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1. INTRODUCTION AND OUTLINE

Let X(-) be a continuous Markov process with values in R? and suppose that for ¢+ > 0 and
test functions ¢ € C>°(R?) holds

Elp(X(t+h)) —o(X (1)) [ X(t) = 2] = hLip(x) + o(h), (1.1)

where L; : C5°(RY) — Cy(R?) is a linear operator. An immediate observation is, that if ¢
has maximum in zo, then E [p(t + h) — o(t) | 2(t) = zo] < 0 and hence L; must satisfy the
weak maximum principle.

The linear operator L; in the case of a continuous Markov process can be represented for
some a € [0,T] x R* — Sy = {a € R™: (f,ab) > 0} and b: [0,T] x R — R? by

d

d
Lt = 5 a](t, x)&@ + b (t, x)&

ij=1 i=1
Question: How can the Markov process X (+) be understood in terms of the generator L,?
1.1. Forward equation: Fokker-Planck. Let P(s,z;t,I") denote the transition proba-
bility function, i.e.

P(s,z;t,T) = P(X(t) e I' | X(s) = z).

Since z(+) is a Markov process, the Chapman-Kolmogorov equations hold for 0 < s <t < u

P(s,zu,T) / P(t,y:u,T) P(s,x:t, dy).
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Then, we can conclude from (1.1

(;jt o(y)P(s,z;t,dy) = hm / ( (s,z;t+h dy) —P(s,x;t,dy))

[ P(t,z;t+h dy)P(s x;t,dz)

= /P(s,x;t,dz) }llim% (/ P(t,z;t + h,dy)p(y) — 90(2))

—0

J/

= Blp(e(t+h))~ p(a(t) [2(t)=2]
— [ L) Plomitdz) Vg e C2(RY),
Hence, we deduced the equation
0P (s,x;t,-) = L{P(s,x;t,-), t>s (1.2)
ll_r)rsl P(S, x;t, ) = dr()a
where L; is the formal adjoint to L; defined by
d

1< ’ |

ij=1 i=1

The solution P(s,z;t,-) is the parabolic Green function or fundamental solution for the
Fokker-Planck equation.

e Need a density P(s,z;t,dy) = p(s,z;t,y)dy to think of (1.2) as a equation for the
density

e a and b need to be at least differentiable

e Works well if classic (strong) solution of the PDE exist

1.2. Backward equation. Define for 0 < s < t and ¢ € C%°(R?) the observable

uuwz/ﬁwp@nmszwmwnﬂﬁzw

—0su(s, ) —8/ P(s,x;t,dy)

_hmh ( P(s — h,z;t, dy) —P(s,w;t,dy)>90(y)

| P(s,z;,dy) P(s—h,x;s,dz)

im 18, dz)u(s, z) —u(s,x
~tin ([ P hmsazuls ) - s o))
— lim %E (u(s, X (s)) — u(s, X (s — b)) | X(s — h) = 2) = Lyu(s, z)

h—0
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Hence, we found the formal adjoint to the Fokker-Planck equation
OsP(s,x;t,-) + LyP(s,z;t,-) =0
lslir% P(s,x;t,-) = 6,(-).

e Existence holds under weaker assumptions on the coefficients (ellipticity and Holder
continuity)

e Corresponds to weak solution concepts for PDEs

e Lack of interpretation, due to its purely analytic content

1.3. Ttd. We go back to a pathwise differential representation, where X (t+h) — X (¢) should
look like Gaussian independent increments with drift b(¢, X (¢)) and covariance a(t, X (t)),
which in infinitesimal form writes as

dX (1) = b(t, X (£))dt + o (t, X (1)) dB(t) (1.3)

T:

where [ is a d-dim Brownian motion and o a square root of a, i.e. oo a.

e How to make sense of (1.3), since only 8 € C**([0,T]) for a < 1
e How to use (1.3) for making calculations?

e Why does 3 as intermediate process pop up? Is it needed?

e Existence for o, b Lipschitz is straight forward.

1.4. Martingale solutions. By the law of total expectation, holds for 0 < t; <ty
E(p(X(t2)) | X(s),s <t1) = E(E (p(X(t2)) | X(s),5 < t2) | X(s),s < 1)
Therewith, we can calculate

ditQE [P(X(t2)) | X(s),5 <]

= lim 7 B [B [p(X (1)) — @(X(82)) | X(s),5 < 1s] | X(s), 5 < 1]
— B Liyp(X(12) | X(s),5 < 1,].

Hence, integration leads to

E|p(X (1)) - o(X (1)) - / " Lip(X (1) dt | X(s),5 < 1| = 0.

t1
By definition, this means that for any ¢ smooth enough

X = o(X(1)) - / Lap(X(s)) ds

is a martingale.

