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Chapter

Introduction

1. Overview

The topic of this thesis is the phenomena of phase transition. We consider binary systems
of first and second order. The mathematical background was developed by Ginzburg and
Landau in the 50’s and is therefore called Ginzburg-Landau-theory [15]. Newer literature is
from Fabrizio [13] and [12].

In a first order phase transition phenomena, as in the sollid-liquid or liquid-vapour phase
change, the phase transition occurs at a critical temperature 9., called 9¥.. If the absolute
temperature ¥ in the body is strictly greater than the critical temperature, then the minimum
of the energy potential is attained in one of the pure phases, while if ¥ < 9. the minimum is
attained in the other phase. In the case when ¥ = 9, the energy potential has two minima
attained for the two phases, that is the phase change may occur. On the other hand, in the
case of second order phase transitions, the system behaves differently provided 9 is greater or
less the critical temperature .. Indeed, for high temperatures the energy potential has only
one minimum, while for ¥ < ¥, two minima are attained with the same values. This second
behaviour is characteristic, for instance, of solid-solid phase transitions, ferromagnetism and
superconductivity.

We will investigate a model describing these phenomena by use of phase-field theories, in
terms of the temperature % and a phase parameter X, which includes the effects of micro-
motions and micro-forces responsible for the phase transition. Indeed, it is known that the
macroscopic event of phase transition is caused by changes occurring at a microscopic level
in the (atomic and/or crystal) structure of the system. Theses changes are the effects of
micro-forces and micro-motions, which have to be included in the balance of the energy of the
whole system, even if we are providing a macroscopic description of the phenomena.We follow
the suggestion of Frémond [14], who proposed a new model describing phase transitions by
use of a generalisation of the principle of virtual power including the effects of micro-motions
and micro-forces. For a more detailed derivation of the model we confer to [7]. A similar
theory was developed by Gurtin [16] for Ginzburg-Landau and Cahn-Hilliard equations, but
in the isothermal case.
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We combine the theory of micro-motions with a model based on a reduced energy balance
equation. We mainly refer to [5]. The main advantage of the model treated in the thesis is
that, once the problem is solved in a suitable sense, we can obtain directly the positivity of
the temperature, mainly caused by the presence of a logarithmic nonlinearity in the resulting
system of partial differential equations. Therefore no maximum principle arguments have to
be applied, which are difficult to set in a number of interesting situations.

2. Structure

The thesis is structured in the following way: The next Chapter 2 explains in a short way the
physical background and derives the model. The mathematical explanation is stated in the
Chapter 3, where first the continuous problem is stated in detail. Afterwards we derive from
that the discrete scheme, for which we prove an existence and uniqueness statement. At this
point we show the convergence to the continuous problem. Further we extend the result of [3]
by the continuous dependence on the data, wherefor we reproduce the boundedness result
already performed in the mentioned paper.

The Chapter 4 provides important mathematical tools, which will be used for the proofs per-
formed in the afterwards chapters. The first section provides a brief introduction to monotone
operators. We provide only the theory, which is needed for defining the Yosida approzima-
tion, which will be used for regularising the logarithm in the existence proof. The next section
dealing with subdifferential mappings is closely connected to monotone operators. The only
objective here is to state a general chain rule with respect to time, which will be the most
important instrument in the boundedness proof. In the section on time approximation is
all notation collected, which is later needed to perform the limit to the continuous problem,
especially in two lemmata we proof already some technical partial convergence results. After
this follows again an approximation section to handle the singularities of the right hand side.
Finally the last sections introduces the harmonic extension, with which we can handle the
non homogeneous Dirichlet boundary conditions.

In the following Chapters 5 up to 8 are the theorems of the main results performed. First in
the Chapter 5 the maximum principle for the phase parameter X and uniqueness, existence of
our system are shown. The first two hypotheses can be derived from monotonicity arguments.
The existence proof of the phase parameter uses the theory of monotone operators. However
a regularization procedure is applied for the temperature.

The Chapter 6 proves the convergence to a continuous solution. Therefore some a priori
estimates are obtained. From these estimtates we can show weak and weak star convergences
in suitable spaces. Finally with the help of compact embedding arguments we can conclude
the proof.

As already pointed out, the next two chapters handle again with the continuous problem.
First, in Chapter 7 we reproduce the proof of the boundedness of the temperature, which
is already obtained in [3]. Besides the techniques developed in the according sections of
the tools chapter we use a Moser type technique: starting from an initial norm estimate for
the temperature, we obtain iterative bounds in higher Lebesgue spaces. These norms are
summands of a geometric series for which we will show convergence. This will state therefore




the boundedness. In addition with easy considerations we will increase the regularity for the
temperature and the phase parameter based on the boundedness of 9.

In the last Chapter 8 we prove the continuous dependence of the solution on the data. We
can only achieve this result by reinforcing the assumptions on the system a little bit. We will
have to assume, that the source term is Lipschitz continuous. In addition two important tools
will be the Riesz representation operator and a special harmonic extension to handle the non
homogene Dirichlet boundary data.

The appendix is split into two parts. In the Appendix A we state some useful theorems from
measure theory, which will be especially used for the convergence to a continuous solution.
The Appendix B is dedicated to functional analysis. Especially we will widely use embedding
theorems for Sobolev spaces, which help us by our several estimates.
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Chapter

Physical background

We consider a two-phase system pointed already out in [3]. Therefore the system is located
in a smooth and bounded domain Q C R? and we watch its evolution during a finite time
interval (0,7). We denote by I'" the boundary 9€). The thermomechanical equilibrium of
the system is described in terms of a state variable and is governed by the free energy, while
the dynamic reflects the presence of a pseudo-potential of dissipation. We do not consider
mechanical effects. Thus the variables of the system are just the absolute temperature ¥ and
a phase parameter X, related to the proportion of one phase with respect to the other. In
general, X attains its physical admissible values in a range [X., X*] (for example X € [0,1])
for all time up to T. We will observe that this physical constraint is ensured by the model
itself.

1. Evolution equations

1.1. Order parameter X

The just introduced phase parameter X can be interpreted also as an order parameter. Thus
it describes the change in the order structure of the thermomechanical system. For many
materials the order structure below a critical temperature is greater than above. For example
if we are thinking of liquid-solid phase transitions, then is the system below the melting
temperature in a more ordered state. The phenomena is also characteristic for ferromagnetism.
Above the Curie-temperature, the magnetic moments (also called Weiss domains) of the
system are in a less ordered state and so the material is non magnetic.

Evolution Nevertheless, the parameter X is a macroscopic parameter, the evolution of X
is governed by the micro-forces and micro-movements responsible for the phase transition
at a microscopic level. Thus, the evolution of the order parameter X can be derived from
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thermomechanical laws, as a balance equation for micro-forces. The balance conditions are
read in the following way

B—divH=0 inQx(0,7), Hn=0 onlx(0,7), (2.1)

where n is the outward normal to the boundary I'. In addition B can be interpreted as an
energy density per units of concentration X as well as H represents an energy flux vector. Note
that we assume with the homogene Neumann conditions that no external work is carried out
to the system.

1.2. Temperature ¢

For the evolution of the temperature we will use the first and second principle of thermody-
namics. We use a rescaled energy balance in which higher order dissipative contributions are
neglected by means of the small perturbations assumption.

Evolution We obtain a balance, which could be considered as an “entropy equation”, because
it describes the evolution of the entropy s of the system in terms of the entropy flux Q and
an external source R(1)), possibly depending on the temperature ¢ and maybe singular. Thus
the following equation holds

st +divQ =R(W) in Qx (0,7). (2.2)

We can demand boundary conditions on the entropy flux. If no flux is assumed through the
boundary, then holds Q-n = 0 on I'x (0,7"). Later we will ask for the value of the temperature
on the boundary.

2. Energy functionals

We specify the involved physical quantities with the help of two energy functionals: On
the one hand the free energy ¥, depending on the state variables and accounting for the
thermomechanical equilibrium of the system. On the other hand the pseudo-potential of
dissipation ®, defined for the dissipative variables and responsible for the evolution of the
system. For details on these functionals we refer to Moreau [21].

2.1. Free energy

Our state variables are the absolute temperature ¢, the order parameter X and its gradient
VX. The thermodynamical laws tell us that the free energy is a concave function with respect
to the temperature while there are no constraints concerning the dependence on the other
variables. Therefore we choose the functional ¥ of the following form

T(9, X, VX) = —%0792 + F(X)0e + GO0 + g VX2, (2.3)




where the constants cg, v are positive and 9. > 0 represents the already introduced critical
temperature for the phase transition. Indeed we note that the pure caloric part of the free
energy —(co/2)9? is concave.

In addition the functions F' and G characterise the behaviour of the phase transition. A first
order phase transition, for instance in liquid-solid or vapour-liquid system, can be described
as follows

xt X3
T3
We want to stress out that for low temperatures ¥ < . the minimum of the free energy ¥
is attained in the pure first phase X = 0 and for high temperatures ¥ > 9. the minimum is
attained in the pure second phase X = 1. The physical admissible range of X is in this case
[0, 1]. However in the equilibrium case ¥ = 9. there exits two minima in the pure two phases
(cf. Figure 2.1).

RS G

F(X) =75 +5 (2.4)
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(c) Free energy ¥ for ¥ from 0.2 up to 1.6 (weak to
strong, ¥ < 9. solid, ¥ = 9. bold, 9 > V. dashed)

Figure 2.1.: Free energy for first order phase transitions (co = 0.35,v = 0.5,9.,=1)

On the other hand for a second order phase transition, for example for superconductivity or
ferromagnetism, F' and G can be written as

FX)

4

X4

X2

?7

(2.5)
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In difference to the first order phase transition the free energy W attains two minima for low
temperature ¥ < v, in the mixed phase region once for X € (—1,0) and once for X € (0, 1).
The physical admissible values for X are here [—1,1]. Although for temperature ¢ > ¥, there
is again one minimum attained in X = 0 (cf. Figure 2.2).
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(c) Free energy ¥ for ¢ from 0.2 up to 1.6 (weak to
strong, ¥ < 9. solid, ¥ = 9. bold, 9 > V. dashed)

Figure 2.2.: Free energy for second order phase transitions (co = 0.5,v =0.1,9.=1)
Remark 2.1 (Admissible values for the phase variable). The physical constraint on X, that is

X, < X < X*, is not a priori guaranteed by the choice of the free energy functional ¥ (2.3).
Therefore in the literature often an additional term Ijx x| (X) is used in the definition of W.
Hereby Ijy, x+ denotes the subdifferential of the indicator function on the interval [X,, X*],
meaning that

0 ,if X € [Xs, X*]

: (2.6)
+oo ,if X & [Xu, X*].

I, x+(X) = {

The constraint on X during its evolution is preserved by this modified free energy functional.
Our approach did not ask for such a modified energy functional as the constraint on X is
ensured by the evolution of the system itself with certain assumptions on F' and G. Hence it
will be proved that the equations of the system are somehow consistent with respect to the
constraint X, < X < X*. The proof of these property of our model will be detailed in the
sequel and relies on a maximum principle argument.




2.2. Pseudo-potential of dissipation

We introduce a second functional ® that depends on the dissipative variables X; and V1. We
choose X;, because it is related to microscopic velocities which are responsible for the phase
transition, while V9 is concerned with the head flux. In addition the pseudo-potential of

dissipation ® is non-negative, convex with respect to the dissipative variables, and it attains
its minimum 0 for a null dissipation, that is when (X;, V@) = (0,0). Thus we prescribe

A
(%, V) = LIl + 25 [V (2.7)

with ¢ and A denoting positive coefficients.

3. System of partial differential equations

3.1. Constitutive relations

Hence, constitutive relations can be written for B, H, s and Q. All these four quantities can
be recovered from the free energy, for non dissipative contributions and the pseudo-potential
of dissipation, for the dissipative parts. We have

_ ‘;;1(’ g)‘i — 9. F(X) +9G (X) + pXs (2.82)
H = 8(8V\IIX) = vVX (2.8b)
s = —%’ = o9 — G(X) (2.8¢)
Q- _8(6V(I)19) = —%Vﬁ = —AVlog . (2.8d)

We want to point out that the choice of the free energy (2.3) leads to a linear contribution
for the temperature in (2.8c). This preserves sufficient regularity on the solution. In addition
that the term —(cg/2)9? could be seen as a first order approximation of the following more
general form of the energy potential

U(d,...) = —copdlogd +....

In this case, the entropy s would be related to the temperature ¥ through a logarithmic
nonlinearity. On the other hand, a logarithmic nonlinearity forcing ¥ to be strictly positive
in our expression (2.8d) for the entropy flux Q.

3.2. Initial-boundary value problem

Now, combining the constitute relations (2.8a)-(2.8d) with the evolution equation for the
energy (2.1) and the evolutionequation for the entropy (2.2) leads to the following system of




Chapter 2. Physical background

partial differential equations with initial and boundary conditions

co¥y — G'(X)Xy — AMAlog ¥ = R(x,t,09) (2.9a)
uXy — vAX + F'(X)9. + G'(X)9 =0 (2.9b)

which is addressed in @ := Q x (0,7). For prescribing boundary conditions, we fix Dirichlet
condition in I' x (0,7") for the temperature and a Neumann homogeneous condition for the
phase parameter

logd = logdr, 0,X =0, (2.10)

where 0, is the external normal derivative. Finally, initial condition are in
¥(0) =9, X(0) = Xp. (2.11)

For the sake of simplicity, in the mathematical analysis performed in subsequent sections we
will take the physical constants cg, A, i, v, ¥ all equal to 1.

3.3. Nonlinearity in the source term

As already mentioned in the entropy balance equation (2.2), we will deal also with a depen-
dence of the source term R on the temperature ¥J. The dependence could be nonlinear and
especially singular. We will assume that R(z,t,9(z,t)) is increasing in temperature up to
Lipschitz perturbations. Thus we are able to choose the following source terms

Rl (x7 t)
92

R(z,t,9) = — Ro(x,t)

or

R(l‘vt’ﬁ) = R3($7t)19 - R4(1:7t)7

which could be interpreted as a linearization of R around some equilibrium value of ¥. In
such cases, the possible data Ry, Ro or Rz and R4 have to be smooth enough and at least R
should be non-negative throughout Q x (0, 7).

10
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Main results

At first in this chapter we introduce carefully the continuous problem, which we later discretise
with respect to time. For the time discrete scheme we show the existence and uniqueness
results as well as certain regularity and the convergence to the continuous solution. Further,
for the continuous problem we reproduce the boundedness result of [3] and extend it with the
continuous dependence on the data.

1. Record of the continuous problem

In the sequel Q2 is a bounded open set in R3, whose boundary I is assumed to be of class C2.
Moreover, 0y, is the outward normal derivative on I'. Given a finite final time T, we set for
convenience

Q=0 x(0,T) foreveryte (0,7] and Q :=Qr. (3.1)

Next, we describe the structure of our system. Four constants ., 9", X, X* € R are given
such that

0<9,<1<9 and X, <X* (3.2a)

and four functions F, G, and 7

FG:R—R, (:Qx(0,00)—> R, and 7:QxR—->R

11
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satisfying

F,G € C*(R), F isbounded from below and G is nonnegative (3.2b)
F',G'<0in (—00,Xs), and F',G' >0 in (X*,00) (3.2¢)
3 is Lipschitz continuous in @ x [d,1/0] for every ¢ € (0,1) (3.2d)
B, B, 3 and 7 are Carathéodory functions (see A.1) with the notation (3.2e)
Ba(z,t,r) :=VpB(x,t,r), Li:=0B(xt,r), [(zt,r):=00(z,tr) (3.2f)
0 < B'(x,t,7) < Bi(r) for ae. (x,t) € Q, Vr € R and some B € C°(0, 00) (3.2g)
B, t,r)[ + B2, t,7)| < Mp(1+[B(z,t,7)|)

for a.a. (z,t) € Q, Vr € R and some Mg € [0,00) (3.2h)
B(x,t,1) = 0 for every (z,t) € Q (3.2i)
m(x,t,r) is uniformly Lipschitz continuous in r for a.a. (z,t) € Q with constant L, (3.2j)
(-, 0) = mo(--) € L*(Q) (3.2k)

Remark 3.1. We note that the bound of 3’ in (3.2g) and again (3.2i) imply that

/17“ Gi(s)ds

Therefore, we recognise by (3.2h) that even 3, and §; satisfy an analogous bound and infer
that in fact (3.2d) follows from the other assumptions.

|B(x,t,r)| S ﬂO(T’) =

for all (z,t,7) € Q x (0,00). (3.3)

Notation 3.2. Let I be areal interval and ¢ : Q xI — R be a Carathéodory function according
Definition A.1. We use the same symbol 1 also to denote the operator acting on measurable
functions on @ as follows. If v: Q — I C R is measurable

(v) denotes the function (z,t) — ¥(x,t,v(x,t)), (x,t) € Q. (3.4a)

Note that 1(v) is measurable due to the Carathéodory assumption on . Similar definitions
and symbols are used for functions depending on the space variable. Namely, ifv: Q — I C R
is measurable

¥ (t,v) denotes the function =z — ¥(z,t,v(x)), =€ (3.4b)
for a.a. t € (0,7). As well as if ¢ : Q@ x I — R is a Carathéodory function
¢(v) denotes the function z+— ¢(z,v(z)), =z €. (3.4c)
In addition we use the abbreviation
H2(Q) = {ve H*(Q):0,v=00nT}. (3.5)
By the way we want to note the important fact that the space H~'(Q) is the dual one
to HL().
Now, we list our assumptions on the boundary and initial data. There are given three func-
tions Y, P9 and Xy be three functions such that
Or € L20,T : HY2(T)) n HY(0,T; H~Y2(I")), 9, <dr <9* ae onl x (0,T) (3.6a)
Vo € L2(Q), 9. <9 <9* ae. in Q (3.6b)
Xo € HY(Q), X, <Xo<X* ae. inQ (3.6¢)
where 9,,9%, X, and X* are introduced in (3.2a).

