main results

Theorem (Local PI and LSI)

The measures µ0 and µ1 satisfy PI(̺loc) and LSI(αloc) with

̺−1
loc = O(ε) and α−1

loc = O(1).

PI is as good as for convex potential

Non-convexity of potential worsens LSI

Both results scale optimal in one dimension

Theorem (Mean-difference estimate)

(Eµ0f − Eµ1f )
2 .

Zµ

(2πε)
n
2

2πε
√

|det∇2H(s0,1)|
|λ−(∇2H(s0,1))|

eε
−1H(s0,1)

∫

|∇f |2 dµ.

“.”: up to multiplicative error 1 + o(1) as ε → 0.

André Schlichting (IAM Bonn) Eyring-Kramers formula for PI and LSI October 18, 2012 9 / 20



Main results

Theorem (Local PI and LSI)

The measures µ0 and µ1 satisfy PI(̺loc) and LSI(αloc) with

̺−1
loc = O(ε) and α−1

loc = O(1).

PI is as good as for convex potential

Non-convexity of potential worsens LSI

Both results scale optimal in one dimension

Theorem (Mean-difference estimate)

(Eµ0f − Eµ1f )
2 .

Zµ

(2πε)
n
2

2πε
√

|det∇2H(s0,1)|
|λ−(∇2H(s0,1))|

eε
−1H(s0,1)

∫

|∇f |2 dµ.

“.”: up to multiplicative error 1 + o(1) as ε → 0.
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Eyring-Kramers formula

New proof to [BEGK04/05] for PI and extension to LSI:

Corollary

The measure µ satisfies PI(̺) and LSI(α) with

1

̺
≈ Z0Z1

Zµ

(2πε)
n
2

2πε
√

|det∇2H(s0,1)|
|λ−(∇2H(s0,1))|

e
H(s0,1)

ε and
2

α
.

1

Λ(Z0,Z1) ̺
.

Asymptotic evaluation of the factor Λ(Z0,Z1) for two special cases:

H(m0) < H(m1) : 1 ≤ ̺

α
. O(ε−1)

H(m0) = H(m1) : 1 ≤ ̺

α
.

κ0+κ1
2

Λ(κ0, κ1)
= O(1),

where κi :=
√

det∇2H(mi ).
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Sketch of the Proofs

Theorem (Local PI and LSI)

A measures µ coming from a basin of attraction Ω of a potential H

satisfies PI(̺loc) and LSI(αloc) with

̺−1
loc = O(ε) and α−1

loc = O(1).

lack of convexity
⇒ rules out Bakry-Émery criterion

non-exponential behavior of constants
⇒ rules out Holley-Stroock perturbation principle

optimality available in one dimension
⇒ Muckenhoupt and Bobkov/Götze functional
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Proof: Local PI and LSI
Lyapunov condition

Technique by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008–
Principal eigenvalue characterization for L by Donsker-Varadhan 1975

Definition

L satisfies a Lyapunov condition with constants λ, b > 0 and some
U ⊂ R

n, if there exists a function W : Ω → [1,∞) satisfying

LW

εW
≤ −λ+ b 1U .

W is called Lyapunov function for L.

Theorem ([BBCG08])

Suppose L satisfies a Lyapunov condition and µxU satisfies PI(̺U), then
µ satisfies PI(̺) with

̺ ≥ λ

b + ̺U
̺U
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Proof: Local PI and LSI

Proof: Lyapunov ⇒ PI(̺)

With the symmetry of ε−1(−L) in L2(µ) follows
∫

f 2
(−LW )

εW
dµ =

∫ 〈

∇ f 2

W
,∇W

〉

dµ

= 2

∫
f

W
〈∇f ,∇W 〉 dµ−

∫
f 2 |∇W |2

W 2
dµ

=

∫

|∇f |2 dµ −
∫ ∣

∣
∣
∣
∇f − f

W
∇W

∣
∣
∣
∣

2

dµ.

The Lyapunov conditions ensures 1 ≤ −LW
λεW

+ b
λ
1U :

varµ(f ) =

∫

(f − f̄ )2dµ
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varµ(f ) ≤
∫
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2dµ ≤

∫

(f − f̄U)
2−LW

λεW
dµ+

b

λ

∫

U

(f − f̄U)
2dµ
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∫

(f − f̄U)
2dµ ≤

∫

(f − f̄U)
2−LW

λεW
dµ+

b

λ

∫

U

(f − f̄U)
2dµ

≤ 1

λ

∫

|∇f |2 dµ+
b

λ̺U

∫

U

|∇f |2 dµ.
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Proof: Local PI and LSI
Lyapunov function

Task: Find a function W : Ω → [1,∞) such that

LW

W
≤ −λ+ b 1Ba

√
ε
(m).

Ansatz W = exp
(

H̃
2ε

)

, where H̃ is an ε-perturbation of H

L̃W

W
=

1

2
∆H̃ − 1

4ε
|∇H̃|2

!
≤ −λ.

◮ if x is
√
ε-away from critical points: ε−1|∇H̃(x)|2 ≥ 4λ

◮ if x is
√
ε-nearby a critical point of index k ≥ 1

∆H̃(x) = λ̃−

1 + · · ·+ λ̃−

k
︸ ︷︷ ︸

<0

+ λ̃+
k+1 + · · ·+ λ̃+

n
︸ ︷︷ ︸

>0

+O(
√
ε)

Can negative eigenvalues be enforced such that ∆H̃(x) ≤ −2λ?
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André Schlichting (IAM Bonn) Eyring-Kramers formula for PI and LSI October 18, 2012 14 / 20



Proof: Local PI and LSI
Lyapunov function

Task: Find a function W : Ω → [1,∞) such that

LW

W
≤ −λ+ b 1Ba

√
ε
(m).

