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Introduction
Overdamped Langevin dynamics

Hamiltonian H : R" ! R energy landscape

Dynamic at temperature” 1p_ v
dX¢ = r H(X)dt+  2"dw;

Fokker-Planckevolution of lanX; = %
@%=r ("r %+ %r H)

Gibbs measure (dx) = Ziepr B dx,
where Z = e "dx
Generatorevolution off; = %=
@ =Lfi=" fir Hrf:
Dirichlet form E(f) := ng{ Lf)f d

"jr fj2d:
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Distance and convergence to equilibrium sl W
Quanti cation via functional inequalities

e f  const. is equilibrium state
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Distance and convergence to equilibrium sl W

Quanti cation via functional inequalities

e f  const. is equilibrium state
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Distance and convergence to equilibrium sl W

Quanti cation via functional inequalities

e f  const. is equilibrium state

e for a strictly convexfunction :R! R[f +1g dene
z z

(f):= fd fd

e evaluate (f;) along solution@; = Lf;
Z Z

d o0 FIO)
g (f0= 0 f @ d =" 0 f jr fj%d 2" (fy):
=Lft

o If FI( ), then
(f) (foe # .

Convergence to equilibrium is established iy )
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Poincae and logarithmic Sobolev inequality st

De nition
satis es the Poincae inequality P1¢p if 8f : R"! R
z Z 5 Z
oY I
var (f) = f fd d % jr fjcd: PI(%
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Poincae and logarithmic Sobolev inequality st
De nition
satis es the Poincae inequality P1¢p if 8f :R"! R
z 2 z

var (f):=  f2 fd d ir fj2d: PI(%

%
and thelogarithmic Sobolev inequality LSI{ if 8f : R"! R
Z ¢2 Z

Ent (f2) := leogRWd 2 jr fj%d: LSI( )

PI(% and LSI( ) imply exponential convergende

PI(% ) var (f) var (fo)e
LSI() ) Ent () Ent (fo)e 2"t

LSI( ) impliesPI()) %
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Accurate estimates o%and in the regime" 1.

%= Ce ~ (L+0(1)) and =Ce = (1+o(1):
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Figure : Trajectory for" =0:4
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Figure : Trajectory for" =0:2
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Figure : Trajectory for" =0:1

Ande Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI



H e U rIStI CS universitétﬂ |Iz!!rl| |

Figure : Trajectory for" = 0:05 (red" = 0)
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Partitions sy 1|

Make use of the two scale in dynamics by decomposition [GOVWQ09]
ol 1= R" of local minimamg; m;:

i=fyo2R":yy=r HMW);y:! mig:

my

=Z0 0t Z1 1, Z:= (i)

3
S
,,44—4—————4“8,———————<—--__
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Lemma
var (f) = ovar ,(f)+ Zyvar (f) + ZoZi(E ,(f) E (f))2
fovaroliy, 2 var,{iy [Eo) E 0
local variances mean-di erence
5 local ?Ttropies {
Ent (f2) ZoEnt ,(f%)+ Z1Ent ,(f?)
ZoZ,

2 .
(2020 var ((f) +var (f)+(E o(f) E ()"
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Splitting
Lemma
var (f) = ovar ,(f)+ Zyvar (f) + ZoZi(E (f) E ,(f))
fovaroliy, 2 var,{iy (2o 5 s
local variances mean-di erence
5 local ?Ttropies {
Ent (f2) ZoEnt ,(f%)+ Z1Ent ,(f?)
ZoZy .
(2020 var o(f)+var ((f)+(E ,(f) E ,(f)? ;
where ( Zo;Z1) = % is the
October 18, 2012
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Splitting

Lemma

var (f) = lzovar 0(f)Erzzlvarl(f; + zozle

local variances

local entropies
Z ) {
Ent (f2) ZoEnt ,(f2)+ ZyEnt ,(f?)
ZoZ,
—_— + +
(Zezy VAo var (1) +(E o)
where ( Zo;Z1) = —20 2L js the

logZp logZ;

