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Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape
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Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

Dynamic at temperature ¢ < 1 :
dX; = —VH(Xp)dt + v2e dW;

Fokker-Planck evolution of law X; = o
atQt =V- (5V@t + QtVH)

Gibbs measure u(dx) = Ziu exp (—4) dx,

where  Z, = fe_gdx
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Gibbs measure u(dx) = Ziu exp (—4) dx,

where  Z, = fe_gdx

Generator evolution of f; = o/
Oify = Ly := eAfy — VH - V.
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Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

Dynamic at temperature ¢ < 1
dX; = —VH(X;)dt + v/2e dW,

Fokker-Planck evolution of law X; = o
81-Qt =V (€v0t -+ QtVH) L ‘ !

Gibbs measure u(dx) = Ziu exp (—4) dx,

where  Z, = fe_gdx

Generator evolution of f; = o/
Oify = Ly := eAfy — VH - V.
Dirichlet form &(f) := [(—Lf)f dp 5
:5f|Vf|2du. e
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Quantification via functional inequalities

e f = const. is equilibrium state

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI



Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+oco} define

=(f) :z/fofd,u—f(/fd,u).
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Distance and convergence to equilibrium

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+oco} define

:/fofd,u—f(/fd,u).

@ evaluate =(f;) along solution 0f; = Lf;

d
dt
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=Lf; >0
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Distance and convergence to equilibrium st |

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+oco} define

E(f):z/fofd,u—é(/fd,u).

@ evaluate =(f;) along solution 0f; = Lf;

d

Ez(ft):/g’of XA du:—s/f”of VA2 du < 0.

—Lf
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Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {400} define

:/gofd,u—§</fd,u>.

e evaluate =(f;) along solution 9f; = Lf;

FI(9)
_E(ft):/glmr Gk d”:_g/f""f VAP du < ~2eB=(F,).
~—

:Lft
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Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {400} define

E(f)::/fofdu—£</fd,u>.

e evaluate =(f;) along solution 9f; = Lf;

FI(9)
_E(ft):/glmr Gk d”:_g/f""f VAP du < ~2eB=(F,).
~—

:Lft

o If FI(3), then
=(f:) < =(fo)e >
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Distance and convergence to equilibrium st

Quantification via functional inequalities

e f = const. is equilibrium state
e for a strictly convex function £ : R — R U {+o0} define

:/ﬁofdp,—f(/fdﬂ).

e evaluate =(f;) along solution 9f; = Lf;

d

FI(B)
S =)= /g’o O du = —e/&"o FIVEPRdu < —2:2(F).

:Lft

e If FI(/3), then
=(f) < =(f)e 2P,

Convergence to equilibrium is established by FI([3)
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Poincaré and logarithmic Sobolev inequality .4 U

Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,(f) = /f2 — (/ fd,u)2du < §/|Vf|2dﬂ- Pl(0)
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Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) ::/1"2 — (/ fd,u)zdu < %/|Vf|2dﬂ- Pl(0)

and the logarithmic Sobolev inequality LSI(«) if Vf : R" — R

f vf
Ent,(f) ::/flog ffd,udu <= a | 2f| du. LSI(«)
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Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) :z/fz— (/ fdu)zduﬁ %/lezdu- Pl(e)

and the logarithmic Sobolev inequality LSI(«) if Vf : R" - R

f2 2
Ent,,(f?) ::/f2 Iogffzd dp < = /|Vf|2du. LSI(c)

4

Pl(o) and LSI(«) imply exponential convergence to p:

Pl(0) = var,(f;) < var,(f)e 2"
LSI(a) = Ent,(f;) < Ent,(fo)e 2"
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Poincaré and logarithmic Sobolev inequality .4 U

Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) :z/fz— (/ fdu)zduﬁ %/IVflzdu- Pl(e)

and the logarithmic Sobolev inequality LSI(«) if Vf : R" - R

f2 2
Ent,,(f?) ::/f2 Iogffzd dp < = /|Vf|2du. LSI(c)