12



Definition 3.3 (Solution of the continuous problem). We say that the triplet (¢, X, &) is a
solution of the continuous problem if it fulfils

9 € L®0,T;L*(), 9>0 ae inQ, and Inde L*0,T;H (Q)) (3.7a
X € L*(0,T; H3(Q)) N HY(0,T; L*(Q)) (3.7b
G(X), F'(X),G"(x) € L*(Q) (3.7c
¢ LA(Q) (3.7d
8i(0 — G(X)) € L*(0,T; H'(Q))

(W —GX)) = Alnd+&=n(9¥) in L*0,T; H1(Q)) and ¢ = 3(0)
OX—AX+F' (X)+GX)9=0 ae. inQ

Ind=Indr ae onl x(0,7T)
(¥ — G(X))(0) =99 — G(Xo) and X(0) =Xy a.e. in Q. (3.7

Remarks 3.4. (i) Even though ¢ is a known function of ¥, we refer to the triplet (¢, X, €)
instead of the pair (1, X), when we speak of a solution.

(i) Moreover, we note that (3.7a) and (3.7c) yield G'(X)9 € L?(0,7T; L*(2)) and by com-
parison to (3.7g), even G'(X)9 € L*(Q).

(iii) We point out that the first condition in (3.7i) reduces to ¥(0) = ¥y whenever one knows
G(X) € CO([0, T}, H~H ().

(iv) Actually, some additional smoothness for G(X) as well as for F’'(X) and G’(X) surely
holds if the nonlinearities satisfy some growth conditions, thanks to (3.7b) or whenever
X is bounded and our existence result stated below ensures such a property.

(v) A homogeneous Neumann boundary condition for X is entailed by (3.7b) due to the
introduced space H2(S2).

We quote the existence theorem from [3].

Theorem 3.5 (Existence and maximum principle for X). Let the assumptions (3.2) be fulfilled
and the initial and boundary data satisfy the regularity conditions (3.6). Then, there exists
a triplet (9,X,§) solving the continuous problem according to the Definition 3.3. Moreover,
every solution (9,X, ) fulfils the inequalities

Xe <X<X* ace inQ. (3.8)

In particular, X is bounded.

As a consequence of the maximum principle for X, we can replace F' and G by new Lipschitz
continuous functions, still termed F' and G, satisfying

|[F'|<Lp and |G| < Le. (3.9)

Indeed we can arbitrarily modify F' and G outside [X., X*].
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Chapter 3. Main results

2. Results for the discrete problem

Before discretising the problem given by the equations (3.7), we introduce some notation.

Definition 3.6 (Partition). A partition P of the interval [0,T] is defined as the ordered set
P = {to =0,t1,...,tn_1,t§y = T}, where tg < t; < --- <tpn. (310)

The size of every subinterval is denoted by 7; = t; — t;—1 and the diameter of the partition
is 7 := max; T;.

The partition P is said to be uniform, if min; ; > o7 for a fixed ¢ with 0 < ¢ < 1.

Notation 3.7. We denote for a set {ﬁi}fil C V of elements in an arbitrary Banach space V
with 97 the vector
97 = (. 9N) e (LA Q)Y (3.11)

Definition 3.8 (Step approximations). Let « : @ — R be a locally integrable function and
P denote a partition with diameter 7. Then we define two sets of interpolating points

. ) 1 [t
a'(z) = a(z,t;)) fori=0,...,N and @'(x):= / a(z,s)ds fori=1,...,N.
Ti Jt;_4
(3.12)

In addition we set a’(z) = a'(z).

Remark 3.9. The notation is used for 3
B'(z,r) = Bz, t;,7)

by the above definition. In addition the notation with the bar is used for = and Jr. In detail
we define for 1 <i < N

; 1 [7 — 1 (7
T(y) = / w(,8,-)ds on QxR and Ip(-) = 7_1./ Ur(,s)ds onT.

T )i i—1

Definition 3.10 (Step and linear interpolations). Take a uniform partition P with diameter
7 > 0. In addition vectors 9% and X* are given. Then we first denote with

Or(x,t) =9 (x) and X,(x,t) = X'(z) fora.a. (r,t) € Qx (t;_1,t;) (3.13a)

the step interpolation of 97 and XP. In an analogue way we define

-~ t—ti ti—t
Doz, t) = —L9i(x) + =9 (2)  for a.a. (z,t) € QX (ti_1,t;)
T; T
~ t—tiq. t—t (3.13b)
Xr(x,t) = X () + %X’fl(az) for a.a. (z,t) € Q x (t;i—1,t;)
T T
the linear interpolation of ¥¥ and X¥. As well as for the vector 37 = (B,..., 3Y) we define

for a.a. (ac,t,r) €0 x (tifl,ti) x R

t—1t;1

‘ t;—t
7 (2
S r) +

Br(z,t,r) = Bi(z,r) and Br(z,t,r) = Bz, r) (3.13¢)

14



the step and linear interpolation. In addition for 77 = (7',...,7) and 5{3 = (@;, e ,@JFV)
we denote by

Tz, t,r) =7 (x,7) for a.a. (z,t,1) € Q X (ti—1,t;) xR
T (3.13d)
’191*’7— = 19F(IE) for a.a. (m,t) el x (tifl, ti)

the step interpolations respecting the mean values.

Remark 3.11. The linear interpolations of 9 and X are useful for denoting their backward
approximations of the time derivative. Because for ¢ € (¢;_1,%;) it yields

192' . ,(92'—1 . XZ o Xi—l

—— and OXp= ——. (3.14)

T3 T

00, =

Now, we are ready for defining the solution of the associated time-discrete problem. Therefore,
we replace the time derivatives 9y and 9;X in the continuous problem (3.7f) and (3.7g) by
their backward approximations as well as the right hand side and boundary data by their step
approximations.

Definition 3.12 (Solution of the discrete problem). Let P denote a uniform partition of the
interval [0, 7. The triplet (197), Xp,ﬁp) is called solution of the discrete problem if it satisfies
foralll1 <i< N

9 e LX(Q), ' HY(Q) ¥ >0ae inQ (3.15a)
Xte HZQ)NHYQ) and & € L*(Q) (3.15b)
G(X), F'(X'), G'(X') € L*(Q) (3.15¢)
192_7?” - G’(Xi)L _TZX” —AlnY' + & =71 and ¢ =g (3.15d)
X_TXl — AX'+ F'(X) + G' (X0 =0 (3.15¢)

and the initial boundary conditions

InY =Indp ae. onT (3.15f)
W =9y and X=X, a.e. inQ. (3.15g)

We can establish an analogue result of Theorem 3.5 for the discrete scheme.

Theorem 3.13 (Existence, uniqueness and boundedness of X). Let the assumptions (3.2)
be fulfilled as well as the initial and boundary data satisfy the regularity conditions (3.6).
Then there exists a unique triplet (97, X7 £P) solving the associated discrete problem (3.15)
according to the Definition 3.12. Moreover, the solution (97 ,X &P fulfils the inequalities

Xy < X< X* foralll <i<N and a.e. in Q. (3.16)

In particular, each coordinate of XF is bounded.

We will prove this Theorem in Chapter 5.
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Chapter 3. Main results

Theorem 3.14 (Stability result). There ezists a constant ¢ such that for every 7 > 0, suffi-
cient small (197),X73,§7)) is a discrete solution with

—~ —~ 112
9. +T]q9

T

2
19213 072 @020 207300 HI(0,7:H1()

2 |

H'(0,T5L2(2))
2

~

(3.17)

T

2 -
HXe o0 01511 0)) 2 0,73 1r2000) + HXTH

H(0,T5L2(2)) H(0,T;:H*(2))

+ tS[l(l)PT} /Q (O () (I - () = 1) + 1) + MmO [ F20. 7011 0 + 18- ) p200.22(52)) < &
€l0,

We want to remark that & = (,(9;) in consequence of (3.15d).

We can establish a pointwise convergence based on this theorem.

Theorem 3.15 (Convergence to continuous solution). Let initial and boundary data be given
satisfying (3.6). If we take a sequence of partitions {Ppn}, o with T, — 0, where 7, is the
diameter of the partition P,. Then exists a subsequence {ny}c such that

(V7 s X 1 &) = (9,X,6)  ace. in Q@ as k— o0 (3.18)

and (9,X,€) is a solution of the associated continuous problem.

The proofs of the last two theorems will be shown in Chapter 6.

3. Results for the continuous problem

With the convergence we will reach again at the continuous problem. Here our aim is now to
prove a continuous dependence on the data. Therefore, we need in addition to the existence
result and the boundedness of X given in Theorem 3.5 also the boundedness of ¢. Actually,
such a property holds whenever we reinforce the assumption on the structure of our system
a little, namely

mo € LY(Q) for some g > 5/2. (3.19)

Theorem 3.16 (Boundedness of ¥). Assume (3.19) in addition to the hypotheses of Theo-
rem 3.5. Then, the component ¥ of any solution (¥,X, &) for the continuous problem (3.7) is
bounded.

With the boundedness of ¥ we can improve the regularity of ¥ and X

Proposition 3.17 (Improved regularity). If the component 9 of any solution (9,X,§) is
bounded, than the following regularities hold

9" € L2(0,T; HY(Q)) for every m € (0,400). (3.20a)

as well as

X € LP(0, T; W2P(Q)) N WP (0, T; LP(Q))  for every p > 1. (3.20b)
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The proof of the Theorem and the Proposition are written down in comparison to [3] in
Chapter 7, where a Moser-type procedure is used. Based on this theorem we can finally show
the following result.

For the last Theorem we have to reinforce again our assumptions. We set R(z,t,r) :=
m(x,t,r) — B(z,t,r) and assume now that R is Lipschitz continuous in the third variable

|R(x,t,m1) — R(x,t,m9)| < Lg|r — ro Vri,re € R, (3.21)
where Lp is its Lipschitz constant.

Theorem 3.18 (Continuous dependence on the data). With the assumptipons of Theo-
rem 3.16 and in addition (3.21) we take § > 0 and two solutions of the continuous problem
(9i, X3, &) for i = 1,2 with initial and boundary data satisfying

||19F,1 - I9F72||L2(0,T;L2(F)) é ) (322&)
||190,1 - 19072||H*1(Q) é ) (322b)
Xo0,1 — XO,QHHl(Q) <. (3.22¢)

Then exists a constant ¢ > 0 such that
191 = 2|l oo 0.1 -1 )n2(0) + 11X = Xall g0, 12 () noe (0,111 () < €6 (3.23)

The proof of this theorem is obtained in Chapter 8.
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Chapter

Tools

1. Monotone operators

In this section we introduce some notation and deduce some theorems from the theory of
monotone operators. They are important in the theory of nonlinear evolution equations.
Montone operators can be defined in Banach spaces. This is described by Barbu in [1]. But
because we are working in Sobolev spaces, the theory of monotone operators in Hilbert spaces
is adequate for our concerns. For this reason we are following up the theory developed by
Brézis in [6] and H will be in the sequel a general Hilbert space with a norm denoted by ||-|.

1.1. Definitions and fundamental concepts

Definition 4.1 (Multi-valued operator). A multi-valued operator A is a map from H — 2,
where 2 is the power set of H. The domain of A is denoted by D(A) := {z € H : Az # 0},
as well as the range is called R(A) := (J,c g Az. If for every x € H the set Az has at most
one element, then A is called single-valued.

We identify A with his graph in H x H, i.e. {(z,y):y € Ax}. Therewith, the inverse
operator A~ is the operator with the symmetric graph with respect to A:

ye A 'z if and only if z € Ay. (4.1a)
Obviously we have D(A™!) = R(A).
We can order the set of operators, if we define the inclusion:

ACB ifandonlyif Vxe H:Ax C Bz. (4.1b)

Definition 4.2 (Monotone operator). An operator A in H is called monotone, if for all
x1, 9 € H yields
Yy, € Az Vys € Azo i (y1 — yo, 21 — 22) >0 (4.2a)
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Chapter 4. Tools

If the operator A is single-valued, we can write more compactly
Vl’l,;ﬂg c H: (Aa:l — A.%'Q, r1 — :L'Q) > 0. (4.2b)
We use this formulation also for multi-valued operators and mean then (4.2a).

An operator A in H is said to be maximal monotone if the operator A is maximal in the set
of monotone operators in relation to C.

Equivalently, A is a mazimal monotone operator if and only if A is monotone and for
all (z,y) € H x H such that

VEeH: (y— A,z —§) >0 (4.2¢)
follows y € Ax.

Proposition 4.3 (Characterisation of maximal monotonicity). Let A be an operator in H.
The following three properties are equivalent:

(i) A is mazximal monotone.
(ii) A is monotone and R(id+ A) = H.
(iii) For all e > 0 is (id +eA)~! a contraction defined on whole H.

Proof. See [6, Proposition 2.2., p. 23] O

Definition 4.4 (Hemicontinuity). Let A be a single—valued operator defined on H x H, such
that D(A) = H. A is said to be hemicontinuous on H if for any z,y € H

A(x +ty) =~ Az weaklyin H as t—0. (4.3)
Definition 4.5 (Coercivity). The operator A : H — 2 is called coercive if
A
lim AT ) _ (4.4)
n—oo |yl
for all sequences {x,,} C D(A) such that lim,,_, ||z,| = 0.

Proposition 4.6 (Convergence of sequences). Let A be a maximal monotone operator in H.
Take (zy,yn) € A such that

Tpn =2, Yp—y inH and lmsup(y,,zn) < (Yn,Tn) asn — 00.

Then yields (z,y) € A and (yn, xn) — (y,x).
Proof. See [6, Proposition 2.5 p. 27]. O

The following corollary will be very useful for showing the existence of solutions to our prob-
lem.

Corollary 4.7. Let B be a monotone and hemicontinuous operator in H and A be a maximal
monotone operator in H. Then A + B is mazximal monotone. Moreover, if A+ B is coercive

then R(A+ B) = H.

Proof. See [1, Corollary 1.3 p. 48]. O

20



1.2. Yosida approximation

The Yosida approximation is an adequate tool for the regularization of maximal monotone
operators. We will use the Yosida approximation of the logarithm to handle its singular-
ity. In this way we can obtain an existence result for a regularised form of the equation

for ¥ (3.15d).

Definition 4.8 (Yosida approximation). Let A C H x H be a maximal monotone operator.
For £ > 0 denotes J. := (id +£A)~! the resolvent of A, then

A= é(id — ) (4.5)

is called the Yosida approzimation of A.

Remark 4.9. The Yosida approximation is well-defined as the resolvent .J. is a contraction in
comparison to the Proposition 4.3 (iii).

The following Proposition from [6] gives an overview of the properties of Yosida approximation
in general.

Proposition 4.10 (General properties of the Yosida approximation). Let A be a maximal
monotone operator and A. denotes its Yosida approximation, then

(i) Ac is a maximal monotone operator and Lipschitz continuous with constant %
(i) (A:), = Aeyy for all e, > 0.
(iii) For all x € D(A) there holds ||Acx|| — ||Ax|| and Acx — Ax when ¢ — 0 with

1Aez — Az||* < [|Az||* — || A=]|*.
(iv) For x ¢ D(A), ||Acx| — oo when e — 0.