Ansatz W = exp
(

H̃
2ε

)

, where H̃ is an ε-perturbation of H

L̃W

W
=

1

2
∆H̃ − 1

4ε
|∇H̃|2

!
≤ −λ.

◮ if x is
√
ε-away from critical points: ε−1|∇H̃(x)|2 ≥ 4λ

◮ if x is
√
ε-nearby a critical point of index k ≥ 1

∆H̃(x) = λ̃−

1 + · · ·+ λ̃−

k
︸ ︷︷ ︸

<0

+ λ̃+
k+1 + · · ·+ λ̃+

n
︸ ︷︷ ︸

>0

+O(
√
ε)

Can negative eigenvalues be enforced such that ∆H̃(x) ≤ −2λ?
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Proof: Local PI and LSI
Construction of Lyapunov function

Figure : H around a saddle point

H̃ is quadratic perturbation of H in
√
ε-neighborhoods of critical points:

sup
x

∣
∣
∣H(x)− H̃(x)

∣
∣
∣ = O(ε).
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Proof: Mean-difference estimate

Goal: Find a good estimate for C in

(Eµ0(f )− Eµ1(f ))
2 ≤ C

∫

|∇f |2 dµ.
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Proof: Mean-difference estimate
Approximation step

Goal: Find a good estimate for C in

(Eµ0(f )− Eµ1(f ))
2 ≤ C

∫

|∇f |2 dµ.

Step 1: Approximate µ0 and µ1 by truncated Gaussians ν0 and ν1:

νi ∼ N (mi , εΣi )xB√
ε(mi ) with Σ−1

i
:= ∇2H(mi ).

Introduce ν0 and ν1 as coupling:

(Eµ0f − Eµ1f )
2 ≤ (1 + τ) (Eν0f − Eν1f )

2

︸ ︷︷ ︸
transport argument

+ 2(1 + τ−1)
∑

i={0,1}
(Eµi

f − Eνi f )
2

︸ ︷︷ ︸

approximation bound

Approximation
bound follows from local PI and local LSI.
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André Schlichting (IAM Bonn) Eyring-Kramers formula for PI and LSI October 18, 2012 16 / 20



Proof: Mean-difference estimate
Transport interpolation

Goal: Find a good estimate for C in

(Eν0(f )− Eν1(f ))
2 ≤ C

∫

|∇f |2 dµ.

Step 2: Transport (Φs : R
n → R

n)s∈[0,1] interpolating (Φs)♯ν0 = νs
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Step 2: Transport (Φs : R
n → R

n)s∈[0,1] interpolating (Φs)♯ν0 = νs

(∫

f dν0 −
∫

f dν1

)2

=

(∫ ∫ 1

0

d

ds
(f ◦ Φs) ds dν0

)2

=

(∫ 1

0

∫ 〈

Φ̇s ,∇f ◦ Φs

〉

dν0 ds

)2

=

(∫ 1

0

∫ 〈

Φ̇s ◦ Φ−1
s ,∇f

〉 dνs
dµ

dµ ds

)2
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Proof: Mean-difference estimate
Sideremark: Weighted transport distance

Definition

For ν0, ν1 ≪ µ define the weighted transport distance by

T 2
µ (ν0, ν1) = inf

{Φs}

∫ ∣
∣
∣
∣

∫ 1

0
Φ̇s ◦ Φ−1

s

dνs
dµ

ds

∣
∣
∣
∣

2

dµ.

(Φs)s∈[0,1] is absolutely continuous in s: (Φs)♯ν0 = νs .

Mean-difference revisited: Identify
∫
|∇f |2 dµ = ‖f ‖2

Ḣ1(µ)
, then

(∫

f dν0 −
∫

f dν1

)2

=
(

Ḣ−1(µ)〈ν0 − ν1, f 〉Ḣ1(µ)

)2

≤ T 2
µ (ν0, ν1) ‖f ‖2Ḣ1(µ)

.

Indeed, it holds: T 2
µ (ν0, ν1) = ‖ν0 − ν1‖2Ḣ−1(µ)

.
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Proof: Mean-difference estimate
Construction of transport interpolation

Step 3: Ansatz Φs such that νs = (Φs)♯ν0 = N (γs ,Σs)xB√
ε(γs)

(1) optimize γ ⇒ passage of saddle γτ∗ = s0,1
(2) optimize γ̇τ∗ ⇒ direction of eigenvector to λ−(∇2H(s0,1))

(3) optimize Στ∗ ⇒ Σ−1
τ∗ = ∇2H(s0,1) on stable manifold of s0,1

Ω0 Ω1

ν0 ν1
s0,1

γ

νs
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Summary

Functional inequalities quantify convergence to equilibrium

Partitions and splitting induced from dynamic (two scales)

Eyring-Kramers formula follows from two ingredients:

◮ good local mixing
⇒ Lyapunov technique handles non-convex situations

◮ sharp estimates of mean-difference
⇒ transport representation of H−1-norm and optimization
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