4

Pl(o) and LSI(«) imply exponential convergence to p:

Pl(0) = var,(f;) < var,(f)e 2"
LSI(a) = Ent,(f;) < Ent,(fo)e 2"

LSI(«) implies Pl(a) = 0 > «
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Goal: Eyring-Kramers formula e .all!,ﬂ

Accurate estimates of ¢ and « in the regime ¢ < 1:
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Goal: Eyring-Kramers formula st

Accurate estimates of ¢ and « in the regime ¢ < 1:

0=Cye)e T (1+0(1)) and &= Cale)e = (1+o(1)).
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Heu ristics universitétm

dX; = —VH(X;) dt + V22 dW,

e particle follows —VH as long as [VH| ~ 1
@ noise is dominant, if |[VH| < /e
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Heu ristics universitétm !!!!J’l

Figure : Trajectory for e = 0.4
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Figure : Trajectory for e = 0.2
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w

0.5

-0.5

Figure : Trajectory for e = 0.1
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Figure : Trajectory for e = 0.05 (red £ = 0)
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Pa rtitions universitétm !z!!! |

Make use of the two scales by decomposition [GOVWO09]*
Basins of attraction Qg W Q1 = R" of local minima mq, my:

Qi:={w €R":yr = —VH(yt),ye = mi}.
Restricted measures g, fi1:
wi=u;, =01

Macroscopic measures ji on {0, 1}:

i = Zodo + Z101.

Mixture representation

p=Zopo + Zip,  Zi = p(S).

IN. Grunewald, F. Otto, C. Villani, and M. G. Westdickenberg, A two-scale approach to

logarithmic Sobolev inequalities and the hydrodynamic limit, Annales de I'Institut Henri
Poincaré, Probabilités et Statistiques, 45:2, 2009.
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Lemma

var,(f) = Zovary,(f) + Zuvar, () +  ZoZy (Ey(f) = Epn(f))?
local \griances mean—z;i?ference

local entropies
A

,

Ent,(f2) < Zo Ent,o(f?) + Z1 Ent,, ()

VY4
+ m (varuo(f) +vary, (f) + (B (f) — Em(f))z) 7
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VY4
+ m (varuo(f) +vary, (f) + (B (f) — Em(f))z) 7

where N2, Z1) = oz22=E - is the logarithmic mean.
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var,(f) = Zovary,(f) + Zuvar, () +  ZoZy (Ey(f) = Epn(f))?
local \griances mean—z;i?ference

local entropies
7\

,

Ent,(f2) < Zo Ent,o(f?) + Z1 Ent,, ()

207
+ m (vamo(f) +vary, (f) + (B (f) — Em(f))z) 7

where N2, Z1) = oz22=E - is the logarithmic mean.

Expect from heuristics:
@ good estimate for local variances/entropies
@ exponential estimate for mean-difference
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Lemma

var,(f) = Zovary,(f) + Zuvar, () +  ZoZy (Ey(f) = Epn(f))?
local v?';riances mean-difference

local entropies
Ent,,(f2) < Zo Ent,,,(2) + Z1 Ent,, (£2)
4

207
/\(Z(;,lzl)' (Varuo(f) +vary, (f) + (B (f) — Em(f))z) ,

where N2, Z1) = oz22=E - is the logarithmic mean.

Expect from heuristics:

@ good estimate for local variances/entropies

@ exponential estimate for mean-difference
Similar ideas used in [CM].O]: D. Chafai and F. Malrieu, On fine properties of
mixtures with respect to concentration of measure and Sobolev type inequalities,

Annales de I'Institut Henri Poincaré, Probabilités et Statistiques, 46:1, 2010.
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|\/|ain results universitétm !z!!“

Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

ggi = 0O(e) and agi = 0(1).
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

Q;)}:: (5) and aloc O(l)

@ Pl is as good as for convex potential
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The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

g;xl: = 0O(e) and 0%1 = 0(1).