Proof. See [6, Proposition 2.6 p. 28]. O

Remark 4.11. From the (iii) of the Proposition follows that ||A.z|| < ||Ae|| for all ¢ > 0 in
non trivial cases (i.e. A identical to zero). Hence A.x is in fact a regularization with respect
to the norm ||-|| in H.

Finally, we use a result stating in which case the limit of a converging sequence of Yosida
approximated elements is an element of the regularised maximal monotone operator.

Proposition 4.12. Let H denote a Hilbert space, A : H — 2% o mazimal monotone operator
and A. its Yosida approzimation. In addition take {e,} a positive sequence converging to zero
and {x,} C H such that exist v,y € H with

Tp =z and Aexn—y inH, limsup(A., zn,z,) < (y,z).
n—oo

Then y € Ax.
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Proof. We define y,, :== A,z and 2}, := J., x,, where J. is the resolvent of A. Then yields
according the Definition of the inverse (4.1a)

/ /
x, +enAx,, 3 xp.

But with the Definition 4.8 of A. follows

/
azn—xn /

Yn = - as Ty = Tp — EnYn
n

and with the help of the hypothesis we obtain z/, — z in H. Now follows

lim sup(yn, 2,) = Umsup(yn, Tn — enyn) < (y, )

n—oo n—o0o

and we can conclude using Proposition 4.6. 0

Definition 4.13 (Regularization of In). In our case the resolvent p. : R — Ry of the
logarithm is given by the transcendental equation

pe(r)+elnp:(r) =r. (4.6a)

Corresponding to Definition 4.8 the Yosida approzimation of the logarithm is

In.r := 7’—55(7“) (4.6b)

Later we use the altered function Ln. : R — R
Ln.r:=er+lIn.r (4.6¢)
and its primitive

Le(r):= /1 Ln. sds = %(7’2 —1) Jr/l In. sds. (4.6d)

Proposition 4.14 (Properties of the resolvent p.). The resolvent defined in (4.6a) allows the

representation
1 -
pe(r) = exp (Z -W <€es>> , (4.7a)

where W, called Lambert W function, fulfils the equation z = W(z)ew(z). In the representa-
tion we use the first real branch of W.

Additionally, pe is for every fized ¢ > 0 a strictly monotone, conver and positive function.
Especially the first derivative admits the estimate

e

max(1,r) +¢’ (4.70)

pe(r) <1-—

Proof. We substitute p. = e in (4.6a) and get

e? +e¢. =r.
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Now, setting t = - — ¢. and some transformations result in

1 -
te! = —~e-.
€
By using the Definition of Lambert’s W function and substituting ¢ back, we obtain

o) =" - w (ZeF).

€ €
which gives the representation by definition of ¢..

The positivity of p. for fixed e directly follows from the representation (4.7a), because we
choose the real branch of W. We calculate the first derivative implicitly. Therefore, we
differentiate the equation (4.6a)

pe(r)
r)+ =1
pe(r) pe(r)
and thereby
p(r) _ €
>0 4.8
)= 2 =1 (4.9
as p. is positive. We remark that obviously also p.(r) < 1. Further differentiating leads to

_|_
1.
r)

pe(r) T <
)
neN pe(r) _ Pe
per) = ) e <1 G

by the same argument. Thus p. is also convex.

>( >>ZO

Obviously, we have p.(1) = 1 for all € > 0. Thereby, with the monotonicity and the bound of
the derivative follows
pe(r) < max(1,7r),

which completes the proof by equation (4.8). O

Proposition 4.15 (Properties of the approximations In. and Ln.). We have

In-!(s) =e® +es for every s € R (4.9a)

1

117”5 <ln.r <lIlnr for everyr >1 (4.9b)
1

Lnl(r) > 1 for everyr <1 and Lnl(r)> > for every r > 1 (4.9¢)

We set 1, := min {0,In9,} and I* := max {0,Inv*}, then we have
L <Ingr <11*  for every r € [0y, V7] (4.9d)

Moreover, we have

2
50" <Inl(r) < r for every r € [, 97] (4.9¢)

for e small enough.

(4.9f)

23



Chapter 4. Tools

5 I
4 4
3 4
21 -
: : : : -i—
1 ; 3 : 5
X

Figure 4.1.: Resolvent of the Yosida approximation of the logarithm ¢ = 0.1,...,2 (weak to
strong) and the identity (bold)

Proof. Take any s € R. Then r = e® + s satisfies p-(r) = e® by (4.6a). Now, (4.9a) follows
by the Definition of the Yosida approximation 4.8
r—pe(r) e’ +es—e’

In.r = = =s. (4.10a)
€ €

At first we observe for s > 0
1195 > 5 4 g5 > ¢ (4.10b)

If » > 1, applying s := In. r to (4.9a) leads to r = e™=” + eIn. 7. On the other hand using the
inequality (4.10b) we obtain
e(l-i—e) Inc 7 Z r 2 elns 7’.

And (4.9b) follows from applying the logarithm.

Firstly, we need

by L=per) 1/ pe(r) Ny 1 .
Inz(r) = e e <1 pe(1) +5> Cope(r) e (4.10c)

Assuming p.(r) > 1 in (4.6a) implies 7 > p-(r) > 1 and hence p.(r) < 1 for r < 1. We

conclude that
1 14e4é?

14 1+4e¢

for every r < 1. If we now assume r > 1, then 1 < p. < r. Taking (4.10c) into account, we
infer that

Lonl(r) =e+Inl(r) > e+

>1

1 1
> — ife<nr.

Lo’ (r) >
ng(r)_s+r+€ or
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Let us take the observations e + el, < 9, and e!” + &l* > ¢* into account. They lead to
el +el, <r <el" +el* for every r € [0,,9*]. By using (4.9a) property 4.9d is obtained.

With the strictly monotonicity of p. and (4.10c) follows that for r € [, "]

1 ) 1

I | R —
XD ET e AP g

In addition, it is clear that p.(r') — 7" as ¢ — 0 for every ' > 0. Then (4.9¢) follows
immediately if € is small enough. 0

Figure 4.2.: Yosida approximation of the logarithm for e = 0.1,...,2 (weak to strong) and
the logarithm (bold)

Remark 4.16. L.(r) is a convex function, which is bounded from below uniformly with respect
to €, since In. 1 = 0.
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2. Subdifferential mappings

In this section we introduce notation and prove some lemma, which are important to under-
stand the proof of the boundedness of ¥ in Chapter 7. Nevertheless we are still working in
Hilbert spaces, we want to mark the more general results obtained in [1] for Banach spaces,
where all not proven results could be found. Therefore, X denote in the sequel a real Banach
space with its dual X*. In addition we denote by (-,-) the dual pairing in X x X* or X* x X
depending on the case more comfortable. We mark the elements belonging to X* also with
an asterisk * to distinguish them from the elements of X.

Definition 4.17 (Proper convex, lower-semicontinuous and conjugate functions). A proper
convez function on X is a function ¢ : X — (—o0, 00|, not identically +o0, such that

H((L=Nzx+Ay) < (1—=N)o(x) +Ap(y) forall z,y € X and 0 < X < 1. (4.11a)
The function ¢ : X — (—o0, +00] is said to be lower-semicontinuous on X if

liminf ¢(y) > ¢(z) for any z € X. (4.11b)

Yy—x

In addition the function ¢* on X* defined by

¢"(¢") = sup {(z,2") — ¢(x)} (4.11c)

zeX

is called the (convex) conjugated of ¢.

The convex conjugated is well defined in the following sense and also it is a conjugation on
the class of lower-semicontinuous proper convex functions.

Proposition 4.18. Let ¢ be a lower-semicontinuous proper convex function on X. Then the
conjugate ¢* is convex, lower-semicontinuous and proper on the dual space X*. In addition

there holds ¢™* = ¢.

Definition 4.19 (Subgradient and subdifferential). Given a proper convex function ¢ on X
and a point z € X, then we denote by d¢(z) the set of all z* € X* such that

o(z) < P(y) + (x —y,z*), for every y € X. (4.12)

Such elements z* are called subgradients of ¢ at x and d¢(x) is called the subdifferential of ¢
at x.

Remark 4.20. We observe immediately from the definition that 0¢ is a monotone operator
from X to X*. More precise J¢ is a maximal monotone operator if X is a real Banach space.
This result was obtained by Rockafellar in [23]. In addition d¢ is always a closed convex set.
In a similar way like for the gradient, the condition 0 € d¢(z) is necessary and sufficient for

$(x) = mingex ¢(y).

Proposition 4.21. If ® on X is a lower-semicontinuous proper convex function, then it holds

A(®*) = (@)~ (4.13)
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o —2 9(@%) = (%)

Figure 4.3.: Commutative diagram of the Proposition 4.21

Proof. Fix z* and take z € 0®*(z*). Then x satisfies according to (4.12)
O (z*) < D" (y*) + (x, 2" —y*) forall y* € X*
Now, by using the Definition 4.17 of the conjugate function results in

(z,2%) — ®(2) <sup {(Z,y") —P(Z)} + (x,2" —y") forall z€ X and all y* € X™.
zeX

Rearranging the terms a little bit holds

jn)f( {2(z) — Z—z,y")} < P(2) + (x — z,2%) forall z€ X and all y* € X™.
ze

The infimum exists, as ® is proper convex. In addition the infimum has to hold for every
y* € X*, thus we can always choose y* = —c¢(Z — z)* with ¢ > 0. Then by contradiction the
infimum is obtained for Z = x due to the lower-semicontinuity of ®. Finally, we have obtained

O(z) < P(2) + (v — z,2") forall ze X,
hence * € 9®(x) and therefore x € (0®) ! (z*). O
We need two more specific results to prove the main Lemma of this section. The first Propo-

sition gives a construction under which conditions subdifferentials of integrals are induced by
their integrands.

Definition 4.22 (Convex integrands). Let g : R — (—o0,+00] be a lower-semicontinuous
proper convex function on R and let 8 = dg. Let ¢ : L?(2) — (—o00, +00] be defined by

o) = {fQ g(u(z))dx if g(u) € LY(Q) (4.14)

+o00 otherwise

where € is a bounded domain in R"™.

Proposition 4.23. The function ¢ is lower-semicontinuous and convex on L?(). Moreover,

w € 9¢(u) if and only if w(z) € B(u(z)) a.e. in Q and

D(¢) = {u € L*(Q) : u(x) € D(g) a.e. on Q} (4.15)

The next Lemma points out which regularity of a function v and the subdifferential d¢(u) of
a lower-semicontinuous proper convex function ¢ is necessary to obtain absolute continuity
of the concatenation of ¢(u).
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Lemma 4.24. Letu € H'(0,T; H1(Q)) such that u(t) € D(9¢) a.e. in (0,T). If there exists
g € L?(0,T; H}(Q)) such that g(t) € 0¢(u(t)) a.e. in (0,T), then the function t — ¢(u(t)) is
absolutely continuous in [0,T].

Further there holds

Orp(u(t)) = (Qpu(t),v) Vv € dp(u(t)) a.e. in (0,T). (4.16)
Proof. Similar to the proof in [6, Lemme 3.3, p. 73]. O
Now, we can state the result: a weak general chain rule. Therewith, we can handle the lack

of regularity for a time derivative 9,19, which is known only to belong to L?(0,T; H=1(f2)).

Lemma 4.25 (Weak chain rule for time derivatives). Assume
9 € L®0,T; L Q)N HY0,T; H Q) and 9 >0 ae inQ.
Moreover, let ¢ : (0,00) — R be a convex function of class C' and assume that
¢'(9) € L*(0,T; Hy(2)).
If & : R — (—o0, 00| denotes the extension

O(r):=¢(r) ifr>0, ®0):= lim ¢(r), and @(r):=+4oc0 ifr <0, (4.17)

r—0t

then the function t — [ ®(I(t)) is absolutely continuous on [0,T] and we have

/ (0:9(s),d'(V(s))) ds = / O (V(t)) —/ ®(9(0)) for every t € (0,7 (4.18)
0 Q

Q

Proof. We first observe the @ is the convex, proper and lower-semicontinuous extension of ¢
on R. In addition, we notice that

¢ (u) € 0P(u) ae. inQ if weL?Q), u>0ae inQ and ¢(u)c L*(Q). (4.19a)

With the help of the Proposition 4.21 we know that ® and its conjugated ®* satisfy 0®* =
(0®)~L. For a.e. t € (0,T) we set for convenience v(t) := ¢'(9(t)) and observe that both ()
and v(t) are in L2(Q) as well as ¥(¢) > 0 by the assumptions. Hence, we just achieved that
v(t) € 0P(I(t)) a.e. in Q by (4.19a) and consequently by Proposition 4.21

I(t) € 09" (v(t)) a.e. in Q. (4.19b)

Moreover, defining the functionals J : H — (—00, +00] and Jy : H}(2) — (—o0, +00] accord-
ing to the Definition 4.22 as follows

+00 otherwise

Jo) = {fQ ®*(v) if ®*(v) € L'(Q)
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From the Proposition 4.23 follows that J is convex, proper and lower-semicontinuous. In
addition its subdifferential J C L2(2) x L?(f2) is exactly induced by 0®* via the almost
everywhere inclusion in Q. Then, for a.a. t € (0,7") by (4.19b) follows ¥ € 9.J(v(t)) meaning

J((t)) < J(w) + (9(t),v(t) —w) Yw e L*(Q).
Therefore, as v(t) € H}(Q) we have that
Jo(v(t)) < Jo(w) + (9(1), v(t) —w) Yw € L*(9),

whence the functional Jy : H}(Q) — (—00, +00] is proper and the inclusion 9(t) € dJo(v(t))
holds for the subdifferential d.Jo C H=(Q) x H (). Introducing the conjugate functionals
and the subdifferentials
J* LA(Q) — (=00, 400, J§:H Q) = (—o0, +o]
and 9J* C L*(Q) x L*(Q), 0J; c H Q) x H}(Q),
and recalling from the Proposition 4.21 that 0J* = (8J)~! as well as 9J¢ = (0Jy) !, we

observe that v(t) € 9J*(¥(t)) and v(t) € 9J;(V(t)) for a.a. t € (0,7'). We conclude by
applying the previous Lemma 4.24 that Jj (1) is absolutely continuous and

/0 (000(s), &/ (9(s))) ds = /0 (D9(s), v(s)) ds = J3(0(8) — J5(9(0)) Ve € [0,T]. (4.19d)

From Proposition 4.18 follows that for u,w € L?*() one has w € 8J*(u) if and only if
w € 0P(u) a.e. in Q. If we can proof in addition

() = J*(u) = /Q B(u) ifue LA(Q) and Ji () < 400, (4.19¢)

Then, since ¥ is weakly continuous from [0, 7] to L?(f2), we can conclude from (4.19d), the
absolute continuity of Jj(¢) and (4.19¢) that the assertion is true.

It remains to check (4.19¢). For u € L?(€2) holds

R = sw {ww)—Jo@)} < sup {luw)— IJw)} = I ()
wEH(Q) weL2(Q)

On the other hand, in view of [9, Lemma 2.3] it turns out that for all w € L?() there exists
a sequence {wy,} C H}(2) such that w, — w in L*(Q) and Jo(w,) = J(wy,) — J(w), whence

(u,w) — J(w) = lim ((u, wn) — J(wy)) = Im ((u, wy) — Jo(wy)) < Jj(u) (4.19f)

n—oo n—oo

and consequently J*(u) < J§(u) as (4.19f) holds for all w € L*(Q2). Then, (4.19e) turns out
to be true and the proof is completely finished. O
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3. Time approximation

Definition 4.26 (Translation operator). We define for k € Z the translation operator Ty
acting on approximations a, on a partition P. Take t € (t;—1,t;), then 7} is defined by

a(0) fork4+i<0
Tilar](t) == « ((t_izfl) Tick + ti_k_l) forO<k+i<N (4.20)
a(ty) for k+i> N.

Lemma 4.27. Let P denote a uniform partition with diameter T. In addition ¢ : R — [0, 00)
is a convex function and o : Q — R is locally integrable, then

(poar)(z,t) < (poa) (x,t) forall (z,t) € Q, (4.21)

in which o denotes the composition of two functions f o g:= f(g).