Expect from heuristics:
good estimate for local variances/entropies
exponentialestimate for mean-di erence
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{z

mean-di erence

E (f))?
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Main results sy 1|

Theorem (Local Pl and LSI)
The measures g and 1 satisfyPl(%yc) and LSI( |oc) with

%s=0(") and I=O():

loc
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Main results sy 1|

Theorem (Local Pl and LSI)
The measures g and 1 satisfyPl(%yc) and LSI( |oc) with

%: = O(") and = 0(1):

Ioc

Pl is as good as for convex potential
Non-convexity of potential worsens LSI
Both results scale optimal in one dimension

Theorem (Mean-di erence estimate)

y4
jr fj°d:

p -
Z 2" jdetr 2H(501)J " H(s0:1)

2
(E f Ef) ")z i (r2H(s0u))i

\. "I up to multiplicative errorl + o(1) as" ! O.
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Eyring-Kramers formula siesisomy W]
New proof to [BEGK04/05] for Pl and extension to LSI:

Corollary
The measure satis es PI(% and LSI( ) with
p T 1 1 91 17 N+
Z 2" jdetr 2H(so1)j Heow 2 1
= ZoZ — - " and —. ————;
% T2y T H(sw)i ( Zo;Z1) %
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Eyring-Kramers formula
New proof to [BEGK04/05] for Pl and extension to LSI:

Corollary
The measure satis es PI(% and LSI( ) with
p T 1 1 91 17 N+
1 Z 2" jdetr 2H(so)j Heow 2 1
= ZoZ — ——e and —. ————;
% T2y T H(sw)i ( Zo;Z1) %

Asymptotic evaluation of the factor ¢o;Z;) for two special cases:

H(mo) < Hmy) : 1 2. o Y

H(mo) = H(my) : 1 % L:oa);
( o 1)

q___
where = detr 2H(m;):
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Sketch of the Proofs AN

Theorem (Local Pl and LSI)

A measures coming from a basin of attraction of a potential H
satis es Pl(%pc) and LSI( oc) with

%e=0(") and L= 0O(Q):

loc
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satis es Pl(%pc) and LSI( oc) with

%e=0(") and L= 0O(Q):

lack of convexity
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) rules out Holley-Stroock perturbation principle
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Sketch of the Proofs AN

Theorem (Local Pl and LSI)

A measures coming from a basin of attraction of a potential H
satis es Pl(%pc) and LSI( oc) with

%e=0(") and L= 0O(Q):

loc

lack of convexity
) rules out BakryEmery criterion

non-exponential behavior of constants
) rules out Holley-Stroock perturbation principle

optimality available in one dimension
) Muckenhoupt and Bobkov/Getze functional
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Proof: Local Pl and LSI AN

Lyapunov condition

Technique by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008{
Principal eigenvalue characterization forby Donsker-Varadhan 1975

De nition

L satises a with constants ; b > 0 and some
U RD", if there exists a functionlV : ! [1;1 ) satisfying

LW

— + b1y:

IIW U
W is called for L.
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Lyapunov condition
Technique by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008{
Principal eigenvalue characterization forby Donsker-Varadhan 1975

De nition
L satises a with constants ; b > 0 and some
U RD", if there exists a functionlV : ! [1;1 ) satisfying
LW
+ b1ly:
IIW U
W is called for L.