C

@ Pl is as good as for convex potential
@ Non-convexity of potential worsens LSI
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

g;xl: = 0O(e) and 0%1 = 0(1).

C

iam

@ Pl is as good as for convex potential
@ Non-convexity of potential worsens LSI

@ Both results scale optimal in one dimension
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

Q;)cl:: (5) and aloc O(l)

@ Pl is as good as for convex potential
@ Non-convexity of potential worsens LSI

@ Both results scale optimal in one dimension

Theorem (Mean-difference estimate)

Z 2me \detV2H(501)\ =1
Epof — B f)’ S 2 = e H(s"»l)/szd.
( Ho M1 ) ~ (271'8)5 |>\_(V2H($071))| ’ | H

“<": up to multiplicative error 1 + o(1) as e — 0.

4
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Eyring-Kramers formula wivesisony Wl
New proof to [BEGKO04/05] for Pl and extension to LSI:

Corollary
The measure y satisfies Pl(o) and LSI(«) with

1 Z, 2mey/|det V2H(sp1)| Heow)
Zx 292 ——E e . and
o 2me) A (VPH(s0))]

1IN
0

T NZ2o, 1) o
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New proof to [BEGKO04/05] for Pl and extension to LSI:

Corollary

The measure y satisfies Pl(o) and LSI(«) with

1 Z
-~ 21 K’

|det V2H(s0,1)| Hlso.1) 1
e &

0 (27e)?

A= (V2H(s0.1))

and 2 -
a N, Z) o

Asymptotic evaluation of the factor A(Zp, Z1) for two special cases:

H(mg) < H(my) :

H(mg) = H(my) :

André Schlichting (IAM Bonn)

2~ L <H(m1) — H(mo) + log <’{O>> =0
a 2 € K1

g _ ng—;‘il B

a N(ko, k1) o),

where K; 1=

det V2H(m;).
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Sketch of the Proofs A

Theorem (Local Pl and LSI)

A measures ;. coming from a basin of attraction Q of a potential H
satisfies Pl(0ioc) and LSI(ajoc) with

Q;i: O(e) and a,oc O(1).
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Q;ij: O(e) and a,oc O(1).

@ lack of convexity of H on Q
= rules out Bakry-Emery criterion
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= rules out Holley-Stroock perturbation principle
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Sketch of the Proofs A

Theorem (Local Pl and LSI)

A measures ;. coming from a basin of attraction Q of a potential H
satisfies Pl(0ioc) and LSI(ajoc) with

Q;i: O(e) and a,oc O(1).

@ lack of convexity of H on Q
= rules out Bakry-Emery criterion

@ non-exponential behavior of constants
= rules out Holley-Stroock perturbation principle

@ optimality available in one dimension
= Muckenhoupt and Bobkov/Gotze functional
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Proof: Local Pl and LSI —— AN

iam
Lyapunov condition

Technique developed by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008
Principal eigenvalue characterization for L by Donsker-Varadhan 1975

Definition
L satisfies a Lyapunov condition with constants A, b > 0 and some
U C R", if there exists a function W : Q — [1, 00) satisfying

Lw
— < A+ b1y.
eW — i v

W is called Lyapunov function for L.
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Lyapunov condition
Technique developed by Bakry, Barthe, Cattiaux, Guillin, Wang and Wu 2008
Principal eigenvalue characterization for L by Donsker-Varadhan 1975
Definition
L satisfies a Lyapunov condition with constants A, b > 0 and some
U C R”", if there exists a function W : Q — [1, 0c0) satisfying

Lw
— < A+ b1y.
eW — i v

W is called Lyapunov function for L.

