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Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI



Introd UCtiOﬂ universitétm IIz!rIrIJ'l

Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

Dynamic at temperature ¢ < 1
dX; = —VH(X;)dt + v/2e dW,

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI



Introd uction universitétm !z!!!ﬂ

Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

Dynamic at temperature ¢ < 1 v
dX; = —VH(Xp)dt + v2e dW;

Fokker-Planck evolution of law X; = o
81-@15 =V- (€v0t + QtVH)

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI



|ntrod uction universitétm !z!!!ﬁ

Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

Dynamic at temperature ¢ < 1 :
dX; = —VH(Xp)dt + v2e dW;

Fokker-Planck evolution of law X; = o
atQt =V- (5V@t + QtVH)

Gibbs measure u(dx) = Ziu exp (—4) dx,

where  Z, = fe_gdx
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Gibbs measure u(dx) = Ziu exp (—4) dx,

where  Z, = fe_gdx

Generator evolution of f; = o/
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Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

Dynamic at temperature ¢ < 1
dX; = —VH(X;)dt + v/2e dW,

Fokker-Planck evolution of law X; = o
81-Qt =V (€v0t -+ QtVH) L ‘ !

Gibbs measure u(dx) = Ziu exp (—4) dx,

where  Z, = fe_gdx

Generator evolution of f; = o/
Oify = Ly := eAfy — VH - V.
Dirichlet form &(f) := [(—Lf)f dp 5
:5f|Vf|2du. e
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Quantification via functional inequalities
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Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+oco} define

=(f) :z/fofd,u—f(/fd,u).

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 18, 2012 3 /20



Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+oco} define

=() :z/fofd,u—f(/fd,u) D,

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 18, 2012 3 /20



Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+oco} define

:/fofd,u—f(/fd,u).

@ evaluate =(f;) along solution 0f; = Lf;

d

aE(ft):/gfof Ocfy du:—s/g”of V£ [2dp.

=Lf; >0
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Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+oco} define

E(f):z/fofd,u—é(/fd,u).

@ evaluate =(f;) along solution 0f; = Lf;

d

Ez(ft):/g’of XA du:—s/f”of VA2 du < 0.

—Lf
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Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {400} define

:/gofd,u—§</fd,u>.

e evaluate =(f;) along solution 9f; = Lf;

FI(9)
_E(ft):/glmr Gk d”:_g/f""f VAP du < ~2eB=(F,).
~—

:Lft
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Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {400} define

E(f)::/fofdu—§</fd,u>.

e evaluate =(f;) along solution 9f; = Lf;

FI(9)
_E(m:/glmr Gk d”:_g/f""f VAP du < ~2eB=(F,).
~—

:Lft

o If FI(3), then
=(f:) < =(fo)e >
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Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+o0} define

:/ﬁofdp,—f(/fdﬂ).

e evaluate =(f;) along solution 9f; = Lf;

d

FI(B)
S =)= /g’o O du = —e/&"o FIVEPRdu < —2:2(F).

:Lft

e If FI(/3), then
=(f) < =(f)e 2P,

Convergence to equilibrium is established by FI([3)
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Poincaré and logarithmic Sobolev inequality .4 U

Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,(f) = /f2 — (/ fd,u)2du < §/|Vf|2dﬂ- Pl(0)
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Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) ::/1"2 — (/ fd,u)zdu < %/|Vf|2dﬂ- Pl(0)
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f vf
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Poincaré and logarithmic Sobolev inequality .4 U

Definition
u satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) :z/fz— (/fdu)zduﬁ %/lezdu- Pl(e)

and the logarithmic Sobolev inequality LSI(«) if Vf : R" - R

f2 2
Ent,,(f?) ::/f2 Iogffzd dp < = /|Vf\2du. LSI(c)
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Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) :z/fz— (/ fdu)zduﬁ %/lezdu- Pl(e)

and the logarithmic Sobolev inequality LSI(«) if Vf : R" - R

f2 2
Ent,,(f?) ::/f2 Iogffzd dp < = /|Vf|2du. LSI(c)

4

Pl(o) and LSI(«) imply exponential convergence to p:

Pl(0) = var,(f;) < var,(f)e 2"
LSI(a) = Ent,(f;) < Ent,(fo)e 2"
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Poincaré and logarithmic Sobolev inequality .4 U

Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) :z/fz— (/ fdu)zduﬁ %/IVflzdu- Pl(e)

and the logarithmic Sobolev inequality LSI(«) if Vf : R" - R

f2 2
Ent,,(f?) ::/f2 Iogffzd dp < = /|Vf|2du. LSI(c)

4

Pl(o) and LSI(«) imply exponential convergence to p:

Pl(0) = var,(f;) < var,(f)e 2"
LSI(a) = Ent,(f;) < Ent,(fo)e 2"

LSI(«) implies Pl(a) = 0 > «
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Accurate estimates of ¢ and « in the regime ¢ < 1:
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Accurate estimates of ¢ and « in the regime ¢ < 1:

0= Cge_%(l +0(1)) and o= Cae_%(l +o(1)).
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Figure : Trajectory for e = 0.4
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Figure : Trajectory for e = 0.2
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w

0.5

-0.5

Figure : Trajectory for e = 0.1
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Figure : Trajectory for e = 0.05 (red £ = 0)
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Make use of the two scale in dynamics by decomposition [GOVWO09]

Basins of attraction Qg W Q21 = R" of local minima mg, my:

Qi ={weR":y: = —VH(y:),y: = mj}.

Restricted measures g, f41:
mi = M'—Qia =01
Mixture representation

p=Zopo + Zip1, Zi = p().

-15 -1.0 -0.5 0.0 05 10 15
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Lemma
var,(f) = gO vary,(f) + Zyvar, (f)  + 22 SEuo(f) - Em(f))i
local v:‘arriances mean-difference
local entropies
Ent, (f2) < Zo Ent,(£2) + Z1 Ent,,, ()
VAYAl 2
+ iz 2y (2l F) +vanu () + (Buo(f) = B (1))
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Lemma

var,(f) = gO var(f) + Zyvar, (f)  + ZoZi SEuo(f) - Em(f))i

TV
local variances mean-difference

local entropies
N

-~

Ent, (f2) < Zo Ent,(£2) + Z1 Ent,,, ()

VAYA
ﬁ (Varpo(f) + vary, () + (Ey, () — E‘“(f))z) ’

_l’_

where N(Zy, Z1) = 21 — is the logarithmic mean.

Zy—
log Zy—log Z1
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Lemma

Varﬂ(f) = gO Varﬂo(f) + 24 Varﬂl(f) + Zo4a EEMo(f) - Eﬂl(f))i

Vv
local variances mean-difference

local entropies
-

-~

Ent, (f2) < Zo Ent,(£2) + Z1 Ent,,, ()

VAYA
ﬁ (Varpo(f) + vary, () + (Ey, () — E’“(f))z) ’

_l’_

where N(Zy, Z1) = is the logarithmic mean.

VASPAl
log Zy—log Z1

Expect from heuristics:
@ good estimate for local variances/entropies

@ exponential estimate for mean-difference
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

ggi = 0O(e) and agi = 0(1).
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

Q;)}:: (5) and aloc O(l)

@ Pl is as good as for convex potential
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

g;xl: = 0O(e) and 0%1 = 0(1).

C

@ Pl is as good as for convex potential
@ Non-convexity of potential worsens LSI
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g;xl: = 0O(e) and 0%1 = 0(1).

C

@ Pl is as good as for convex potential
@ Non-convexity of potential worsens LSI

@ Both results scale optimal in one dimension
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

Q;)cl:: (5) and aloc O(l)

@ Pl is as good as for convex potential
@ Non-convexity of potential worsens LSI

@ Both results scale optimal in one dimension

Theorem (Mean-difference estimate)

Z 2me \detV2H(501)\ =1
Epof — B f)’ S 2 = e H(s"»l)/szd.
( Ho M1 ) ~ (271'8)5 |>\_(V2H($071))| ’ | H

“<": up to multiplicative error 1 + o(1) as e — 0.

4
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Eyring-Kramers formula wivesisony Wl
New proof to [BEGKO04/05] for Pl and extension to LSI:

Corollary

The measure y satisfies Pl(o) and LSI(«) with

1 Z, 2me\/|det V2H(so1)| Hs0.) 2 1
=m0y —E e e and =5 ————.
o MmN (VPH(s0,))] @~ NZo,21) o
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Eyring-Kramers formula wivesisony Wl
New proof to [BEGKO04/05] for Pl and extension to LSI:

Corollary
The measure y satisfies Pl(o) and LSI(«) with

1

1 Z, 2mey/|detV2H(sp1)| Hisoa)
N2o, Z1) o

— =~ ZyZ =
o T 2re): IV (V2H(s02)))

2
and — <
!