Definition 1.1 (Marginale problem). Let L; be given. A family of probability measures
{P.},cra on C([0,00], R%) is a solution to the martingale problem if

(i) P(X(0)==2)=1and X,(-) is a martingale for all test functions
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(ii) There is only at most one P, for every x € R%.

e How does the Markov property come into play?
e What are necessary conditions of a well-defined solution to the martingale problem?
e What conclusion can be drawn from a well-defined solution?

1.5. Interplay with measure valued solution of the PDE. Having a well-defined
solution to the martingale problem P,, we can obtain measure valued solution to the
Fokker-Planck equation by a superposition principle. Such a solution satisfies for all test
functions ¢ € C*(RY)

d 1
G [ee duw = | (§Za¢j<t,x>aﬁw<x> +Zbi<t,x>aﬁo<x>) )

irj i
and p; converges to i in the weak* topology as t — 0 (initial value). The solution is defined
for bounded a and b as long as fOT \e| (A) dt < oo for compact A C R%.

Let p19 be some initial measure with || (R?) < co. Then the measure u! defined by

[l = [ EPpx@ldune) Ve oxm)
R
is a measure-valued solution to the Fokker-Planck equation.

But, it holds also the converse, that is: Let y; be a measure-valued solution to the PDE,
such that pu; € M (R?)! for any ¢t € [0,7] and u;(R?) < C for any t € [0,T]. Then there
exists a family of probability measure {P,} g such that v, is a martingale solution and it
holds the representation formula

/]Rd P = /]Rd B [x(t)] dpo(x).

2. MARKOV PROCESSES AND PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

2.1. Probability spaces and random variables.

Definition 2.1 (Probability space). Let € be a given set, then a og-algebra F on € is a
family F of subsets of () satisfying

(i) 0eF;
(i) FeF= FceF, where F¢=Q\ F}
(111) Al,AQ,"'GJl—'.iUilAZ‘Ef.

The pair (2, F) is called a measurable space. A probability measure P is a function
P : F —[0,1] such that

1non—negative finite measures
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(a) P(0)=0, P(Q)=1;
(b) if Ay, As,--- € F and {A;};2, is pairwise disjoint then
i=1
The triple (2, F, P) is called a probability space. 1t is called a complete probability space

if for any G C F € F with P(F) = 0 follows G € F* and from now on the completeness
assumption is implied without further reference.

Definition 2.2 (Measurability and random variables). Let (2, F, P) be a probability space,
then f: Q — RY is F-measurable if for all open U € RY

fIU)={weQ: flw)eU}e F.
For any given f : Q — RY, the o-algebra generated by f is
o(f)==c({f7'(U):UcCcRopen}) =0 ({f'(U):U € Bga}).
A random variable f is an F-measurable function f : Q@ — R¢. Each random variable f
induces a probability measure on R¢ by
p' (A) = P(f~1(A)), for any A € F.

A random variable f is integrable, denoted by f € L'(Q, F, P), if [, f(w)dP(w) < oo. For
any integrable random variable f

:/Qf(w) dP(w) :/Rda:duf(x)

Definition 2.3 (Conditional expectation). Let (€2, F, P) be a probability space. Let
f € LY, F, P) be an integrable random variable and let ¥ C F be a o-algebra. Then
the conditional expectation of f given ¥, denoted by E[f | ¥] : Q — RY, is defined as the
a.s. unique function from  to R™ (i.e. a random variable)

() E[f |Y]is X measurable
) JsElf | E)(w = [, f( ) for all S € %.

is called its expectation.

Proof. For the existence note that the measure p/ : £ 3 S — [, ¢ fdP is absolutely

continuous wrt. P. Likewise, the restriction ;f |5 is absolutely continuous wrt. the restriction
P|s. Hence, E[f | ¥] is the Radon-Nikodym derivative of p/|s wrt. P|s.

Assume f* and g% are conditional expectation of f given . Then for each S € 3 holds

/ (W) dP(w / Flw) dP(w / 2(w) dP(w).

2Any probability space can be completed by adding to F all sets G above and extending P accordingly.
Completeness is desirable because it maximizes the collection of measurable sets. In a complete probability
space something less than negligible is also negligible.
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Moreover, if the set {w € Q: f¥(w) — ¢¥(w) # 0} has positive P-measure, then w.lo.g.
{weQ: f¥(w) — ¢°(w) > 0} has positive measure. Hence, for some € > 0, the set S :=
{weQ: f¥(w) — ¢°(w) > e} has positive measure. By the measurability of f* and ¢*
follows D € X and hence

O—/f (w)dP(w) >eP(D) >0
a contradiction. 0

Proposition 2.4 (Properties of conditional expectation). Let (2, F, P) be a probability
space and let X C F be a o-algebra. Then

(i) For any bounded random variable f : Q — R® holds for P-a.e. w
inf f(w) < E[f | %] (w) < sup f(w).
weN weD

(ii) For any integrable random variable f € L*(Q2, F, P)
E[fIZ] < E[lfl].
(111) The conditional expectation continuous E [- | X]: LY(Q, F, P) — L'Y(Q, %, P).