Theorem ([BBCGO8])

Suppose L satisfies a Lyapunov condition and p U satisfies Pl(oy), then
w satisfies Pl(o) with

0= ou

b+ ou
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Proof: Local Pl and LSI ——A N

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V;7VW> du

f f2Ivw
:2/W<VI‘,VW)d,u—/L ,u

Ww?2
— [19rPau- ]

du.

iam
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Proof: Local Pl and LSI A

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V;7VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

w2
2
S/\Vfl du

The Lyapunov conditions ensures 1 < ;EL—%/V + §]IU:

iam
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Proof: Local Pl and LSI —— AN

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/7VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

W2
<[9P
- —LW | bq . .
The Lyapunov conditions ensures 1 < 3577 + 31 y:

var,(f) = /(f — f)2du
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Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/7VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

W2
<[9P
- —LW | bq . .
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var,(f) < /(f — fy)?du
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Proof: Local Pl and LSI —— AN

Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/,VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

w2
2
S/\Vfl du

The Lyapunov conditions ensures 1 < ;EL—&/V + §]IU:

z - o —LW b _
var,(f) < /(f - fU)sz < /(f = fU)z/\E—ch—i- X /U(f — fU)zdu

v
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Proof: Lyapunov = PI(p)
With the symmetry of e~1(—L) in L?(u) follows

/fZ#du:/<Vf—V‘2/,VW> du

f F2IVW[
:2/W<Vf,VW)d,u—/Ldu

w2
2
S/\Vfl du

The Lyapunov conditions ensures 1 < ;EL—&/V + §]IU:

z - o —LW b _
var,(f) < /(f - fU)sz < /(f = fU)z/\E—WdM—F X /U(f — fU)zdu

1/ 5 b/ 5
< — [ |[Vflfdu+ — VF|©du.
VAU vl AT

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI November 14, 2012 13/1

v




Proof: Local Pl and LSl o) W]

Lyapunov function

@ Task: Find a function W : Q — [1,00) such that

Lw
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lB\/g(m)-

@ Ansatz W = exp (2;’:) where H is an e-perturbation of H

1.~ 1 _-
= _-AH—- —|VH?
4€| |

tw
w2

November 14, 2012

Eyring-Kramers formula for Pl and LSI
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Proof: Local Pl and LSI —— AN

Lyapunov function

@ Task: Find a function W : Q — [1,00) such that

Lw

@ Ansatz W = exp (2;’:) where H is an e-perturbation of H

Iw 1 . 1 _ !
—— = ZAH— —|VH]? < =\,
1% 2 4€|v ’ s-A
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lB\/g(m)-

where H is an e-perturbation of H

Bl
~—

@ Ansatz W:exp(
1 - 1 o !

= ZAH - = |VHP? < =\
2 4€W "<

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\
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Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\+b]lBﬁ(m)-

where H is an e-perturbation of H

Bl
~—

@ Ansatz W = exp(
1 - 1 oo !

= -AH— —|VH]?> < -
2 4-6‘ ’ -

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\

» if x is \/e-nearby a critical point of index k >1
AH(x) =] +-+ N+ N+ -+ A +0(Ve)
>0

<0
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < /\_'_b]lB\@(m)-

where H is an e-perturbation of H

Bl
~—

@ Ansatz W = exp(
1 - 1 oo !

= -AH— —|VH]?> < -
2 4-6‘ ’ -

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\

» if x is \/e-nearby a critical point of index k >1
AHX) =X+ + A+ X+ + A +0(Ve)
>0

<0

Can negative eigenvalues be enforced such that AH(x) < —2A7?
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Proof: Local Pl and LSI
Lyapunov function
@ Task: Find a function W : Q — [1,00) such that

Lw
— < A4—biﬂ3vgum.

where H is an e-perturbation of H

Bl
~—

@ Ansatz W = exp(
1 - 1 oo !

= -AH— —|VH]?> < -
2 4-6‘ ’ -

S

» if x is \/z-away from critical points: e 71|[VH(x)|? > 4\
» if x is \/e-nearby a critical point of index k >1
AHX) =X+ + A+ X+ + A +0(Ve)
<0 >0
Can negative eigenvalues be enforced such that AH(x) < —2X? YES!
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Eyring-Kramers formula for Pl and LSI November 14, 2012

André Schlichting (IAM Bonn)



Proof: Local Pl and LSl .