Proof. Fix x € Q and take t € (t;_1,t;) for some 1 < i < N. Then

p@(z) =¢ (i@ /t;il a(z, s) dS) = (/01 oz, 75 + ti—1)d§>
S/Olw(a(m Tis +ti-1) / y 5)) ds = (@) (z,1),

where the estimate is a consequence of the Jensen inequality A.2. O

Proposition 4.28. Take v,w : Q — R with v € L?(0,T;V) and w € H'(0,T;V), where V
is an arbitrary Hilbert space over . We denote by U, the step approximation of v and by Wy
respectively W, the linear approximations with respect to the mean respectively end points of
w on a uniform partition P. Then

197l 20,0y < 10l 220,731 (4.22a)

as well as

~ ~ 1
10ctr (| 20,7y < 10wl 207y and HwT (1+ )HMHHl(O,T;V)’ (4.22b)

where o is the uniformity constant of the partition P introduced in the Definition 3.6

HY(0,T5V) —

Proof. For the first one we conclude

AR z [

On the other hand we have

N
”athHLZ (0,7;V) = Z/ p = Zﬂ'

(4 21)
Z / ]2 = 0] 22000, -

2(21

Zn / LI ds < ollZamy -

2
t; I
wi,ti-1) / Jw(-,s)ds
Ti Jt;_4
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The last estimate we split into the terms HwT and H@tﬁf . For the first one
L2(0,T;V) L2(0,T3V)
it yields
2
"llz0,1v) T v

IN

\

[< >”“N4@?fw“w

(u 05+ 112015

ti—1 t1
2 2
/ (-, )| ds> n / (-, )] ds
tz 1 ’L 1 ti—2 to

IN

Tz

Mz ||Mz i Mz I Mz

no
/—\ w‘w

IN

w9l ds +

( ) w2020,

where we used the uniformity of the partition P, since

Ti T 1
< —=-
Ti—1 T g

Finally we conclude for the other seminorm using the Mean Value Theorem of Integration

N . 12
. ) t; wt — wz—l
o gy =2 |

LoTv) =y, T v

N t t 2
1 1 7 1 i—1
:Z— / (s)ds — / w(s)ds
5 Ti || Ti Sty tic1 Jo; v
| w(s;) —w(s;—1) % ’
€ (ti—1,t;) fori=1,.,N = Z = : : il = : / Jyw(s) ds

i—2 Ti i T ||Jsica

N S;
s sy [ 1
SE:Z.ll H@w@madsg<1+a>ﬁmmémmm,
. 7—1

Ti

where we used in the last step the following estimate

5@'_5@'71<ti_ti72:ti_ti71+ti71_t _1+

< <1+—
Ti ti —ti1 ti —ti1 Ti

O

Lemma 4.29. Take z € L*(Q) and let 7 : Q x R — R fulfil the assumptions (3.2¢) and
(3.2j). Furthermore, we denote by Trn and Z;n their step approximations on a family of
uniform partitions {Py,} such that ™™ — 0 as n — co. Then there holds

Ton(Zen) — w(2)  in L*(Q) as n — oo. (4.23)
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Proof. Firstly, we observe that
[Zen (1) = 2(, )|l 20y = 0 foraa. t€(0,T) as n— oo,
due to the Lebesgue-Besicovitch Differentiation Theorem A.4. Hence there also holds
[Zen (-, 8) = 2( )l 2y = 0 as n— oo,

with the help of the Proposition 4.28 and the Lebesgue dominated convergence Theorem.
Now we use the triangle inequality

[77n (Z7m) — 71'(Z)H%?(Q) < e (Zen) — 71'(ET")Hi?(Q) + |7 (zm) — 71'(Z)H%?(Q) : (4.24)

For the first norm we can apply again the Lebesgue-Besicovitch Differentiation Theorem A.4
and hence

2 , .
/ |m(z, 5,2 (2)) — 7(x,t, 2" (w))’Q ds — 0 fora.a. (z,t) €@ as n— oo,
tn

in—1

1
T
where the sequence {i,} is chosen depending on t such that t € (¢;,_1,t;,). Thus the conver-
gence holds also in L2(Q).

The second norm in (4.24) can be estimated with the help of the uniform Lipschitz continuity
assumption on 7

_ 2 _
|7 () — TF(Z)HL%Q) < L72r [Z7n — ZHL?(Q) :
Finally, we have achieved the convergence
[ (Zn) = 7(2)l[72() = 0 as n — oo
O

Lemma 4.30. Take z € L*(Q) and let 3 : Q x (0,00) — R fulfil the almost uniform Lipschitz
continuity assumption (3.2d). In addition B~ and Z.~ denote their step approximations in the
endpoints respectively mean points on a family of uniform partitions {P,} such that 7" — 0
as n — 00. Then there holds

Brn(Zm) — B(2)  a.e. in Q and weakly in L*(Q) as n — oo. (4.25)

Proof. To gain the almost everywhere convergence, it suffices to show that for every ¢ € (0,1)
we have

Brn(Zmm) — B(z)  almost uniformly in Q° := {(z,t) € Q : § < z(x,t) < 1/},

whenever Z; — z a.e. in . Thus fix § € (0,1) and take n > 0. Then we have to show that
a subset Qg C @ exists such that ‘Q‘s\Qf]’ < nand B (Zm) — ((z) uniformly in Qf], where
|-| denotes the Lebesgue measure in R*. With the help of the Severini-Egorov Theorem we
find Qg C @’ such that ‘Q‘S\Qg’ < n and Z;» — z uniformly in Qg But therewith we can
also prove that (:n(Zm) — [(z) uniformly in Qg.

We remark that § is uniform Lipschitz continuous on Qg with lip 8 =: Lg 5. Than we observe

||BT” (z'r”) - ﬂ(z'r")HLZ(Qg) < H/BT"(ET”) - ﬂ(ET”)HL?(Q;?,) < Lﬂ,éTn
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Therewith yields

18 (Zrn) = B 72(gg) < 1Ben (Zen) = Bl 72(gs) + 18GEen) = B(2)IIL2(qs)
< LEs(r")? + Lis 17 — 2032 -

and deduce that (;n(Z;n) converges to (3(z) uniformly on Qg. Hence we have obtained the
almost everywhere convergence, which is implied by the almost uniform convergence. Due to
the last norm estimate and the just proved almoster everywhere convergence we can apply
Lemma A.5, which conclude the proof. O
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4. Approximation by extension, regularization and truncation

In this section another procedure for regularising functions is described. We extend the
domain of the function by a periodic extension. Afterwards we can apply a convolution with
a C*°-function and restrict the domain again.

Let 8 : @ x (0,00) — R fulfil the assumptions (3.2d)-(3.2g). Then take a partition P with
diameter 7 and define on that the linear approximation 3, for the endpoints according the
Definition 3.8.

4.1. Extension

Definition 4.31 (Extension operator). We define the both domains:
Q. :={z € Q:dist(z,I) <e} and QL :={zeR*\Q:dist(z,T) <c}.

Then there exists g9 € (0,1) such that for every x € QL  we can find a unique point = € Q,
satisfying
, T+T

v=—5— € I' and x — 7 is orthogonal to ' at . (4.26a)

The correspondence x +— T is a bi-Lipschitz diffeomorphism of class C' (as I is of class C?)
from QL onto Q.

Now, we set 2 := QU QL . We define with v € L>°(Q) the extension operator
- if Q
£ L) > L),  Su(z) = 4@ dwe (4.26D)
v(x) ifze QL

Proposition 4.32 (Properties of £). The extension operator £ is linear and continuous.
Moreover one has

supessév =supessv and infess€v = ianessv for every v € L*(Q). (4.27a)
& Q Q

And also the following properties apply to all v € L*>(Q):

£>0 a.e. inQ whenever v>0 a.e. in Q (4.27Db)
vaUHLoo(ﬁ) < M ||Vl pee(qy if Vv € L*() (4.27¢)
lip(€v) < M lipv if v is Lipschitz continuous, (4.27d)

for some constant M, where lipv is the Lipschitz constant of v.

Proof. Linearity is obvious. For the continuity with v € L*°(2) we have

1€ oo @) = 0]l Lo ()

and hence ||8HLOO(Q)_)LDO(§) = 1. Therewith, the estimates (4.27a) and (4.27b) are just
consequences. The last two properties are consequences of the bi-Lipschitz continuity of

the diffeomorphism ~ and M is its Lipschitz constant. O
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At this point, we define for € € (0, 1) the functions Ei, B; OxR—R by using the extension
operator &

Bi(x,r) = (EB'( 1)) (x) (4.28a)
gé(x,r) .= B'(z,r.) fori=1,...,N, where r, := max {e, min {r,1/c}}. (4.28b)
In all of the following statements on Ei, Eg and later 3¢ we do not stress out explicitly every
time for all: =1,..., N.

We observe that ﬁg is globally Lipschitz continuous. Indeed, by recalling (3.2d) as well as
(4.27d) and setting for convenience

L5 = lipﬂ‘QX[(S,l/(ﬂ for § € (0, 1) (4.29)

we conclude lip 5; < MLe by the Definition (4.28b). Moreover, as & is linear and thanks
to (4.27b) we infer that both 3(z,t,-) and B:(z,t,-) are nondecreasing on R for every z € Q.
Furthermore, both Bl and B; vanish at 7 = 1 due to (3.2i). In particular, their values at every
r € R have the sign of r — 1.

4.2. Regularization and truncation

Finally, we are ready to define a C*°-approximation 3¢ : QxR — R of 3. We regularise Eg by
convolution and restrict the regularization we obtain to €2 x R. Namely, we fix a nonnegative
¢ € C*(R*) supported in the unit ball U of R* and normalised in L*(R*). Then, by assuming
g0 < T and € € (0,e0) (such restrictions are not stressed in the sequel, but it is understood
that they are satisfied), we recall (4.29) and set

— 54 4
0 1= 1T L. and (o (z,7):=0."C((x,r)/d:) for (z,7) € R (4.30a)
By i= (Bexan) = | Bie—y.r =9y, 5) dyds
= / Bi(zx — boy,r — 8.5) C(y, s)dyds  for (z,7) € Q x R. (4.30b)

U

4.3. Properties

The reason for the above choice of J, is that we would like to have
Bi(z,7) — Bi(z,7)| < Me for every (z,r) € 2 x R (4.31)

and some constant M. Actually, (4.31) holds with the constant M that makes (4.27d) true,
as we show at once. Indeed we have

) = il = | [ (Bl = duyr —dis) = Bilw)) <o) s

< / ML, |(8..6.5)| C(y,5)dyds < ML.6. < Me
U
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Chapter 4. Tools

since M L. is a Lipschitz constant for Eg, as just observed. With a similar argument, we
see that ‘ ‘
B2 is Lipschitz continuous with lip 82 < M L, (4.32)

since such a property holds for Bg In the sequel we use the following more precise facts

sup |G < sup 18] < sup 1B(-,ti, )] (4.33a)
Qx[6,1/6] Qx[6/2,1/6+6/2] Qx[6/2,1/6+6/2
lip Blax(s1/8 < lip /Bi|ﬁ><[5/271/5+5/2} < ip Blax (b1 ,ti]x[5/2,1/54+5/2) (4.33b)

for 6 € (0,1) and ¢ < §/2. Indeed, we have 6. < e < 0/2. Hence, if (v,t) € Qand § <r <1/,
the values of 3% in (4.30b) actually are values of 3% at points of the set Q x [6/2,1/6 + /2],
where 3 is bounded and Lipschitz continuous. Therefore, both the supremum (4.33a) and
the Lipschitz constant (4.33b) are preserved by the convolution since ¢ is normalised. Finally,
we point out that

Bi(x,-) is nondecreasing on R for every z € Q (4.34)

since such a property holds for ! and ( is nonnegative. Moreover, we set for convenience

Bi(z,r) = / Be(x,s)ds for a.a. x € Q and every r € R. (4.35a)
1

Clearly, B! is convex with respect to the second variable. Furthermore, as Eg (z,7) and r — 1
have the same sign as just observed, we see that (4.31) implies

Bl(z,r) > / (62(3:, s) — Bé(x, s)) ds > —Me|r — 1| for every (x,r) € @ x R.  (4.35b)
1

Finally, it is clear that the first of (4.33a) implies the analogue for B!, namely

sup |Bi| <¢s for every § € (0,1) (4.35¢)
Qx[8,1/6]

and some constant cs.
Proposition 4.33. We have
1622, 7)] < e(1+ |6z, 7)) (4.36)

for every (z,r) € Q x R, some constant ¢ and € small enough.

Proof. We first prove that
|32 o, m)] < MMp(1+ |G, 7)) (4.37)

for every z € Qandr € R, where M and Mgy are constants satisfying (3.2h) respectively
(4.27¢) and (4.27d). Firstly we assume r € [e,1/e]. Then, 3! = 3% due to (4.28b) and (4.37)
coincides with the analogue for 3i. But this easily follows from the inequality for B (3.2h)
and the property of the extension operator (4.27c) as well as the definition of 3* (4.28a). In
the case r < € we can argument

VB, 7)| = 5% (2,1, 6)| < MMs(1+ |5 (x,¢)|) < MMps(1 + |BL(a,r]).

36



A similar argument holds for » > 1/¢ and (4.37) is established.

In order to prove now (4.33), we notice that
£y = V(0% C) = £(BLo) % G < ol + |52 % &) = e+ el + ¢

with ¢ := M Mg, since (4.37) holds and the convolution with the nonnegative normalised
kernel (. preservers order and constants. Therefore, we have to bound the last convolution
with the right-hand side of the inequality (4.33), which we want to prove. Assume at first
zeQand r>1+e. Then, Bi(y,s) >0 fory e Qand |s —r| < 4. (since &, < ¢, see (4.30a))
and we have

(1B * G r) = (BLx G (w,r) = Bi(w,r) = | B, 7).

If r <1 — e the argument is similar. Finally, if |r — 1| < e, by assuming ¢ < 1/4, we have

d: <1/4, r—0. >max{e, 1/2} and r+J. <min{l/e, 3/2},

whence
(B @) @n| = |(F1+¢) @n| < s 1F< s |F]
QX [r—b2,7+62] Ox[1/2,3/2]
since (. is normalised in L'(R*) and so the hypothesis follows. O

Lemma 4.34. Assume z,2, € L*(),2 > 0 a.e. in Q, and z, — z a.e. in Q. Moreover, let
{en} be a positive real sequence converging to 0. Then, {6§n (zn)} converges to 3'(z) a.e. in Q.

Proof. 1t suffices to show that for every § € (0,1) we have
B (2,) — B'(z) almost uniformly in Qi ={reQ:5<z(x)<1/8).

For applying the Severini-Egorov Theorem we fix § € (0,1) and n > 0. Therewith, we find
Qg C Q9 such that ‘Q\Qg‘ <17 and z, — z uniformly in Qg. Now fix m such that

0 .
en < 3 <zp < in Qg for every n > m.

[\ S%
SIS

On the other hand, we have

18, ) = B gy < N18E, o) = B2 D gy + 1B (2) = B e -
Assume now n > m. Then, ¢, < §, whence ¢, < z < 1/g,. Thus, fi(z) = Egn(z) by the
truncation procedure (4.28). We infer that the last term is bounded by Me,, as a consequence

of (4.32). On the other hand, as &, < §/2. Further as e, < 0/2 we can use the bound of the
Lipschitz constants in (4.33b). Finally, we conclude that

Hﬁén(zn) - /BZ(Z)HLOO(Qg) <c¢s HZTL - ZHLOO(Q%) + M&n

and deduce that 3. (z,) converges to 3'(z) uniformly in Qg. O
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5. Harmonic extension

The last utility handles the relationships between the approximating nonlinearities and the
boundary datum . For applying the Poincaré inequality in the next sections we need a
known smooth function that coincides with the step approximation of ¥t on the boundary.
Thus, a natural choice is the harmonic extension of EFJ.

Definition 4.35 (Harmonic extension of Jr ;). Let P be a uniform partition with diameter
7. Then the vector 97 = (91,,...,9Y) is defined by

e HY(Q), O |r=0h A9, =0 inQ, fori=1...N. (4.38)

The step ¥y, respectively linear 1/9\7{’7 interpolation of the vector 97 are the harmonic exten-

~

sions in the time approximated boundary values EFJ respectively EFJ.

Proposition 4.36. Let Ur fulfil the assumption (3.6a). Then one has ¥y, € L?(0,T; H'(Q))
with the estimate

|WH,T”L2(0,T;H1(Q)) <c HﬂFHLQ(O,T:Hl/%F))

(4.39a)
and Uy <Oy, <0 ae inQ.
as well as 1/9\71’7 € HY(0,T; L*(Q)) bounded by
1¢0 <cl|v L
H ", H(0,T;L2(Q)) — el FHHI(O’T’H ) (4.39b)

and 9, < @Hﬂ. <9 a.e inQ.