Asymptotic evaluation of the factor A(Zp, Z1) for two special cases:

H(mo) < H(my): 1< g <0
0 K0+N1
H(mg) = H(my): 1< o S W = 0(1),
where x; ;= \/det VZH(m;).
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Sketch of the Proofs A

Theorem (Local Pl and LSI)

A measures ;. coming from a basin of attraction Q of a potential H
satisfies Pl(0ioc) and LSI(ajoc) with

Q;i: O(e) and a,oc O(1).
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Sketch of the Proofs A

Theorem (Local Pl and LSI)

A measures ;. coming from a basin of attraction Q of a potential H
satisfies Pl(0ioc) and LSI(ajoc) with

Q;ij: O(e) and a,oc O(1).

@ lack of convexity
= rules out Bakry-Emery criterion
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Sketch of the Proofs A

Theorem (Local Pl and LSI)

A measures ;. coming from a basin of attraction Q of a potential H
satisfies Pl(0ioc) and LSI(ajoc) with

Q;i = 0(e) and a;i = 0(1).

@ lack of convexity
= rules out Bakry-Emery criterion

@ non-exponential behavior of constants
= rules out Holley-Stroock perturbation principle
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Sketch of the Proofs A

Theorem (Local Pl and LSI)

A measures ;. coming from a basin of attraction Q of a potential H
satisfies Pl(0ioc) and LSI(ajoc) with

Q;i = 0(e) and a;i = 0(1).

@ lack of convexity
= rules out Bakry-Emery criterion

@ non-exponential behavior of constants
= rules out Holley-Stroock perturbation principle

@ optimality available in one dimension
= Muckenhoupt and Bobkov/Gotze functional
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Proof: Local Pl and LSI A

Lyapunov condition
Technique by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008-
Principal eigenvalue characterization for L by Donsker-Varadhan 1975
Definition
L satisfies a Lyapunov condition with constants A, b > 0 and some
U C R", if there exists a function W : Q — [1, 00) satisfying

[1%%
— < A+ b1y
sW — + v

W is called Lyapunov function for L.

iam
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Lyapunov condition
Technique by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008-
Principal eigenvalue characterization for L by Donsker-Varadhan 1975

Definition
L satisfies a Lyapunov condition with constants A, b > 0 and some
U C R", if there exists a function W : Q — [1, 00) satisfying

[1%%
— < -A+b1
sW — + v

W is called Lyapunov function for L.

Theorem ([BBCGO8])

Suppose L satisfies a Lyapunov condition and p U satisfies Pl(oy), then
w satisfies Pl(o) with

>
0= b+QUQU

y
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Proof: Local Pl and LSI A

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V;7VW> du

f F2IVWJ

F 2
:/\Vﬂzdu—/‘Vf—WVW dy.

iam

v
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Proof: Local Pl and LSI A

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V;7VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

w2
2
S/\Vfl du

The Lyapunov conditions ensures 1 < ;EL—%/V + §]IU:

iam

v
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Proof: Local Pl and LSI —— AN

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/7VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

W2
<[9P
- —LW | bq . .
The Lyapunov conditions ensures 1 < 3577 + 31 y:

var,(f) = /(f — f)2du

v
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Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/7VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

W2
<[9P
- —LW | bq . .
The Lyapunov conditions ensures 1 < 3577 + 31 y:

var,(f) < /(f — fy)?du

v

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 18, 2012 13 /20



Proof: Local Pl and LSI —— AN

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/,VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

w2
2
S/\Vfl du

The Lyapunov conditions ensures 1 < ;EL—&/V + §]IU:

z - o —LW b _
var,(f) < /(f - fU)sz < /(f = fU)z/\E—ch—i- X /U(f — fU)zdu

v
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Proof: Local Pl and LSI —— AN

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/,VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

w2
2
S/\Vfl du

The Lyapunov conditions ensures 1 < ;EL—&/V + §]IU:

z - o —LW b _
var,(f) < /(f - fU)sz < /(f = fU)z/\E—WdM—F X /U(f — fU)zdu

1/ 5 b/ 5
< — [ |[Vflfdu+ — VF|©du.
VAU vl AT
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Proof: Local Pl and LSl o) W]