Construction of Lyapunov function

Figure : H around a saddle point

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI



Proof: Local Pl and LSI —— AN

Construction of Lyapunov function

Figure : H around a saddle point Figure : H around a saddle point

H is quadratic perturbation of H in \/e-neighborhoods of critical points:

sup H(x) — H(x)| = O(¢).
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Proof: Mean-difference estimate A

Goal: Find a good estimate for C in
(yo(r) ~ Eun(F)* < € [ 97
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Proof: Mean-difference estimate ——.4 L

Approximation step

Goal: Find a good estimate for C in

(Eyo(f) ~ En(Nf < C [ 1972 dp
Step 1: Approximate pg and pq by truncated Gaussians vy and v;:

vi ~ N(m;, e¥%; ) B z(m;i) with X L. VzH( ).
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Proof: Mean-difference estimate AN

Approximation step

Goal: Find a good estimate for C in
(Byo(F) ~ (£ < € [ 97 .

Step 1: Approximate pg and py by truncated Gaussians vg and vg:

a2

vi ~ N(mj, eX; )LB\[(m,) with X . ( ). 1

Introduce 1y and 1 as coupling: 1 @
(Epof ~ B < +7) Bl ~Baf? (Y
transport argument

214771 Y (Buf —E,f)?

i={0,1} approximation bound

Approximation

bound follows from local Pl and local LSI.
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Proof: Mean-difference estimate ——.4 L

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s € Diff(R",R"))s¢o,1] interpolating (s)yro = vs
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Proof: Mean-difference estimate ——.4 L

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s € Diff(R",R"))s¢o,1] interpolating (s)yro = vs

([ran- [ran) =(/ 1/01;_5(fo¢s)dsdyo)2 |
(/1 /<d>s,wo¢s>dyo ds) 2
(/ /<d>sod>s_1,Vf>d1/5ds)
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Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s € Diff(R",R"))s¢o,1] interpolating (s)yro = vs

(/fdyo—/fdy1> (// (roo) dsdyo)
(// by, VFod dyods)
(L]

dus

2
cb o b7 ,Vf>d—d ds)
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Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s € Diff(R",R"))s¢o,1] interpolating (s)yro = vs

(/fd,,o—/fdm) (//olj—s(focbs) i dy0)2
(/1/<¢S,Vfo¢s> dve ds)z
(/ /o1 <d’so¢s_1:W> i:s ds dﬂ)z
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Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s € Diff(R",R"))s¢o,1] interpolating (s)yro = vs

</fdy0—/fdy1> (// L(Fooy) dsduo)
(// by, VFod dyods) |
( < so b 1‘325 ds,Vf>d,u>
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Proof: Mean-difference estimate ——.4 L

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s € Diff(R",R"))s¢o,1] interpolating (s)yro = vs

2 1 d 2
</de0—/de1> = (// —(fO(Ds) deVo)
0 dS
1 ) 2
(/ /<¢s,wo¢s> dvo ds)
. dv 2
( < ¢So¢;1 —sds,Vf> du>
du
d 2
//cb od;t == ds| du /ny?du
du
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Proof: Mean-difference estimate .4 U
Sideremark: Weighted transport distance

Definition
For vp, 1 < i define the weighted transport distance by

Ly dus 2
(I/o,Vl)—{lnf} d)sod)s_l a ds| du

(®s)sefo,1] is absolutely continuous in s: (s)yro = vs.
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Proof: Mean-difference estimate AN

Sideremark: Weighted transport distance

Definition
For vp, 1 < i define the weighted transport distance by

2

1 % dp.