Proof. Due to the maximum principle for elliptic equations we find that 9, < 13‘%1 < 9* a.e.
in Q forall i =1,..., N. Thus the same bounds are valid for V3, and ¥ ..

Eiﬂ , due to the general theory of elliptic equations.

Further it hOldS Hﬁ'ZHHHl(Q) S ‘ H1/2(Q)

Now let us prove that ¥y, € L?(0,T; H'(Q)) with the given bound.

ti i N2 — 2
197, ‘%2(0,T;H1(Q) - Z/t HﬁHHHl(Q) < HﬁFvTHm(O,T;Hl/?(F)) S HﬂFH;(QT;H”?(F)) ’
i=17ti-1

where the last estimate is a consequence of (4.22a).

In addition we conclude Hﬂ%i HLQ(Q) < HE’L‘FHH—U?(Q) from the theory of elliptic equations. Due

to the linearity of the Laplace equation (4.38) we even have

2
t—t - 7 ti—t
T3 T:

?9%_1 Vi=1,...,Nand t € (tlpl,ti).

i—1
. . 197'[

2
t—ti-1 t—ti14i
V3 +

H=1/2(T) H-1/2(I")
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Thereby we can estimate the L2(0, T; L?(£2))-Norm of 3H,7~
2 g:/ 2
=1 ti—1

N
=1 z 1

t; —t

Ui

Oy
H Tllzo,1;020 Ti 12(9)

zl
197—[
2
1

Ti
—ti— +ti—t
Ti

Ti

| A

i—1
ﬁF

"

< [

H-1/2(I)

1 2
L2(0,T;H-1/2(T)) = <1 + g) HﬂF”Lz(O,T;H’lﬂ(F)) ’
where we have used the Propoistion 4.28 in the last inequality.

Finally we show the bound in the H!-seminorm of 1/9\7{’7

2

N ) N 2 1
- 2 ti 191 _ 191 1
at'ﬂH T = / /
H " IL2(0,T5L2 () ; tio1 Ti £2( ; H-1/2(T)
=~ 2 1
= Hat rr L2(0.T;H- 1/2 >~ ( 0_) ||8t’l9F||L2(0TH 1/2(I‘))
where again the last estimate is a conclusion from Proposition 4.28. O

Finally, we also need some norm estimates of 93 » in connection with the functions 3, B, In
and Ln., which are provided by the following lemma.
Proposition 4.37. We have for a constant ¢ > 0
[ Lo 193%“90(9)0111(9) <c (4.40a)
1BEI | e ey < € (4.40b)
for all1 < ¢ < N and € small enough as well as for a partition with 7 > 0
”67'(07'[77')HLOC(Q) <c (4.40c¢)
O3y (V.- <c 4.40d
] (4.40)

Proof. The estimate (4.39a) and the estimate (4.9d) of the Proposition 4.15 imply that £, <
In, 29%{ < f* a.e. in €2, with the notation of the Proposition. Thus also Ln, 19%{ is bounded.
For the H'-norm we argue in the same way, but now using the estimates (4.39a) and (4.9d).

The L> bound of 3¢ is again just a consequence of (4.39a), (3.3) and (4.33a). For the estimate
regarding the space derivative we have

IVB O30l 20y < 182030l 2y + 11082 30) V]| 2
< e B0 (9% ng RN DR L PR

*
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where we used the boundedness of Hﬂ;t(ﬂH)HLm(Q), provided ¢ is small enough due to the
Proposition 4.33 and the L>—estimate just proved as well as the supremum estimate (4.33a)

and finally (4.39a).

The next estimate is just again a consequence of (4.39a), and (3.3). For the estimate we

obtain

005 (97¢.)

B(%5) = B(Vy HF

Tt

| A

N
2T

1

..
Il

12(5)
1

Ti

Mz

(1503 = 5 G5y + 197 Ph) = B 5 )

)

@
I
—

1 2 2 ) i—1
- (Lﬂ,ﬂ*%‘ + L. [0 — Uy HL2(Q))

<ec <1 + H&%HLZ(QJ <e,

IN
iM-

where Lg g, is the Lipschitz constant of 5 on the interval [J,, "], due to the boundedness of
0,0: H ointed out in (4.39Db). O
H tUH 12(Q) p ( )
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Chapter

Time-Step discretization

In this chapter we want to prove the existence, uniqueness and the maximum principle for X.
Let us again point out the main equations (3.15d)-(3.15g), which have to be solved

9 gi—l oxt — xil ) . . ) o

— G’(Xz)f — Alnd' + ¢ =7 (9L, € =g (5.1a)
X=Xt i /i 1 iningi—1

f—AX +EF(X)+G X9 =0 (5.1b)
lnﬁi:lnﬁ% and 9,X'=0 onT, fori=1,...,N (5.1c)
P =9y and X°=Xy inQ (5.1d)

where the initial and boundary values are bounded due to the assumptions (3.6)

on I, (5.1e)

I < 9
Jo <¥* and X, <Xp<X* inQ fori=1,...,N. (5.1f)

VANVAN
VASVA

Vs

Vs

Remark 5.1. (i) We point out, that the equation for ¥ (5.1a) is in semi-explicit form and
the equation for X* (5.1b) is separated from the first equation (5.1a) on level i.

(i) We observe: If there exists a solution of (5.1a), the solution satisfies ¥* > 0 a.e. in €.

At this point we assume, that we have solved the discrete problem up to the time ¢; ;. This
means that there exists a triplet (91, X*~1 ¢=1) satisfying (5.1a)-(5.1d) with i substituted
by i — 1 or being the initial value. In addition X*~' is bounded: X, < X*~! < x*. Then, for
getting to time ¢;, we need three steps:

1) We get X! by solving (5.1b).
2) We solve a regularised version of (5.1a) resulting in some <.

3) We perform the limit ¢ — 0 in the approximation to get the exact solution ¥ of (5.1a).
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Chapter 5. Time-Step discretization

1. Solving for X’

1.1. Maximum principle

Let us fix a Lipschitz continuous function H : R — R of class C! such that
H(r)=0 ifre[X,X*] and H'(r) >0 ifr¢ [X,,X*]. (5.2a)

Now, we use H(X) as a test function for (5.1b) and integrate over 2. After integrating by
parts, we obtain

T

X — X! i 02 1t (i /i i 1 NI Qi i _
/ﬂH(X)—i—/ﬂ‘VX‘ H(X)+/QF(X)H(X)+/QG(X)19 "H(X") =0 (5.2b)

The second integral is obviously nonnegative. Also the third and the fourth are nonnegative
because F’ respectively G’ and H are having the same sign due to (3.2¢) and (5.2a) as well
as 971 is nonnegative. For the first integral we have X*~! € [X,, X*] by assumption. Adding

the zero — X=X H(X*™1) leads to

Ti

/Xi_XilH(Xi):/Xi_Xil(H(Xi)—H(Xi_l))ZO’
o Q

T3 T3

because H is monotone. We have deduced, that also the first integral is nonnegative. Finally,
all integrals are identical zero and by definition (5.2a) of H we obtain

Xo <X <X* ae. in Q. (5.2¢)

1.2. Existence

We prove the existence of the solution to problem (5.1b) with boundary conditions given
by (5.1c). We consider the map

O :L%Q) - L2(Q) and X' =®(X') solving (5.3a)
i . i—1 - i

X A=Y @ @ mo (5.3)

Ti Ti

OX'=0 onTl (5.3c)

Then, from the theory of elliptic equations we have a unique solution satisfying

o

Lovie i
R P = i P LR

due to the regularity of I' and the boundedness of ' and G’ remarked in (3.9). In addition
C is independent of X' Thus, the range of ® is a compact convex subset of L?(12).

Now, we take a sequence )NCZ ~ X' in L?(£2), then also @(%;) € H2() and at least there
exists a subsequence {ny} with

X —~ X' ae. in Q.

n
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As a consequence for this subsequence {n;} we also get the convergence of the right-hand
side a.e. in © and also in L?(Q2) by Lebesgue dominated convergence theorem. From this
follows

®(X, ) — d(X') in HX(Q)
and by contradiction this is valid for every subsequence and so
(X)) — ®(X') in HX(Q). (5.3¢)

Therefore, ® is also a continuous operator. So we can conclude with the Schauder fixed point

Theorem B.6, that at least one X' € H2(Q) with X? = ®(X?) does exist. Hence this yields a
solution of (5.1b).

1.3. Uniqueness

We assume that the two functions X and X} are fixed points of ®. So testing the difference
of the fixed point equations (5.3b) for X{ and X% by X — X}, yields

2
)

1. in2 i i (2 i il2 i i i
- X0 = X5 || 2y T IV O = X2) ([ L2y < L [IX1 = Xa [ o + LG/Q [0 X = X5

where we have integrated by parts and used the Lipschitz continuity of F' and G. For the last
integral we firstly use the generalised Holder Inequality pointed out in Lemma B.5 with the
exponents p; = 2 and po = p3 =4

_1 . . 2 _1 . . 2
L1 =03 < 07 e [ = X3
To control the norm in L*(Q2) we use the Lemma B.13. Therefore, we observe that
HY(Q) c LY(Q) c L*(Q),

where the first embedding is compact due to the Sobolev embedding Theorem B.8 respectively
for our case the Remark B.9. Then for all n > 0 exists a constant ¢, such that

X4 = Xl17ay < 71V 08 = X5 |22y + 0 X = X512 (5.4)

where we have used the seminorm in H' due to X} — X} fulfils homogeneous Neumann con-
ditions. Setting C' := Lg Hﬁi_lﬂ £2(9) and combining this estimates holds

1 o o
<T, —Lr— ch> (RS Z2”22(9) + (1 =) ||V (X - XZ?)H;(Q) <0 (5.4b)

. 1 1 . .
Now, by choosing n < & and 7; < Irte,c uniqueness is proved.
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Chapter 5. Time-Step discretization

2. Solving for V'

2.1. Uniqueness

Firstly, we show that the uniqueness of ¥ is immediately following from the existence. There-
fore, we test the difference of the equations (5.1a) for two solutions ¥ and 9% by In ] —In %
and obtain by partial integration

/g R (g~ o) + /Q IV (I — ) [* + /Q (8'(91) - B'(9) (I} — ) =o.

Ti

Obviously, the second integral is nonnegative and also the the third one by monotonicity,
hence 9% = % a.e. as the logarithm is strictly monotone.

2.2. Regularised problem

To get the existence of ¥ we regularise the problem. Therefore, we substitute 5° with the
approximation 3¢ introduced in (4.30b) and the In by the regulated Ln. introduced in defini-
tion 4.13. Then our problem becomes

9l , o A
f — ALn. 9, + BL(9%) = B (5.5a)
19};:5; onl', fori=1,...,N (5.5b)
=19 inQ (5.5¢)
Where h' is defined by
) ,192'71 ) Xz _ Xifl o
B = —+ G’(x’)T + 7 (). (5.5d)

By assumptions on G, 7 and the already stated solution X follows h* € L?().

2.3. Existence and uniqueness for ¢ > (

We set ul := Ln. 9% — u},, where u}, solves
~Aub, =0 inQand wi =Ln.d% onT, (5.6a)

and therefore is called the harmonic extension of Ln, 79%. By the maximum principle for
harmonic functions and the assumptions (3.6a) on Jr follows

Ln. 9, < ub, <In.9* ae. in Q. (5.6b)
Then the associated problem for ul is
Lng " (ut + ujy)
Ti

ul =0 onT (5.7b)

— Aul + 8L (LnZ ! (ul + ufy)) = A in Q2 (5.7a)
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We define the operator M : L?(Q) — L?(2) with

M) i= Loz (4 u) + 8 (L (- + )

Ti

We observe that M is monotone as Ln-! and (. are monotone. In addition M is also
hemicontinuous due to LnZ ! and 3! are continuous.

Further, we also define L : L?(Q2) — L?*(Q) with L = —A. Then L is a maximal monotone
operator with domain D(L) = H}(Q) N H2(Q) C L3(Q).

Remarking that with the monotonicity of M follows (M (u) — M(0),u) > 0, we prove the
coercivity of L + M. Therefore, we take u € D(L), then

(Lu,w) + (M(u),u) = (Vu, Va) + (M (u) = M(0),u) + (M(0),u) = [|Vu|f2q) — Cllull 2y -
where 0 € L?(2) is the map identical 0 and C is the following constant

102(0) (0 < L0 (b o gy + (182 L0 k)] oy = C-
Note that the right hand side is bounded due to (5.6b), property (4.9d) and Proposition 4.37.

At the end, we conclude with the Poincaré inequality, where we take a series {u,}, .y C D(L)
with llmn_>oo HU”HLQ(Q) = o0, then

2
L M Vu U
lim ( Unp,y un) + ( (Un)7un> > lim H nHL2(Q) _C > lim Hn”# O oo,
n—00 HunHL2(Q) n—oo Mq HVUnHm(Q) n—00 MQ

hence L + M is coercive.

Now, we can apply Corollary 4.7 and get that L + M is a maximal monotone operator with
R(L+ M) = L*(Q).

Consequently exists a solution ul € H} () for (5.7a). But this leads to a solution ¥¢ € H(Q),
as ul, € H%(Q) and Ln; ' (ul) € H}(Q) for fixed £ > 0.

Uniqueness follows in the same way already shown in Section 2.1, because Ln, is also a strict
monotone function by property (4.9c¢).

2.4. A priori estimates

For getting to the limit as ¢ — 0, we first of all need some estimates uniform in €. We choose
appropriated test functions to derive some norm estimates.

In addition we remark that we use ¢ as a general constant depending on 7% and on several
norms of 19%1 listed in the Definition 4.35 respectively the Proposition 4.37. We list only the
exact values where they are important for i.e. balancing terms.
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Chapter 5. Time-Step discretization

First a priori estimate

We test the equation for 9% (5.5a) by ¥¢ — 9%, + (Ln. 92 — Ln.¥%,). We remark that the
harmonic extension 1%, allows us to integrate by parts without an integral over the boundary,
due to 9% — %, fulfils homogene Dirichlet boundary conditions. Hence the term involving the
Laplacian becomes

/A (Ln. 9 /v (Ln. 9%) - V(9L — 9%,).

After integrating we add some integrals involving 79%1 on both sides and use the above pointed
out partial integration, which results in

/ (9 — - /Q (9% — 9i,) (Ln. 9 — Ln. di,)

+ |V LHEW V??’ /‘V Ln579 Ln€19Z )|

2

+ | (B(92) = Be(90) (92 — V%) + (Lne U2 — Tine 9))

:_1/19@ i, Tl/ﬁi (Ln. 9 — Ln. 9})
/ V (Ln:9%) - Vo, — v (Ln. %) - V (Ln. 9% — Ln. 9%,)

/Q( _ (i, ))(w;_m (Lne9i — L. 93)).

All integrals on the left-hand side are nonnegative due to monotonicity of Ln. and (.. Now,
let us estimate the right-hand side. The first integral becomes, with the help of the Young

Inequality B.3,
1 , 4
_/191 (9 79@)<1/;19 2 +4/(19;_19;1)2.

For the second one we additionally use the Poincaré inequality

e KRR 2MQ/!H\+8]1W/<LM ~ . v})’

/ L7 o /}v Ln, 92 — L. 9)|*.

For the third and fourth we choose constants to make up the balance between the term
Jo |V (Lnz 9% — L. )‘ on the right- and left-hand side.