Theorem ([BBCGO08])

Suppose L satis es a Lyapunov condition andU satis es PI(%), then
satis es PI(% with

% %

b+ %
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Proof: Local Pl and LSI AN

Proof: Lyapunoy PI%
With the symmetry of" *( L) in L?( ) follows
( LW) Z g2

2 — U=,
f W d ZrW,rW d ]
~ f . f2jr Wj?
=2 Whrf,rZW|d Td
2
= jr fj’d rf J—er d:
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Proof: Local Pl and LSI AN

Proof: Lyapunoy PI%
With the symmetry of" *( L) in L?( ) follows
Z
(W), - f2,
W = r W,r w d
z f
2 W hrf;r Wid

f2

z f2jr Wj?
W2 d

jr fj°d

The Lyapunov conditions ensures 1-5%- + 21:
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Proof: Lyapunoy PI%
With the symmetry of" *( L) in L?( ) follows
Z
(W), - f2,
W = r W,r w d
z f
=2 W hrf;r Wid

f2

z f2jr Wj?
W2 d

jr fj°d

The Lyapunov conditions ensures 1-5%- + 21:
Z

var (f)= (f f)%d
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Z
(W), - f2,
W = r W,r w d
z f
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z f2jr Wj?
W2 d
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Proof: Local Pl and LSI AN

Proof: Lyapunoy PI%
With the symmetry of" *( L) in L?( ) follows
( LW) _ z f2

2 L
f W ] r W,r W d ]
_ f _ : f2jr Wj?
=2 ohrfir wid —wz ¢
jr fj*d
The Lyapunov conditions ensures 1-5%- + 21:
z z LW b %
var (f) (f fu)d (f fU)ZWd +— (f fy)id
U
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Proof: Local Pl and LSI AN

Proof: Lyapunoy PI%
With the symmetry of" *( L) in L?( ) follows
( LW) _ z f2

2 L
f W ] r W,r w d ]
_ f _ : f2jr Wj?
=2 ohrfir wid —wz ¢
jr fj*d
The Lyapunov conditions ensures 1-5%- + 21:
z z LW b %
var (f) (f fu)d (f fU)ZWd +— (f fy)id
U

z z
— jrde+TOUUJrfjd.
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Proof: Local Pl and LSI AN

Lyapunov function

Find a functionW : ! [1;1 ) such that
Lw
W * D 1lgp.(m:
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Proof: Local Pl and LSI AN

Lyapunov function
Find a functionW :

LW
+Db 1Bap ~(m) :

W

' [1;1) such that

AnsatzW =exp

w1 1. .
w2 "ol A

, whereH is an"-perturbation ofH

October 18, 2012 14 /20
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Proof: Local Pl and LSI AN

Lyapunov function

Find a functionW : ! [1;1 ) such that
LW
W +b 1Bap ~(m)-
A

AnsatzW =exp = , whereH is an"-perturbation ofH

LW 1 1
w27

ir Hj?

Cifxis "-away from critical points:" 1jr H(x)j> 4

Ande Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 18, 2012 141/ 20



Proof: Local Pl and LSI AN

Lyapunov function

Find a functionW : ! [1;1 ) such that
LW
W +b 1Bap ~(m)-
A

AnsatzW =exp = , whereH is an"-perturbation ofH

LW 1 1
w27

ir Hj?

Loif x is E "-away from critical points:" 1jr H(x)j> 4
I if x is" "-nearby a critical point of indek 1

A Y (T ~§+O(p")

<0 >0
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Loif x is E "-away from critical points:" 1jr H(x)j> 4
I if x is" "-nearby a critical point of indek 1

A Y (T ~§+O(p")
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Can negative eigenvalues be enforced such th&t(x) 27
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Proof: Local Pl and LSI AN

Construction of Lyapunov function

Figure : H around a saddle point
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Proof: Local Pl and LSI AN

Construction of Lyapunov function

Figure : H around a saddle point Figure : H around a saddle point

p

H is quadratic perturbation oH in = "-neighborhoods of critical points:

sup H(x) H(X) = O("):
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Proof: Mean-di erence estimate AN |

Find a good estimate foC in 7
(E o(f) E.(f)? C jrfj?d:
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Proof: Mean-di erence estimate AN |
Approximation step

Find a good estimate fo€ in 7
(E o(f) E.(f)* C irfj’d:
Approximate ¢ and ; by truncated Gaussians; and 1:
Li=r 2H(m):

i N (" §)xBP=(m;) with
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Proof: Mean-di erence estimate AN |
Approximation step