Proof. Exercise: For (i) and (ii) define a set D where the inequality fails and show that D
is ¥-measruable with P-measure zero. Then (éi7) immediately follows from (7). O

Let us turn to a more functional analytic point of view. Let (X, D) be a given Polish space
(complete separable metric space). Then we call (X, Bx) the canonical measurable space,
where By is its Borel o-algebra®. In this case we denote by P(X) the set of all probability
measures on (X, B). In this case P(X) can be seen as a subset of the dual of Cy(X) all
bounded continuous functions on X with the inherited weak* topology. Therewith, P(X)
will become a metric space.

The convergence in P(X) is governed by weak* (or narrow convergence):

Definition 2.5. A sequence of probability measures (u,) C P(X) converges narrowly to
weP(X)asn— oo if

lim f ) dp (z /f ) dpen (z for all f € Cy(X).

n—oo

Proposition 2.6. The topology on P(X) induced by weak* convergence is metrizable.

Proof (Sketch). The separability allows to find a dense countable subset Xq C X. Therewith,
we define the following class of countable D-Lipschitz functions

él ={z—= (@ + @D y) Nk:q,q¢keQ, ¢e(0,1), yeXo}.

3the smalled o algebra containing all open sets.
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Then, let C; be the collection obtained by taking the infimum of a finite numbers of

functions. Hence each h € C; satisfies Lip(h, X) = supwexw < 1. For an

enumeration {f,},.n = Ci, define the distance® d on P(z) by

=1
) =Y 5 [ fedu= [ fuav

This distance d metrizables the weak* topology on P(X). Obviously, the topology induced
by d is weaker than the weak* topology. Now, for any neighborhood N of u € P(X)
contains an open ball wrt. d around p. Let {u,} _ be such that d(u,, ) — 0. Then, we
conclude

nelN

lim [ fdu, = /fd,u for all f € Cy. (2.1)

n—o0

The above limit can be extended to Af with f € C; and A > 0. Hence, (2.1) holds for f
bounded uniformly continuous, implying the weak* convergence (Exercise or [2, Theorem
1.2]). O

Theorem 2.7 (Prokhorov’s theorem). A family of probability measures 11 C P(X) is called
tight if for every e > 0 exists a compact set K C X such that

inf u(K)>1-—
inf w(K) 21-e,

Let X be a Polish space. A family I1 C P(X) is relative compact in P(X)® if and only if 11
1s tight.

Remark 2.8. The implication IT tight to II relative compact does not need completeness of
the space, i.e. holds in any separable metric space. For a proof see |2, Section 5|.

On a Polish space each single measure p € P(X) is tight (Ulam’s theorem |2, Theorem 1.3]).
Moreover, each measure satisfies the so called inner regularity assumption |2, Theorem 1.1]

VB € Bx Ve > 0 dK. C X compact : u(B\ K.) <e. (2.2)

Let us extend the concept of conditional expectation towards regular conditional proba-
bility distributions r.c.p.d. We will put it into a functional analytic framework, where it
corresponds to disintegration.

Theorem 2.9 (Disintegration). Let X,Y be Polish® and let 1 : X — Y be a Borel
measurable map and let v = myp € P(Y) be its pushforward defined by

v(A) = mu(A) = p(r 1 (A)) for all Borel sets A.

4induced by Kantorovich- Rubinstein norm

Swrt. the topology induced by weak* convergence

6Tt is sufficient to have a metric separable Radon space, where each y € P(X) is inner regular (2.2), i.e.
not necessarily complete.
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Then, there exists v-a.e. uniquely defined Borel family of probability measures (r.c.p.d.)
{1y}, ey € P(X) such that

py(X\ 7 'y) =0  forv-ae yeX (2.3)
and for every Borel map f: X — [0,00)

/f ) dp(z //7r » ) dpy(z) dv(y).

Proof. Let us start by assuming that X is compact. Let A = (Id, 7)yu € P(X x Y') with
the product Borel algebra Bx ® By. Let Il = {(z,y) € X x Y : w(x) = y} be the graph
of m. Then A(II°) = 0. Indeed, since Y is separable, its Borel o-algebra is countable
generated by some BY. Since Y is also a metric space, it contains the singletons, i.e.

{y}=n {B €B):ye B}. This implies that

I°={(z,y) e X x Y :7(x) =y} = | {(z.y) e X x B:7(z) ¢ B}.