/v Ln, 9%) - V! /v (Ln. 9 — L, 9,) - WH+/V (L. 9%,) - Vi,

/|v Lo, 9 — Lo, 0| +c/\wm —|—c/‘VLn€19M2.
Q

Similarly, there holds

—/VLnaz%{-v(an — Ln. 9}, /|v Ln, 92 — Ln, 93| +c/|VLnE L2
Q
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Finally, we conclude with the last integral, again using the Poincaré inequality
/Q(hi — BL(Y5)) (9% — 9%) + (Ln. 9% — Ln. 9%))
i i/ ai 2 1 i i\ 2 1 i
< (ro+2M3) [ (0 = 5i00)" + 4n/ (00— 95)% + SMQ/ (Lne 0% — Loz )
. o 1
< c/ (hl—ﬁ;(%))2+/ (VL / |V (L. 9 — Lo, 93 |
Q Aty Jo

Combining all these inequalities and taking the Definition 4.35 of 19%1 as well as the first two
inequalities of Proposition 4.37 into account leads to

i 2 i i)2 iV1/2 o qi
|92 = HHL2(Q) +|V (Ln. 92 — L. 797-()HL2(Q) + H(Lng L) VL L2(9) sc
Finally, using the Poincaré inequality yields
i i i1/2 o9
HﬁEHLQ(Q) +||Ln. 195“}11(9) + H(Ln/s ve) 1T Vo; L@ <c (5.10)

A consequence We set = {z € Q: Ji(z) <1} and Q;, = {x € Q: ¥i(x) > 1}. Then
with inequalities (4.9¢) yields

[ |vof = [ e vefs [ vef

e ’ (5.11a)

/Lné(ﬁi)wﬁé\zz/ Lng(ﬁg)\wgﬁz/ [Voe[®
Q ot Qia 192

i€

)
8

Remarking that

, 2
= ‘V(ﬁ’);/z‘ and using the norm estimates (5.10) implies

/ Voi|* <c and /+ ’vwg)lﬂf <ec. (5.11b)
7:5 Qi,e

With the help of these results we can estimate V¥ in a suitable norm. Accounting for the
first estimate in (5.11b), we observe

IVl pas oy < €IVl 20 ) < e (5.11¢)

On the other hand using V9. = 2(19;)1/QV(19;)1/2 and the Holder Inequality B.5 with the
exponents 1/4 + 1/2 = 3/4 we obtain

iy1/2 iN1/2 i||1/2 iN1/2
199 ass o <2 |95) \m;) V() \LW < 2[9]| X, [ 0) o) 5°
(5.11d)
by the estimates (5.10) and (5.11b).
Finally, we observe
in4/3 i114/3 i 114/3
V9L s 0y = V92N s am ) + IVOE s, whence

A <c(uwuw  + V9 o)
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Chapter 5. Time-Step discretization

so that using (5.11c) and (5.11d), we conclude with
V92| pass gy < (5.12)

Second a priori estimate

At first we remind of the product rule and the notation for 3 and its derivatives
vﬁs(ﬁe) = ﬁz—: (ﬁe)v’ﬂe + ﬁs,x(ﬁe)'

We again test (5.5a) but now with 3(d91) — 8i(¥%,). Once more we can integrate by parts
without a remainder. We point out the term involving the Laplacian

[ A 9@ = Bi@h) = [ V(o) - (8 GV + 5,(00) + VA,
Integrating and using the above stated formula results in
L0 05) (52000 = 5200h0) + [ 9 (L) - 9+ [ (00 - )
:_/191 (BL(0) — Bi(9i,) /VLngﬁZ ;7I(03)+/v(Lngﬁg) VB(h)
Q
+ [ (0= 5103) (3100 - 3)
Q

All integrals on the left-hand side are again nonnegative. For the right-hand side we estimate
term by term. For the first one it yields

1 o o . 1 o o
= [ 9 (B0 — 530) < 95l + 5 | (00 = B0

where we stress out that ¢ now depends also on 7;. In the next integral we use the Proposi-
tion 4.33

/QVLnE 0% - BL (VL) < G ||Lns ﬁg\ﬁﬁ(m + S/Q (1+ 400

< s L. 020y + 6 [ (5200 — BiC950)° +c

The following integral we estimate by using again the Young Inequality B.3
1 o
/ V (Ln. 0%) - VB () HLns V9 HH1 +5 H@;(%)Hip(m
Finally, we have for the last integral achieved
/Q (W = BE(330)) (B002) = BE(050)) < e |I1 = G930 [0y + 5 /Q (BL90) — BL(%))"

Combining all these inequalities and choosing § = 1/4 leads to
1 7 7, 7 (298 A % (29 %
5 18209 = 32950 oy < el19l ey e 1me 02 5 gy +e B30 gy e 11 oy e

Taking the Proposition 4.37 as well as the norm estimate (5.10) into account we conclude
with o
[CACA] PP (5.14)

48



2.5. Passing to the limit in ¢

The following convergences hold
¥t — 9" weakly in L*(Q)
Ln. 9% — ¢ weakly in H'(1)
VL — VI weakly in LY3(€)
BL(YL) — & weakly in L*(Q)
With (5.15a) and (5.15¢) we can conclude

9 — 9" weak in WH/3(Q).

Now, using the fact that W'4/3(Q) is compactly embedded in L?(Q2) by the embedding the-

orem (B.8) and in this case (B.10) we achieve
9. — ¥ strongly in L*(9).
Therewith, we obtain by (5.15b) also
Ln. 9. — ¢ strongly in L*(9).
With Ln. 9% = e¥? + In. 9% and
et — 0 strongly in L?(Q)

yields also ' '
In. 92 — ' strongly in L*(Q).

But this leads to ) ‘ .
limsup 9z, Ing, 0z, = 0'¢"
k—o0

and by the Proposition 4.12 we can conclude

/' e 1nd® and therefore 9¥° > 0 and ¢* = In .

(5.16)

(5.17)

(5.18)

(5.19)

Further from Lemma 4.34 follows & = $'(¥"). Finally, the remaining terms involving F’
and G’ can be identified with their limits due to the convergence given in (5.16) and the

assumptions (3.2b).
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Chapter

Convergence to continuous solution

Henceforth we have found for every uniform partition P with diameter 7 > 0 a unique triplet
(97, XP £P) solution of the discrete problem according the Definition 3.12. To show the
convergence to the continuous solution we need firstly some estimates uniform with respect
to 7. Therefore, we choose certain test functions similar we have already used in Chapter 5
for the a priori estimates. The resulting norm estimates lead to weak convergences in certain
spaces and by compactness and embedding results we can conclude with a strong convergence
to a solution of the continuous problem.

Now take a discrete solution (9%, X", ¢P) with ¢ = 3¢(¢%) for all i = 1,..., N satisfying

9t — 9i—1 xi _ xi—1

— G'(xY) — Aln? + g1(9°) = 791 (6.1a)
T T
X — Xt i /(v 1 vinqi—1
f—AX +F(X)+G XY =0 (6.1b)

for a.a. (z,t) € @ with i such that t € (t;_1,¢;).

1. Estimates uniform with respect to 7

1.1. First a priori estimate

We test the equation for ¥ (6.1a) by ¥° — 9%, + & (In¥* — In¥%,) and add the equation

for X* (6.1b) tested by Xl%zc_l We point out that the first term of (6.1a) can be rear-
ranged as follows

1 ' i— i i 1 L i— L i Lie i
O N R U A M TUBE AR TURRON

™ Ja Ti
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Chapter 6. Convergence to continuous solution

Now we get the following equation, where we also added some integrals related to 94, on both
sides allowing us to integrate by parts without remainder

/1[ (0 — 1) 4 ;(W—%f—l(ﬁ“—%)z}

/ — 9N In o+ /vmﬂ ww&/ IV (19 — i) |

= [ () =B @30) (= ) + 6 (0" = })
+/ww?§7y+1lﬂ R L

Ti

(6.2)
/ — 1) 1m9;,+/v1m9@ Vi, — 5/v1m9@ -V (Ind" — Invy,)

/ el xz - (9 — 9"t — 5 +5/QG’(><Z')X_XZ_1 (In(9%) — In(v))

Ti

+;/<w«w*>—ﬂ«ma>wi—ﬁa>+a/"w%WFU—wﬁwa»<mﬁﬂ—mﬁa>
Q ‘ - Q

_/Fl(Xi>Xl_X
Q

Ti
In the first line we bring the term with the minus sign on the other side and estimate

1 i i2 o 1o 9 i—112
L =05 < 0 0 gy + g 195 95 o

27'7;

A lower bound have to be established in the second line. Therefore we notice the primitive
of In

T
/ Insds=r(lnr—1)+1 forr >0.
1

And now observe due to the monotonicity of In

/ (9 — 9 ) Ingi > / / lnsds = / (9 (o — 1) — 91 (o — 1))
9i-
Now we follow up the right-hand side. The first integral we discretely integrate by parts
i— % g 7 % ) i— i— ) i—
/ — 9" Inv :Ti/ﬂ[(ﬁ—f}H)lnﬁH—(ﬁ 9o Y (Indh, — Invi, )
— (0 =9 Y Il 4 (95 — 941 Indh].
For the next one, by using the Young inequality there holds
/ Vind' - Vi = / V (Ind’ — Indy) - VI, +/ V Ind, - VI,
<2 19 0 =)+ (908l + S [P

Similarly, it follows that

i i i 0 i iy2, 2 i (12
—5/Qv1m9Hv (In¥' — Invh) < 8/QW(1m9 — Invy,)| +5Hv1m9HHL2(Q)
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For the next both integrals in the next line we use the boundedness of G’ by Lg introduced
in (3.9) and get

v yi—1 ) ) )
PRI U
Q

Ti

1 [ (X —x1\? N 2
< [(555) wia [ 0 -0+ 2 il

Ti
The second integral can be estimated with the help of the Poincaré inequality as follows

i yie1 ‘ ,
5 / &' 0) =X (') — n(9iy))
Q

Ti

Xi _ Xi—l 2
T )

< 52/(1n79i—1n29§1)2+26M§22/G/(Xi)2
8sM2 Jq 0

i yi—1\ 2
gg/ W(ln(u‘”)—ln(ﬁ%))‘2+2(5M5Lé/ (XX) .
Q Q

Ti

Now, we want to remind of the assumptions on 7 pointed out in (3.2j). Therewith, one has

[ @@ =5 030) (0= 05) < [ (18°0h0]+ Lo +70) |97 - 03
Q Q

g/ (19"—1931)2+2L3r/ (91 — i1 4+ 2R,
Q Q

where R := Hﬁl(ﬂ%)HiQ(Q) + 12 Hv"%_]lHig(Q) + HFBHiQ(Q) is a remainder term. In a similar
way it yields

[ @) = F03) (0" — 1o
Q

< / (Invy" — lni‘}%{)2 +25M5/ 7 (") — B (V%)
Q Q

= ’MZ
< g/ \V(lnﬁi—lnﬁ%)\gﬁ—zléMéLfr/ (01 — 0 + 45MER
Q Q

’ 2

whereby R is defined like above. Finally, the last integral becomes

i yi—1 i yi—1\ 2 2
/F’(xi)x A 1/ X=Xy ﬁ,
Q Ti 2 Ja Ti 2

due to the boundedness of F”.

Before combining all these inequalities, we put all the norms pointed out in Proposition 4.37
with respect to 29%_[ and also the constants with respect to G, F' as well as the bounded norm

Hﬁ)HLZ(Q) in one constant C' > 0.
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Chapter 6. Convergence to continuous solution

Now, we combine all these inequalities and get the estimate

1 i i—1]|2 1 i i |12
(7€) I =9y + (55 =) 19 = il

+ ) (P (Inv' — 1) — 9" H(Iny'~' — 1))
i JQ
2

i\ 3 g0 0 i i V|2
+(|(07) 2 v +§Hv(h“9 — 93120

L2(2)

1-0C i i— i i— 2 i—1]|2
+ iy X=X ey + 5 [HVX ey + 19 O =X ) oy = 19X )

1 K3 i— 1—
<(z +c) o 0 1Hm)+ 95— 95 i+ €
0

T ’ (9% — 94 ) In v,
Ti JQ

Multiplying by 7; and summing up from 1 to m with 1 < m < N, choosing 7 < % and

o< %, whereby we, without loss of generality, assume C' > 1 and normalising yields

1 m i i—1112 1 m " 1 - i
4;“19 -9 1HL2(Q)+Z||19 - 'HH%2(Q)+4/Q(Q9 (In9™ — 1) + 1)

12w, . %Hv(lnﬁT_lnﬂHﬂ')H%QOt .12(Q))
+1[ax Lz(o,tm;m))*5”V"m”%2< ZHV ~ XN [0
ng_:||w-z9;{u;(m+i /Q (000 = 1)+ 1) + 5 [V 32 q) + Cton
#3055 iy 5 [0 o [ 07 Rk
i=1 Q@ @
_;21/9(191‘ 95) (In o' — Invj) Z/ — Uy ") Ind

We observe the following estimates

m m m 1 m m m
(0™ — 95 In 0%y < ~ [0 — 95| 720y + 2 07| T2 (0
0 8
. . . . 1 . . 1 . .
/ (07 — 95) (In9idt —Invi,) < 2/ (' —19;{)2+2/ (In it — Ini,)?
Q Q Q

1, . P2 1 i
< 5 19 = Ohllaie) + 533 |, (Phe =03’
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where we used the boundedness of ¥, and thus the Lipschitz continuity of In on [0, V*].
For introducing 7; we use the Young inequality

/ (9, — 92 ") In iy < / (0% — i) +2/ (Ini,)?.
Q Ti JQ Q

We collect all norms also depending on the initial values and denote them by C. In addition
we have supposed a uniform partition P and thus yields o7 < 7, < 7 with o € (0, 1] for all
1 < i < N. Hence we obtain the estimate

0T — 9 — gi-1? 1w  am 1 m m
TS on || I = il + g [ 0" wom -1+
i=1 L L2(9) {
1 1 2
+ H(ﬁf) i WT‘ L2(0,tm;L2(Q2)) M IV (e =020 720,0,0:02(0)
1w 1 ) o7 & X — xi=1
+ = ||0:X, + - [[vx™ + =) 5| vE—F——
4117 L2(0,tm;L2(Q)) 2 | ”LQ(Q) 2 ; Ti L2(Q)
mol ) mo i it i
<3 = il + FC DI om | T+ Y mi e
=0 i=1 ! L2(Q) =1

The last step is to apply the discrete version of the Gronwall Lemma (B.2) to control the
term |[9™ — 97| 12 In addition we use the notation involving the linear interpolation
for expressing the difference quotient pointed out in the Definition 3.10. Finally, using the
Poincaré inequality, we have concluded the following norm estimates

2

|09~ + 19+ 30 (0.1 + su /19711“97—1+1
H 0T 2(@) 1071100 (0,1:22(02)) te[of,fr] Q( ( )+ 1)
2
~1/2 2
+ o720, oz T Vo m @) 63
~ |2 2 2P |
* HatXT 20Te@) Xz o, o) +TH8tXT L2(0,T;H(Q))

2
set HaﬂH’T L2(0,T;L2(2)

2
+ ”ln ﬁHvTHL2(O,T;L2 (Q) S C7

due to the boundedness of ¥4, in suitable norms given in Proposition 4.37.

Consequences

By comparing in (5.1a) we achieve

9, € HY(0,T; H™(Q)) with Ha@

<ec. (6.4)
L2(0,T;H-1(Q))

Also in comparison to (5.1b) we can even conclude
Xr € L2(0,T; HA(Q)) with X[l p20 a2 () < € (6.5)
Additionally we can prove in the same way already shown for (5.12)

VY, € L*(0,T; LY3(Q)) with ||V, || 12(0.7:14/3()) S € (6.6)
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Chapter 6. Convergence to continuous solution

1.2. Second a priori estimate

At first we remind of the chain rule and the notation for 8¢ and its derivatives

VB () = B (9)VI + B (0Y).

We are testing the equation of ¥ (5.1a) by 3'(¢") — 5*(9%,). The term 3'(¥%,) allows us to
integrate by parts without a remainder. It holds for the Laplacian an analogue formula like
in the second a priori estimate for the limit in ¢

/ A(ln ) (5 (9) — B (9,) / V(In 9’ - [ﬁz ()W + B, (%) + VB (95 )}
By integrating and using the above stated expression we achieve
1/ (ﬂi—ﬁi‘l)ﬁi(ﬂi)+/ V (Inv') -gi’wi)ww/ (B'(0%) — Bi(93))”
/ (0" — 9" 1) B (%) /vmﬁz 3, (9 /v (Inv") - V' (%) (6.7)
i1

s X=X icqi —i(qi—1 i (qi i (90
+/Q<G(X)—ﬁ(19ﬁ)+7r(19 )>(ﬂ<19)—ﬁ<19w>)~

Ti

We define the primitive of § in the following way

= /1 B(s)ds (6.8)

Then, observing by (3.2g) that 3(x,t,-) is nondecreasing, it turns out that B* is nonnegative,
due to (3.2i), and convex with respect to r.