Lyapunov function

@ Task: Find a function W : Q — [1,00) such that

Lw
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lB\/g(m)-

@ Ansatz W = exp (2;’:) where H is an e-perturbation of H

1.~ 1 _-
= _-AH—- —|VH?
4€| |

tw
w2

October 18, 2012 14 /20
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lB\/g(m)-

@ Ansatz W = exp (2;’:) where H is an e-perturbation of H

1 - 1 ~o !
=-AH - —|VH|* < -\
de

tw
w2

October 18, 2012 14 /20
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lB\/g(m)-

where H is an e-perturbation of H

Bl
~—

@ Ansatz W:exp(
1 - 1 o !

= ZAH - = |VHP? < =\
2 4€W "<

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\

October 18, 2012 14 /20
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lBﬁ(m)-

where H is an e-perturbation of H

Bl
~—

@ Ansatz W = exp(
1 - 1 oo !

= -AH— —|VH]?> < -
2 4-6‘ ’ -

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\

» if x is \/e-nearby a critical point of index k >1
AH(x) =] +-+ N+ N+ -+ A +0(Ve)
>0

<0
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\_'_b]lB\@(m)-

where H is an e-perturbation of H

Bl
~—

@ Ansatz W = exp(
1 - 1 oo !

= -AH— —|VH]?> < -
2 4-6‘ ’ -

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\
» if x is \/e-nearby a critical point of index k >1
AHX) =X+ + A+ X+ + A +0(Ve)
<0 >0
Can negative eigenvalues be enforced such that AH(x) < —2A7?
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lBﬁ(m)-

where H is an e-perturbation of H

Bl
~—

@ Ansatz W = exp(
1 - 1 oo !

= -AH— —|VH]?> < -
2 4-6‘ ’ -

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\
» if x is \/e-nearby a critical point of index k >1
AHX) =X+ + A+ X+ + A +0(Ve)
<0 >0
Can negative eigenvalues be enforced such that AH(x) < —2X? YES!
14 / 20
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Proof: Local Pl and LSl .

Construction of Lyapunov function

Figure : H around a saddle point
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Proof: Local Pl and LSI —— AN

Construction of Lyapunov function

Figure : H around a saddle point Figure : H around a saddle point

H is quadratic perturbation of H in \/e-neighborhoods of critical points:

sup H(x) — H(x)| = O(¢).
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Proof: Mean-difference estimate A

Goal: Find a good estimate for C in
(yo(r) ~ Eun(F)* < € [ 97
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Proof: Mean-difference estimate ——.4 L

Approximation step

Goal: Find a good estimate for C in

(Eyo(f) ~ En(Nf < C [ 1972 dp
Step 1: Approximate pg and pq by truncated Gaussians vy and v;:

vi ~ N(m;, e¥%; ) B z(m;i) with X L. VzH( ).
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Proof: Mean-difference estimate |

Approximation step

Goal: Find a good estimate for C in
(Byo(F) ~ (£ < € [ 97 .

Step 1: Approximate pg and py by truncated Gaussians vg and vg:

a2

vi ~ N(mj, eX; )LB\[(m,) with X . ( ). 1

Introduce 1y and 1 as coupling: 1 @
(Epof ~ B < +7) Bl ~Baf? (Y
transport argument

214771 Y (Buf —E,f)?

i={0,1} approximation bound

Approximation

bound follows from local Pl and local LSI.
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Proof: Mean-difference estimate ——.4 L

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs
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(Eun(F) ~ Bu(F)* < € [ 972
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(Jrow [ran) = (] [ Lirowyssao)
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Proof: Mean-difference estimate A

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs

(Jrow [ran) = (] [ Lirowyssao)
- (//01 (6,,VF 00, )ds dyo)2

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 18, 2012 17 /20



Proof: Mean-difference estimate A

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs

(Jrow [ran) = (] [ Lirowyssao)
_ (/01/<d>5,Vfo¢5>dyo ds)2
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Proof: Mean-difference estimate A

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs

(Jran [ran) =(] 1/01;_5(fo¢s) ds ). |
_ (/01 /<¢S,Vfo¢5>duo ds) 2
_ (/0 /<d>soq>;1,w> dvs ds)
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Proof: Mean-difference estimate A