Find a good estimate fo€ in 7
(E () E.,(f)* C Jrfj®d:

Approximate ¢ and ; by truncated Gaussians; and 1:

i N(mi;" )xBPe(my) with =1 2H(my):
Introduce o and ; as
(Ef E . )? @+ )fE of {ZE 1f);
transport)a(lrgument
+2(1+ Y E f E f)?
[E 20

i=f01g approximation bound

Approximation

bound follows from local Pl and local LSI.
October 18, 2012 16 / 20



Proof: Mean-di erence estimate AN |
Transport interpolation

Find a good estimate foC in 7
(Eo(f) E,(f)? C jrfj’d:

Transport ( s : R"! RM)gp0.q; interpolating ( s); 0= s
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Proof: Mean-di erence estimate AN |
Transport interpolation

Find a good estimate foC in 7
(Eo(f) E,(f)? C jrfj’d:

Transport ( s : R"! RM)gp0.q; interpolating ( s); 0= s
Z Z 2 ZZ,, 2

fdo fdi = gl 9dsdo
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Transport ( s : R" ! R")s(0.1; interpolating ( s); 0= s

z z 2 ZZ1d 2
fdo fd, = 0£(f s)dsd o
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z z 2 ZZld 2
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Transport ( s : R" ! R")s(0.1; interpolating ( s); 0= s

z z 2 ZZ1d 2
fdo fd, = 0£(f s)dsd o
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0
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Transport interpolation
Find a good estimate foC in 7
(Eo(f) E,(f)? C jrfj’d:

Transport ( s : R" ! R")s(0.1; interpolating ( s); 0= s

z z 2 ZZld 2
fdo fdi = o&(f s)dsd o
Z,Zp E 2
= —;rf s dods
0
zZ Z
= ' 1Eds d 2
0_5 S d 1
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Proof: Mean-di erence estimate AN |

Transport interpolation
Find a good estimate foC in 7
(Eo(f) E,(f)? C jrfj’d:

Transport ( s : R" ! R")s(0.1; interpolating ( s); 0= s

Z 4 2 ZZ1d 2
fdg fd, = o£(f s)dsd g
Z,Zp E 2
= 1 f s dogds
0
Z Z, q 2
= s P =dsrf d
0 d
Z Z, 2 Z

~ s' g ds d jr fj*d
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Proof: Mean-di erence estimate AN |

Sideremark: Weighted transport distance

De nition
For o; 1 de ne the by
Z Z,

T?( o; 1) = inf (gt
(o0 1) L s S s

( s)s20;) is absolutely continuous is: ( s); 0= .
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Proof: Mean-di erence estimate
Sideremark: Weighted transport distance

De nition
For o; 1 de ne the
z z,
T?( 05 1)= ]inf - s

sg 0 d

un‘\versitétbonnl

( s)s20;) is absolutely continuous is: ( s); 0= .

R
Mean-di erence revisited: Identify jr fj?d = kf k

Hi( )’ then
ya ya ) ,
fdo fd, = H_l()ho 1;fi|i1()
T 2( 0 1) ksz,il( )
Indeed, it holds:T?( o; 1)= ko 1k ) )
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Proof: Mean-di erence estimate
Construction of transport interpolation

Ansatz ssuchthat s=( s); 0= N(s5 s)XBPr( )
(1) optimize ) passage of saddle = s
(2) optimize _ ) direction of eigenvector to (r 2H(so:1))
(3) optimize ) =y 2H(s0:1) on stable manifold ofo;1

0 1
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Summary sy

Functional inequalities quantify convergence to equilibrium
Partitions and splitting induced from dynamic (two scales)

Eyring-Kramers formula follows from two ingredients:

I goodlocal mixing
) Lyapunov technique handles non-convex situations

I sharpestimates of mean-di erence
) transport representation oH -norm and optimization
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