Therewith, we argue with the monotonicity of 3¢ for the first integral
i 1 i(qi 1 " i 1 if9i i—1/qi—1
— -4 ﬁ(0)>— B'(s)ds = — (B(19)—B (9 ))
T JQ Jyi—1 Ti JQ

Now, we handle the right-hand side. With the help of discrete integration by parts is the first
integral transformed to

= [ @ =) ) -

The next two integrals can be estimated in the same way as already done in (5.13) the uniform
estimate with respect to €. So we first observe

1

= [ 5w -0 (0 - 87 i) - 0 05
1
/vmw BL0%) < 4[| VInd |2, 0 + / (B0 +1)°
< 4l oy + / (50 - F(@)° + 5 155 + 1o
The next integral becomes by the Young Inequality B.3

) o 1 . 1. . .
7 @) -85 < 5 gy + 5 15030 -
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Finally yields for the last integral

i yi—1 L . . L L
/ (G’(Xl’)” B + wl(ﬁ“>) (B0 — B(93)
(9]

Ti

Xi — xi—1 2

ir0i |2 i/ ai—1N]12 1 i ir i W2
oy IO ey + ROy 5 [ (50 = 5 0R0)”

where we actually remark Hﬂ (1) HLQ(Q) <IL2 Hﬁi_lH;(Q)—&— Hﬁ)H;(Q)' Again by combining
all these inequalities we observe

= [ B @) - B 0) + 5 1500 ~ B @00
= jz/ﬂ [ﬂzﬁz(l%-[) A (51(19},{) — ﬂi_l(ﬂéifl)) _ Qgi—lﬁi—l(ﬂ;_zl)]
2

i yi—1
5 02 ) + 18 oy + L2522 + AL% |

+¢,

Ti L2()

where ¢ depends on €2 and mg. Now, multiplying by 7; and summing from 1 to N let the
following estimate hold

1
| BY @)+ 5 18:02) = 80,1200
7+1 H—l 7 (.97
/ I BN (9R) — Z / g P ) =0 /Q 950 (0%)

+/QBO(190)+5H1H797HL2(0T-H1 @) +Hﬂr(ﬁHr)||2L2(0,T;L2(Q))

L2 9 a0 aoy + 42 [0

¢,

L2(0,T;L2(9))

where C' now also depends on the initial values and the endtime T'. For the last estimates we
observe the following estimates

V8 OR) < 19 e saacan + 18- O ey

N_1 ) 11 o

B — B9 3 i
Z Tz/Qﬁ H - H < "197-”%2(07'1";[/2(9)) + HatﬁT(ﬁHﬂ')
i=1

i L2(0,T5L2(Q)

[ B8 < 190l + 18- e e oz
[ B0 < [ 0(0) < o) jo
Q Q
Finally, we can conclude thanks to (6.3) and again the Proposition 4.37

187 (9r) | 20,1 12(02)) < € (6.9)
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Chapter 6. Convergence to continuous solution

2. Passing to the limit in 7

Thus there exits the following limits such that (maybe taking subsequences)

(/g weakly star in L>(0, T; L*(Q2)) (6.10a)
Vi, — Vi weakly in L2(0,T; LY/3(2)) (6.10D)
0,59 weakly star in L>(0,T; L*(Q)) N H'(0,T; H1(Q)) (6.10¢)
Invd, =/ weakly in L2(0,T; H'(Q)) (6.10d)
X, X weakly star in L>(0,T; H'(Q)) N L?(0, T; H*(Q)) (6.10e)

X, X weakly star in L>(0,T; H'(Q)) N H(0,T; L*(Q)) (6.10f)
Br(9,) — & weakly in L2(0,T; L*(2)) (6.10g)

as 7 — 0. The notation 7 — 0 means, that there exists a family of partitions {P,},cn With
7" — 0 as n — oo.

Let us first estimate the difference 757 — 9,

R 9 N g 9 i—1 2
2
(m AL SZ/ (bt | 2=
L2(0,T;L2 (%)) i=1 ti—1 Ti LZ(Q)
< i 7—71 197011 < 72 Ha{g\ 2
&3 i e "llzeo,rsL2 ()
In the same way for the difference 5(\7 — X;
9 N g Xi — xi—1 2
= 2
)XT_ Tl 2 Neel SZ/ (t—t) L
L2(0,T5;H1 () i=1 ti—1 Ti HI(Q)
XZ 1
< L < X, ‘
- g 3 HY(Q) g H L2(0,T;HL(Q))
Thanks to (6.3) we have
O— 11
‘ L2(0,T;L2(Q)) — Cvr (6.11a)
SZT - .11b
‘ L2(0,T;HY(Q)) — cvr (6.11b)

As a consequence we can gather from (6.10c) and (6.10f)
9=49 inL®0,T;L*Q)) and X=X in L®(0,T;H(Q)). (6.12)

Using the same arguments as in the limit in e, particularly by the fact (4/3)* = 12/5 > 2
and also by the Gagliardo-Nirenberg-Sobolev inequality (B.10) we observe, that W14/3(Q) is
compactly embedded in L?(2) and thus

¥, — 9 strongly in L?(0,T; L*(2)). (6.13)
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But therewith we can conclude
Inv¥, — £ strongly in L?(0,T; L*(Q)). (6.14)
In consequence the last two convergences lead to

limsup ¥, In 9, = 9L. (6.15)

T7—0

Now all assumptions of the Proposition 4.6 are shown and we get

[ €In?Y and therefore ¢ >0 and ¢ =Ind. (6.16)

In addition to this we can conclude £ = 3(¢) by Lemma 4.30.

By recalling the Definition 4.26 the difference between the translated and non translated step
approximation can be estimated in the following way

19, = T (0 g <Z A 1HL2(Q><TQZ/

2

L2(Q)

19112

L2(Q)

<Cr

<72 Haﬂ%

Finally using our norm estimate (6.3) and (6.13) we can conclude
T 1(0,) — 9 strongly in L*(0,T; L*(Q)).
Now the assumptions of the Lemma 4.29 are fulfilled by 7-(7_1(¢;)) and we obtain
7 (9,) — w(9) strongly in L*(0,T; L*()). (6.17)

Finally, the remaining nonlinear terms (i.e. those related to G, F’ and G’) can be identified
by using the convergences given in (6.12) accounting to our assumptions (3.2b).
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Chapter

Boundedness and regularity

In this section we prove the Theorem 3.16 and the Proposition 3.17. These results were
already obtained in [3]. The proof uses a Moser type technique. We will start with an a priori
norm estimate for ¥. From this point we continue searching iterative bounds in LP(Q) for 9.
Thereby, we will obtain a sequence of Lebesgue exponents py, with p, = o*, where o > 1. If
we can show the boundedness of the series with all LP* norms of ¥ on @), we will have proven
the boundedness of .

At first we introduce some special notation.

Notation 7.1. If v is a real function or a real number we denote by
vt = max {0,v}

its positive part. Further, n is a positive integer and § a positive parameter, say 0 € (0,1).
Just another abbreviation is
u* = Ind".

Finally, we assume without loss of generality ¢ < 4, in comparison to (3.19).

1. Prerequisites

1.1. Higher regularity

As already mentioned in Remark 3.4 the functions G(X), F'(X) and G'(X) are smoother due
to the boundedness and regularity of X. In detail we have

G(X), F'(X),G'(X) € L®(Q) N L*(0,T; V)N H'(0,T; H).
Now, we obtain by comparison in the equation for ¢ (3.7f)
o9 € L*(0,T; H1(Q)). (7.1)

With this regularity 1 fulfils the assumptions the of Lemma 4.25 and in the a priori estimates
we can now use this weak chain rule.
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Chapter 7. Boundedness and regularity

1.2. Two more estimates

Lemma 7.2. Set
On(r) = /: (egmi“{”’(lns_“*)+} - 1) ds forr e (0,400). (7.2a)
Then, positive constants a, and C* exist such that
On(r) > a*egmm{"’(ln““*ﬁ} -C (7.2b)

for every r € (0,400) and any positive integer n.

Proof. Assume at first 9* < r < 9*e™. Then, we have

o) = [ () 1) =5 () =+ B2 5 (5) -

for some C* > 0, whence «, := 9*/6 works in (7.2b) for this case. Moreover, we can assume
C* > ay, so that (7.2b) holds even for r € (0,9*), since ¢, (r) = 0 for such values of r. Finally,
if r > ¥*e™, we have r > 1’ := 9¥*e" and we already know that (7.2b) holds with r = /. We
deduce that

+

bn(r) > dp(r) > apedmimmnr'—u)t _ox o B o g Sminn(nr—u) T _ o
O
Lemma 7.3. Assume p € [1,4+00) and set
W (r) == /i (min {n,(Ins— u*)+}2p_1 — 1) ds forr e (0,400). (7.3a)
Then, ¢, satisfies
U(r) > 21pmin {n,(Inr — u*)+}2p for every r € (0,4+00). (7.3b)

Proof. If 9* < r < ¥*e”, we have

Inr Inr

1

Q;Z)n(r) — / ey(y _ u*)2p—1 dy > / (y _ u*)2p—1 dy — 27(11’1’/’ _ u*)QP
u* u* P

and (7.3b) follow. If instead r > 9¥*e™ we observe that v, (r) > ¥, (r"), where r' := 9*e™. On

the other hand, we already know that (7.3b) holds with » = /. Hence, we easily conclude

that the desired inequality is true even in this case. Finally, if r < ¢, we have ¢, (r) = 0 and
(7.3b) trivially holds. O
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2. First a priori estimate

We set
u:=Inv, w,:=min{n, (u—u*)"} and v, :=e*"" —1. (7.4a)

We want to use v, as a test function in the equation for ¢ (3.7f). In fact, v, is the truncation
from below and above of 192. We check the assumptions for Lemma 4.25, where we set ¢ := ¢,
given by (7.2a). So we note that u € L?(0,T; H*(Q2)) and that v, = ¢,(u), where ¢, is a
Lipschitz continuous function. Hence, v, € L?(0,T; H(2)). Moreover, v, vanishes on the
boundary since In9¥ < u* by (3.6a). Therefore, even v, € L?(0,T; Hi(9)). Furthermore, ¢,
is a O convex function on (0,+00) and v, = ¢}, (¥). Hence, we are allowed both: to test
(3.7f) by v, and to apply Lemma 4.25. We note that ¢, () = 0 since ¥y < ¥* in Q by (3.6b).
Then, we extend ¢, (r) with 0 value for r = 0 like done in (4.17) and set

f = —B") + x(¥) + 0G(X). (7.4b)

Therewith we obtain from the chain rule in Lemma 4.25

/¢n<ﬁ<t>>+ V- Vo, + / (BW) — B vn = [ fom. (7.5)
Q Qt t Qt

We treat each integral separately. For the first one, we have

3

[onwanza, [ - 0r <, [lorn0)
Q Q

L3(9)

thanks to Lemma 7.2. For the next term of (7.5) by observing that Vu = Vw,, if and only
if Vv, # 0 we conclude

Vu - an = an . V'Un — 2/ e2wn |an|2 -9 |V€w"|2 )
Q1 Q+ . Q:

The last term on the left-hand side is also nonnegative. Indeed, v, is nonnegative and
B(9) > [(¥*) where v, > 0 since [ is monotone. Thus, let us consider the right-hand
side. We first notice that f € L?(Q) due to our existence result. Now, by using the general
Holder Inequality B.5 with exponents 1/2, 1/3 and 1/6 as well as the Sobolev and Poincaré
inequalities pointed out in Proposition B.9, we have

/ fvngf If] Qewn,aH)
Q¢ Q:
t
< HfHLl(Qt) +/0 Hf(s)||L2(Q) Hewn(s)
1 t
< I wn(s)
<c+ Mg%/o He o N
1 t 9 ' )
< — wn(S) _ 2 wn(s)
a MS% A He 1HL6(Q) ds + C/(; ||f(S)HL2(Q) ‘ e

13(9)
< wn |2 ' 2 wn(s) 3
< [ Ve T +c [ ()72 |l
Qt 0

=

L3(Q) L8(Q)

wn (8) 2

Q

2 t
2
ey S5t e [ 1O

ds+c

ds +c.

L3(Q)
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Chapter 7. Boundedness and regularity

Note that we have changed the exponent of the norm Hew"(S) H L3() in the last two estimates
from 2 to 3 due to e¥“» > 1 a.e. in Qy. At this point we collect all the estimates above and
observe

3

ds + c.
L3(Q)

www

Oy

3 W, |2 /t 2 wn, ()
n < n
I MGy RO

Noting that Hf()”%z(ﬂ) € LY(0,7T) since f € L?*(2) we can apply the Gronwall Lemma B.1
and obtain

A /Q Ve <. (7.6)

Consequence. From (7.6) and (B.12a) we deduce that exp(w,,) is bounded in L*(Q). Hence,
we can let n tend to infinity and infer that exp ((u — u*)*) € L*(Q). Now, we observe that

elu—u*)* _ —ut u v where ¥ > 9"

I+
In addition, because of ¥ is positive, we conclude that
9 e LYQ). (7.7)
Now, we rewrite the equation for X (3.7g) at the form
X — AX = —F'(X) - G'(X)9

and observe that the right-hand side belongs to L*(Q) due to (7.6) and the Lipschitz continuity
of I and G. By the general theory for parabolic equations [18], we can conclude 9;X € L*(Q)
and therewith also

1G] gy < ¢ NGO 1y < +o0 (7.8)

due to our assumption ¢ < 4 in the beginning of this chapter. On the other hand, we can
estimate the right-hand side of the equation for ¢ (3.7f) in a better way. Indeed, recalling the
assumptions on 7 (3.2j) and (3.2k) we conclude that

I (D)l aq) < Pl Lag) + Imoll Laggy < 400 (7.9)

3. The Moser type procedure

Starting from the just obtained estimates we want to increase the exponent p € [1,+00) for
the LP estimate on () in an iterative scheme for

w:= (InY —u*)". (7.10)
We declare that the values of the constant ¢ do not depend on p. We define
u:i=InY, w,:=min{(u—v)",n}, and v,:= w21, (7.11)

The estimate is similar to the first a priori one. We observe that v, € L*(0,T; H}(2)) due
to the assumptions on the boundary values (3.6a). Thus, v, is an admissible test function
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for (3.7f) and lemma (4.25) can be once more applied with ® = 1, given by (7.3a). We note
that also holds v, = ¢/(¥). As ¥, (99) = 0 due to the assumption on the initial data (3.6b),
we obtain

/wawm+ vamn5/<mwﬁwwwn= Fom, (7.12)
Q Qt t Qt

where f is given by (7.4b). Thanks to Lemma 7.3, we immediately derive that

[t = 5 [ oy

The next term on the left-hand side can be easily treated with the observation Vu = Vw,, if
and only if Vv, # 0

2p —1 1
Vu-Vv—(Qp—l)/ w2 [V, |2 = 22 / V> / V.
p Qt D Jg,

Qt Q¢

In addition the last integral is nonnegative since v, > 0 and §(¢*) > §(¢) only if v, = 0. In
order to deal with the right-hand side, let us observe that f belongs to L4(Q) thanks to (7.8)
and (7.9) as well as the assumptions (3.3) on 3. By denoting with ¢’ the conjugate exponent
of ¢, such that 1/q + 1/¢' =1 and the applying the Holder inequality, we obtain

(2p—1)
L on < Uy Ionllur oy < gy = eIt gy
Collecting the above estimates, we obtain

(2p—1
| wn®) 20 + /\ww|<wwwhigﬁm@ for every ¢ € [0,7).