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs

(oo fru (] [ 2o
_ (/01/<d>5,Vfo¢5>dyo ds)2
_ (/01/<d>sod>s_1,Vf>(::;duds)2
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Proof: Mean-difference estimate A

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs

(Jran [ran) = ([ [ &eooasan)
_ (/01/<d>5,Vfo¢5>dyo ds)2

2
dvs ds du)
7

_ (//01<d>soq>;1,w> ;
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Proof: Mean-difference estimate A

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs

(Jran [ran) = ([ [ &eooasan)
_ (/01/<d>5,Vfo¢5>dyo ds)2
- (/</01d>50¢5_1 :I—sts,Vf>du>2
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Proof: Mean-difference estimate A

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (¥s)sv0 = vs

(Jran [ran) = ([ [ &eooasan)
_ (/01/<d>5,Vfo¢5>dyo ds)2
- (/</01¢50¢5—1 :I—sts,Vf>du>2

' —1 dvs ’ 2
< b0 P ds| du |VF=du
0 dp
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Proof: Mean-difference estimate .4 U
Sideremark: Weighted transport distance

Definition
For vp, 1 < i define the weighted transport distance by

Ly dus 2
(I/o,Vl)—{lnf} d)sod)s_l a ds| du

(®s)sefo,1] is absolutely continuous in s: (s)yro = vs.
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Proof: Mean-difference estimate -4 i
Sideremark: Weighted transport distance
Definition
For vp, 1 < i define the weighted transport distance by
L dv 2
vg,v1) = inf CDOCD_I—S dp.
( 0, 1) { s} s s d/,L H
(®s)sefo,1] is absolutely continuous in s: (s)yro = vs.
Mean-difference revisited: Identify [ |Vf]*du = Hf||f-41(u), then
2
/fdyo—/fdul ( 1/0—1/1,1‘>H1(M))
7; (VOa Vl) HfHHl(M)
. P ) 2
Indeed, it holds: 7,7 (vo,v1) = [|vo — V1“H_1(#).
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

yyyyyyy

Q

1 L : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate o

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)
(1) optimize

1 : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)
(1) optimize v = passage of saddle v« = sg 1

1 : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ
Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

(1) optimize v = passage of saddle .- = sg 1

(2) optimize A«

yyyyyyy

Q

1 L : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ
Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

(1) optimize v = passage of saddle .- = sg 1

(2) optimize 4.+ = direction of eigenvector to A\~ (V?H(sp1))

yyyyyyy

Q

1 L : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N (s, Y)B 2 (7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A= (V2H(sp1))
(3) optimize X -

--------

Q

1 I I L
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N (s, Y)B 2 (7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A= (V2H(sp1))
(3) optimize X+ = ¥ = V2H(sp1) on stable manifold of sy

-------- T — T T

* Qo Qr

1 I I L
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N (s, Y)B 2 (7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A~ (V2H(sp1))
(3) optimize ¥+ = ¥ = V2H(sp1) on stable manifold of sy

,,,,,,,, T — T T

Z‘QO

n I L I L
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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@ Functional inequalities quantify convergence to equilibrium
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@ Functional inequalities quantify convergence to equilibrium

e Partitions and splitting induced from dynamic (two scales)

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 18, 2012 20 / 20



S ummary universitétm !z!r!! |

@ Functional inequalities quantify convergence to equilibrium
e Partitions and splitting induced from dynamic (two scales)

@ Eyring-Kramers formula follows from two ingredients:
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@ Functional inequalities quantify convergence to equilibrium
e Partitions and splitting induced from dynamic (two scales)

@ Eyring-Kramers formula follows from two ingredients:

» good local mixing

> sharp estimates of mean-difference
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@ Functional inequalities quantify convergence to equilibrium
e Partitions and splitting induced from dynamic (two scales)

@ Eyring-Kramers formula follows from two ingredients:

» good local mixing
= Lyapunov technique handles non-convex situations

» sharp estimates of mean-difference

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 18, 2012 20 / 20



S ummary universitétm IIaIVI'! |

@ Functional inequalities quantify convergence to equilibrium
@ Partitions and splitting induced from dynamic (two scales)

@ Eyring-Kramers formula follows from two ingredients:

» good local mixing
= Lyapunov technique handles non-convex situations

» sharp estimates of mean-difference
= transport representation of H~!-norm and optimization
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