1 -
(1/0, Vi) = {lnf} Cbs od_ an

(®s)sefo,1] is absolutely continuous in s: (s)yro = vs.

iam

Mean-difference revisited: Identify [ |Vf]*du = Hf||f-41(u), then

</fdz/o—/fdu1> ( yo—,,l’f>H1(u))2

7; (VOa Vl) HfHHl(M)

Indeed, it holds: 7;2(1/0,V1) = |lvy — V1Hf;,_1(#).
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

yyyyyyy

Q

1 L : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate o

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)
(1) optimize

1 : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)
(1) optimize v = passage of saddle v« = sg 1

1 : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ
Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

(1) optimize v = passage of saddle .- = sg 1

(2) optimize A«

yyyyyyy

Q

1 L : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ
Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

(1) optimize v = passage of saddle .- = sg 1

(2) optimize 4.+ = direction of eigenvector to A\~ (V?H(sp1))

yyyyyyy

Q

1 L : 1 L
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N (s, Y)B 2 (7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A= (V2H(sp1))
(3) optimize X -

--------

Q

1 I I L
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N (s, Y)B 2 (7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A= (V2H(sp1))
(3) optimize X+ = ¥ = V2H(sp1) on stable manifold of sy

-------- T — T T

* Qo Qr

1 I I L
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate e i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N (s, Y)B 2 (7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A~ (V2H(sp1))
(3) optimize ¥+ = ¥ = V2H(sp1) on stable manifold of sy

,,,,,,,, T — T T

Z‘QO

n I L I L
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Application to entropic switching -4 i

Observation of Eric Vanden-Eijden:
Compare flux between global minima at low
and very low temperature
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Application to entropic switching wvesisom W

Observation of Eric Vanden-Eijden:
Compare flux between global minima at low
and very low temperature

Very low temperature:
e=0.15

Low temperature: € = 0.6
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Translation to electrical networks A

@ minima A, B, C become nodes

@ saddle points become resistors

@ reaction rate kag becomes the total
conductance Rl (A, B) between A, B.
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Translation to electrical networks

@ minima A, B, C become nodes

@ saddle points become resistors

@ reaction rate kag becomes the total
conductance Rl (A, B) between A, B.

This identification can be justified using the weighted transport distance

N 1 1 1

kag ~ + ,
- T2(u A uB) ~ Rap  Rac + Rcs
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Translation to electrical networks

@ minima A, B, C become nodes

@ saddle points become resistors

@ reaction rate kag becomes the total
conductance Ry (A, B) between A, B.

This identification can be justified using the weighted transport distance

) 1 S
- T2(u A uB) ~ Rap  Rac + Rcs’

where

1 2
. dv
b . odt == ds| du.
/0 T du °|

RAB = inf /
PeM(sap)

M(sag): transport interpolations between p A and pB across sag.
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Comparison of numerical data wvesisom W

¢ =0.15 e=20.6

[MSVEOQ6] TPT, flux 9.47 x 1078 1.912 x 1072
[MSVEO06] TPT, committor 9.22 x 1078  1.924 x 102
numerical simulation (1.918 £ 0.052) x 102

T (va,vB), Z, Gaussian 9.63 x 1078 2.373 x 1072
T (va,vg), Z, numerical 9.33 x 1078  1.926 x 1072

Table : Numerical estimates on k4 g

[MSVEO06] P. Metzner, C. Schiitte, and E. Vanden-Eijnden, Illustration of transition
path theory on a collection of simple examples. The Journal of chemical physics,
125:8, 2006.
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e Functional inequalities quantify convergence to equilibrium
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e Partitions and splitting induced from dynamic (two scales)
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e Functional inequalities quantify convergence to equilibrium
e Partitions and splitting induced from dynamic (two scales)

@ Eyring-Kramers formula follows from two ingredients:
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@ Eyring-Kramers formula follows from two ingredients:

» good local mixing
= Lyapunov technique handles non-convex situations
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e Functional inequalities quantify convergence to equilibrium
e Partitions and splitting induced from dynamic (two scales)

@ Eyring-Kramers formula follows from two ingredients:

» good local mixing
= Lyapunov technique handles non-convex situations

» sharp estimates of mean-difference
= transport representation of H~!-norm and optimization

@ Relation to electrical networks to estimate reaction rates
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