By using the parabolic embedding pointed out in (B.12b), we obtain the following estimate

(2p-1)/p

2
CH’waHLlO/S(Q) < ||W£HL°<>(0,T;L2 + ||prHL2 Q) < CPprHLq "(20-1)/p(Q) °

At this point, we note that (7.10) and ¥ € L*(Q) imply that w € L"(Q) for every r € [1,+00)
due to the logarithm. So we can let n tend to infinity and conclude that

1/(2p) H ” (2p—1)/(2p)

HwHLl(’P/3( Q) = < (cp) L' 2r=1)(Q)”’

where we also have taken the square root and point out that w is given by (7.10). Applying
the Holder inequality with the exponents
L, 1 1
2pq"  2p(2p—1)¢  (2p—1)¢

to the right-hand side results in

(2p—1)/(2p) 1/(4 (2p—1)/(2p) 1/(2 2p—1)/(2
I 20/ < Q) a2 — (1m0 ) T 2

where \Q|l/ (274) is bounded with respect to p. We get by combining the last two inequalities

0l aonsaay < (ep)/ @) o Z5 2 (7.13)

where we, without loss of generality, assume ¢ > 1.
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Chapter 7. Boundedness and regularity

4. Conclusion

We rewrite (7.13) in the form of

1/(2p) (2p—1)/(2 _ 0
[lome o) < (ep) /O ol 0™ where 2= % (7.14)

and observe that o > 1 since 1/¢' =1—1/¢q < 3/5 due to we assume ¢ > 5/2 in (3.19). Now,
we apply (7.14) to the divergent sequence {p;} defined by p; := o* and obtain the iterative

estimate

(Cpk)l/(2pk ||w|| (2pr— 1)/(21%)' (715)

||U)H L2pkq (Q)

LPPht(Q) =
Setting for convenience
by = Int ”wHLQqu/(Q)

and taking the positive part of the logarithm on both sides of (7.15), we derive that

1 2pr — 1
lest < 5 Infepy) + To—¢

In(epr) + Lk,
2pg, 2pg, (cpr)

ES o—
2pg,

where we want to remember, that we chose ¢ > 1 and so the logarithm is nonnegative.
Therewith, we find for every £ the following bound

G lo+ 3 s n(ep) = fo 4¢3 L = ft o3 -t T i
E < o—l—'_ 5; n(cp;) o—l—c‘_ o—i—cadal1 g 0+c(1_0)2
Hence, we have found out a bound which is independent of k
”wHL?pkq’ (Q) < 60- (716)

Letting k tending to +o0o and reminding of the definition of w in (7.10), we deduce

9 e L¥(Q). (7.17)

5. Improved regularity

By using the two regularity conditions In¥ € L%(0,7; H'(2)) and the just proved bounded-
ness, we see that V'™ = my"V In ¢ for every m > 0, whence

9" € L*(0,T; H(Q)) for every m € (0, 4+00). (7.18)

In addition, as F'(X) and G’(X) are bounded, we deduce from the regularity conditions of X
(3.7b) as well as its equation (3.7g) that 9;X — AX is bounded, too. Hence, we have

X € LP(0,T; W?P(Q)) N W1P(0,T; LP(Q)) for every p > 1 (7.19)

thanks to the general theory of linear parabolic equations [18].
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Chapter

Continuous dependence on the data

In this section, we prove the Theorem 3.18. At first, we point out some additional notation
and tools.

1. Prerequisites

We want to remind of some facts and assumptions already stated in the chapter with the
main results. In addition, we need again two tools. We will introduce the Riesz operator,
which will be the most important tool in the chapter to obtain an estimate. It is necessary
to have a special harmonic extension to handle the non homogeneous boundary values.

1.1. Assumptions and Notation

We have reinforced the conditions of the right hand side R(x,t,r) := w(z,t,r) — B(x, t, 7). We
assumed that R is Lipschitz continuous with respect to the third variable, that is

|R(x,t,m) — R(x,t,r9)| < Lg|r — ro Vri,re € R, (8.1)
where Lp is its Lipschitz constant.

According to the Theorem 3.18 we take § > 0 and two solutions (91, X1,&1) and (U2, Xo, &2)
such that the initial data g 1,702, X0,1 and Xg2 as well as the boundary data ¥r; and Jr 2
satisfy

||19F,1 - 19F,2||L2(07T;L2(F)) S ) (82&)
P01 = Doellg-1(q) <6 (8.2b)
X0 = Xo2ll 1) <0 (8.2¢)

We can apply the Theorem 3.16 due to the assumptions on the two solutions (¥1,X1,&1),
(92, X2, &2) and deduce that they are bounded by a constant M.

For convenience we wet 1 := 91 — J9 and X := X1 — Xs.
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Chapter 8. Continuous dependence on the data

1.2. Riesz operator

The main tool we use, is the operator R : H~1(Q2) — H}(2) given by the Riesz representation
theorem, see for example [10], namely

for v* € H1(Q) and v € H} (), v=Rv* means v* = —Auv, (8.3)

We note that

(—Au,Rv) = / uv  for every u € H}(Q) and v € L*(Q) (8.4a)
Q
(u*, Rv*) = (u*,v*), for every u*,v* € H Q) (8.4b)
! 1 1
| 0ts) Rau) as = 5 uto)1? - 5 ()12
for every u € H'(0,T; H*(Q)) and for a.a. t € (0,T). (8.4c)

Thereby, we denote with (-,-) : H=1(Q) x H}(Q) the dual pairing between these spaces. In
addition the norm ||-||, in formula (8.4c) denotes the norm in H~!(Q) dual to the norm
v = [V o) in H}(Q) and the symbol (-, ), : H71(Q2) x H1(Q) — R is the corresponding
inner product. By the Poincaré inequality is this norm and product in H~1() equivalent to
the standard ones and we mainly use them for convenience. In particular, we denote by Mg
a constant that makes the following relations true

vl g-1(q) < Ma |[v]l, for every v € H1(Q)

) (8.5)
and ||v|[, < Mg [|v]l 2y for every v € L7()
1.3. Harmonic extension
We want to define I3, the harmonic extension of In¥; r — In¥s 1, such that
Aly=0 inQ and ly=mhv;r—Inder onl (8.6)

We obtain by the general theory of elliptic partial differential equations and the compact
embedding of H~'/2(T) in L*(T) the following estimate

||lH||L2(0,T;L2(Q)) <c|ndyr —In 192,FHL2(07T;H—1/2(1~)

< c|/In Jrp —In 191“2”L2(0,T;L2(F)) (8.7)

C
S 297* HﬁF,l - 0F72"L2(0,T;L2(F)) S cd

also thanks to the Lipschitz continuity of In on [, "] and by the boundedness of ¥; r on
that interval for i = 1, 2.
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2. A priori estimate

2.1. Preliminary considerations

We test the difference of (3.7f) by R9 and the difference of (3.7g) by pd:X. We add these
equations and integrate over )y and use some properties of the Riesz operator. Therefore, we
want to explain some of the occurring terms more in detail. The first term of (3.7f) becomes
with the help of (8.4c)

¢ 1 1
/0 (0r0(s), RI(s)) ds = 2 [9(0)]12 — 5 W01 — Dozll?

For the second term in (3.7f) we want to use the property (8.4a) of the Riesz operator. The
problem is, that we do not know, whether In ¥ (t) —In 92 (t) belongs to H(Q) for a.e. t € (0,T)
or not. Therefore, we take the harmonic extension /3, introduced in (8.6), because

I (t) — Inda(t) — Iy(t) € HY(Q) for ae. t € (0,T)

and obtain by applying (8.4a)
t
/ (—A(Inv; —Indy — ) ,RY) = / (In) — Invy — ly) 9,
0 t

where we also want to point out that —Aly = 0 by the Definition (8.6)

2.2. Estimate

With these preliminary considerations it follows that

1

2||19(t)||3+/Qz(1m91—1n792)z9+u/Q 9, + £ /|vx| +E /|x

< / (DG (5)) — DG(Xals)), D(s))s ds + / ((R(91) — R(02))(s), 9(s)) ds
0 0

+ ,u/ (F/(XQ) — F/(Xl))atx + }L/ (G/(X2)192 — G,(Xl)ﬂl)atx

t

1
+ = W01 — Voall? + & / V(X1 — Xoo)| + | lud+ 5 / X(t)?
2 2 Ja Qs 2 Ja

where we added the integral & [, [X (t)|* to both sides. The only term on the left-hand side,
which needs some treatment is the second one. We observe by the mean value theorem for
derivatives

In¥; —Inds , 1
et Sl A | — il
FI— (In€) 2 o
with £ € (min {01, 92}, max {d1,92}). In addition the term 5; is a lower bound due to the
boundedness 0 < 9¥; < M for i = 1,2. Therewith we find

1 —1 1
J R e S MY
t Q¢ U1 — 2 Q¢

m\v—l

M
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Chapter 8. Continuous dependence on the data

Now, we are dealing with the first term on the right-hand side
[ 060u(s) - a6 00, 090, @
= [ (@000 + (60~ 06006, 06),
< to [ 60D o 196,
000 [ 160060) ~ 066 |y 190606 sy 19
< ol [ 100Xy W 05+ Mok [ NGy 13060y 965 s
<t [ o+ + 2L o) 2 as
/ IX(6) 40 MQL2 / ||atx2<s>||%4m> [9(s)1 ds

IM2EL2?
o2 4 2Mal” / 19(s)
Q¢

+M5/ \V><|2+ME2
Qt Qt

s 19(s)]1Z ds

where we used in the last estimate the embedding Lemma B.13 by Lions already used in
(5.4a). The next terms we can handle easier. Just with the assumptions on R holds

/O ((R(1) — R(9)(s),9(s)). ds < MaL /0 19(3) ] 2 19(5)11, ds

1

t
< 2 2712 2 )
< g3z, ¥ —l—MMQLR/O [9(s)|12 ds

Furthermore, we have by the Lipschitz continuity of F'
w [ (Fe) - Fonyax<t [ ek [ e,
' 8 Jau Q

We achieve with the Lipschitz continuity of G as well as the boundedness of ¥; for i = 1,2

" / (G'(X2)02 — C'(X1)01) BX = 1 / (G'0) — G'00) 010X — | G (xa)901x
t t Qi
<uLd [ 1o+ aL [ 1o]joi
Q¢ Q¢
< “/ latX]2+4uL2M2/ }x2\+2uL/ |92 .
8 Q¢ Q¢ Qt

The integral we added to both sides will be rewritten and estimated in the following way

4]
bR =u [ xox+h [ oa-xaal <h [ o [ et
Q Q+ Q Qt Qt
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by the assumptions on the initial values of X; and Xo. The same arguments are holding for

1 M252 52
~ 901 — Po2)? < —2— and B IV (Xo1 - xo2)? < B
2 9 2 Jo 2

Finally, we can estimate the last term with the harmonic extension

1 1
I < / |19]2+M/ [0x)? < / [9]% + 6.
/Qt 4M Q1 Q¢ 4M Qt

2.3. Conclusion

Combining all these estimates and choosing y = 1/(8M L?) leads to
S I0OIZ + 5 191220 + 5 10X 220 + & IVXOIEa(e) + & X2
2 * Toony WIL2Qy) ™ g IFEHIL2(Q) ™ 9 L2(Q) T 9 L2(Q)
t t t
< c/o (14 1802() gy ) 19(s)]2 ds + c/o IVX(8)]2(cy ds + c/o IX(3)|22(¢y dis + €02
Due to the improved regularity obtained by the boundedness of ¥ in Theorem 3.17, we have
||8tX2(-)||%4(Q) € L'(0,T). Therefore, we can apply the Gronwall Lemma B.1 and set ¢ = 7.

We can conclude with the following norm estimate

191l oo (0,75113 () )22 (@) T XN 1 0,7 L2y (0,711 (2)) < €0 (8.8)

which gives the continuous dependence on the data and the Theorem 3.18 is proved.
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Appendix

Measure theory

Definition A.1 (Carathéodory function). A function 7 : @ x R — R is a Carathéodory
function provided

i) the map y — m(z,y) is continuous a.e. = € Q, (A.1a)

ii) the map z — m(z,y) is measurable for all y € R. (A.1b)

We denote by || the Lebesgue measure on R™.

Lemma A.2 (Jensen Inequality). Let Q denote a domain in R™. Take a measurable convex
function ¢ defined on the real axis and f : Q2 — R an integrable function, then

¢<If12|/fdx> |Q|/¢Of@1~’C (A.2)

Theorem A.3 (Severini-Egorov). Suppose fi : R — R™ are integrable. Assume also A C
R™ with |A| < oo and fr — g a.e. on A. Then for each ¢ > 0 exists a set B C A such that

i) |A\B| <e, and (A.3a)
it)  fr — g uniformly on B. (A.3b)
Proof. See [11, Theorem 3, p. 16]. O

Theorem A.4 (Lebesgue-Besicovitch Differentiation Theorem). Take f € L. .(R™). Then

r—0

lim —— |U s / fdy = f(z) fora.e zeR", (A.4a)

where U(x,r) denotes the ball around x with radius .

Especially if f € LY (R™) for some 1 < p < oo yields

1
lim / — f(@)Pdy=0 for a.e. x € R". A.4b
Jm [P ay=o (A4b)
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Appendix A. Measure theory

Proof. See [11, p. 43-44]. O

Lemma A.5. Let Q C R" be a bounded open domain. For 1 < q < oo denote g a function
in LI() as well as {gx}ren @ family of functions such that exists a constant ¢

96l o) ¢ ge— 9 ae inQ ask — oo

Then g, — g weakly in L1(2).

Proof. See [19, Lemme 1.3. p. 12-13] O
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Appendix

Functional analysis

Lemma B.1 (Gronwall inequality in integral form). Let u and b be two non negative contin-
uous functions on [ty, T such that the inequality

u(t) <C +/ b(s)u(s)ds (B.1a)

to
holds for tg <t < T, where C is a positive constant. Then

T

u(t) < Cexp ( b(s) ds> (B.1b)

to

fortg <t <T.

Lemma B.2 (Discrete Gronwall inequality). Let a;,b; >0 fori=1,...,N. If u,, satisfies

m—1
umgam—i-Zbiui Ym=1,...,N (B.2a)
i=1
then the estimate
m—1 m—1
Um <t + Y aiexp [ Db vm=1,...,N (B.2b)
i=1 j=i

holds.
Lemma B.3 (Young Inequality with d). For all a,b >0 and 6 > 0 there holds

ab < §aP + c5,b° (B.3)

where p,p’ > 1 satisfy (1/p) + (1/p") =1 and c5, = (p’)—l((sp)—p’/p,

Remark B.4. An often used and special case is for p = p/ = %, then yields for all § > 0

1
b < da® + —b2. B4
a_a+45 (B.4)
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Appendix B. Functional analysis

Lemma B.5 (Generalised Holder Inequality). Let p; € [1,00] and f; € LPi(Q) for j =

1._xm 1
L...,m and set ;:== 3 7", Py then

H fi € L"() and satisfies H fi < H I fill o @ - (B.5)
j=1 j=1 j=1

)

Theorem B.6 (Schauder fixed Point Theorem). Let X be a normed vector space and let

K C X be a non-empty, compact, and conver set. Then given any continuous mapping
T:K— K
there exists x € K such that T(x) = . (B.6)

Definition B.7 (Sobolev conjugate). Take n > 1 and three real numbers j, k and p such that
0<j<k, 1<p<n.

We set )
— = —— . (B.7)

Then p* is called the Sobolev conjugate of p.

We quote the general Sobolev embedding theorem from [25].

Theorem B.8 (The Sobolev embedding Theorem). Let Q be a bounded domain in R™ with
n > 1 and piecewise smooth boundary. Toke three real numbers j, k and p according to the
Definition B.7. Then, the following fundamental assertion hold. The embedding

WhEP(Q) c Wi(Q) (B.8)
is continuous for ¢ < p* and compact for q < p*.

Proposition B.9 (Special Embedding in LP(€2) and Poincaré Inequality). Let 2 be a bounded
domain in R® with smooth boundary.

Then the embedding
HY(Q) C LP(Q) (B.9a)

is continuous for every 1 < p < 6 and compact for every 1 < p < 6, where j, k and p are
given by the above Definition and p* denotes the Sobolev conjugate of p.

There exists a constant Mq with
[Vl p) < Ma [Vl 2y for every v € HY}Q) and 1<p<6. (B.9b)

Proposition B.10 (Special Embedding in L?). Let Q be a bounded domain in R3 with smooth
boundary.

Then the embedding
wl?(Q) c L*(Q) (B.10)

is continuous for p > 6/5 and compact for p > 6/5.
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Theorem B.11 (Embedding of parabolic spaces). Let Q C R? be a bounded and smooth
domain, (0,T) a finite time interval and set Q := Q x (0,T). Then we have for m > 1

2
L0, T; L™(Q)) N L2(0, T; H} () € LY™(Q)  where q(m) = 3(m+3) (B.11a)
and the embedding is continuous

[0l atm (@) < Mazim (10 o2,y + 1V0N12())

(B.11b)
for every v € L>(0,T; L™(Q)) N L*(0,T; HY(Q)).

Remark B.12. Again we need one special case of the above embedding theorem. So we set
m = 3 and obtain the embedding
L0, T; L3(Q)) N L?(0, T; HY () ¢ LYQ). (B.12a)
Another important embedding result is obtained with g(m) = 2 and therefore m = 10/3
L=(0,T; L'3(Q)) N L2(0,T; HY (Q)) € L2(Q), (B.12b)
where of course the corresponding estimates (B.11b) are holding.
Lemma B.13. Tuke three Banach spaces By, B, B1 with

ByCcBChHh and By is reflexive fori=1,2,

and the injection By — B is compact.
Then with v € By and V1 > 0 exists a constant ¢, with

lollp < nllvlig, +enllvls, - (B.13)

Proof. See [19, Lemme 5.1. p. 58]. O
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