BeBY,
Since for fixed B holds
M{(z,y) e X xB:7(z) ¢ B}) =p({r € X :n(z) € B,m(x) € B}) =0
the claim follows.

Next, since Cy(X) = C(X) (due to compactness) is separable (by Stone-Weierstraf), we
find a countable family Cy C C'(X) such that 1 € Cy, Cp is closed wrt. the Q-linear span
and CO is dense in C'(X)". Now, for any f € Cy define the signed measure A\ (B) =
[ f(x)1p(y) d\(z,y) for B € By. Then

[ 150 dA(x,w\ — f e #(B).

Hence M/ < v and by Radon-Nikodym (for signed measure) let L; for v-a.e. y denote
the derivative. Moreover, Lg > 0 if f > 0 (by the usual Radon-Nikodym). Since for any
g € C(X) holds

IMB)| < 1l

/Yg(y) AN (y) = ; Yf(w)g(y) dA(x,y)Z/YLide(y),

we conclude that f — Lg is linear for r-a.e. y € Y. Hence, we find a subset Yy C Y of
full v-measure, such that the functional Cy > f +— Lg is Q-linear and non-negative for all
Y €Y.
It is left to show its boundedness. Therefore for fixed f # 0 let ¢ € Q such that || f|| < ¢ <
2| f]]. Then
-f f 1 f 1
0< LI/ <LI—L)<qll— LI <2|f| L -

"take for instance the Q-linear span of the class C; U 1 from the proof of Proposition 2.6
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and hence |L§’ < 2| f] ‘L}J| < 2A||f|| and so L] is a continuous functional on the dense
set Cp C C(X) and can be extended to C'(X). Now, by the Ries-representation theorem
exists a measure p, for y € Yy such that [ f(z)du,(z) = L] for f € C(X). Moreover, we
have for all y € Y,
1 _ d\' dv
iy (X) = L, v dv 1

and hence p,(X) is a probability measure on X. Now, we set p, = 0 for y € Y\ Y and
claim that p, is the desired disintegration satisfying for f : X — [0,00) and g : Y — [0, 00)
both measurable

y— | f(z)g(y)du,(z) is measruable (2.4)
X

/Y [ F@at) dif@)avty) = [ f@)ote) ax@.). (2.5)

Both claims, are easily verified for f € Cy, since then [y f(x)g(y) du,(x) = g(y)LZ{; is a
product of measurable functions in y and moreover

[ [ r@swan i = [ )% wam = [ g

= f(x)g(y) dv(z,y).

XxXY

In particular, (2.4) and (2.5) holds for f € C(X). Now, we show that the above also
holds for h : X x Y — [0,00). Since the product Borel og-algebra Bx ® By is generated
by A x B with A € Bx and B € By, we have to show (2.4) and (2.5) for functions
LB(ay)e)°. We construct a sequence h,, € C(X x Y) of product form such that such that
0 < hy, <1 and hy|B((a,y)) = 1 and h, = 0 outside of B((x,y),e + 1/n). Take for instance
hy(z,y) = hl(z)h?(y) with hl(z) = (1 — ndisty(z, A))4 and h%(y) = (1 — ndistx(z, B))4,
Where (-)+ = max-,0. Then by dominated convergence we have that (2.4) and (2.5) hold
for 1p((z,),) and hence for all measurable h: X x Y — [0,00)

[ wwmaren = [ [ s dne ao)

The support statement (2.3) follows from

A1) = [ [ ey o)avty) - / iy (o € Xt w(x) # y}) du(y)

and hence p, ({r € X : w(z) # y}) =0 for v-ae. y € Y.
Let fi, be another disintegration. Then, it holds for any f € Cy

/ f(x)dpy(z / f(x)df,(z for v-a.e. y €Y.

8wrt. the product metric
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Since Cy is countable, we find that the above identity holds for a conull set Yy C Y. Since
Cop is dense in C(X), we get u, = fi, for all y € Yy,

Let us finish the proof and sketch how the case of X non-compact can be reduced to the
compact case. By the inner regularity property (2.2) of u and separability of X follows
that there exists a countable family of compact sets { K}, . and a p-null set N such that

X=|JKUN.
ieN
We obtain a unique disintegration of u for each K; and add them all together to get the
unique one for X. O

Corollary 2.10. Let f € LY(X,Bx, u) be an integrable random variable and let (Y, By) be
gwen. Form: X —Y a Borel map, let ¥ = o(n) C Bx. Then, it holds for myu-a.e. y €Y

[ @l <oc and [ f@)duldn) = E1F 5] )
1Y) 1Y)

The family {41y}, is called regular conditional probability function.

2.2. The path space C([0,0); RY). Let us make the setting more concrete. Let for 7' > 0,
'y = C([0,T]; RY) be the space of continuous trajectories and for v € ' let e;(7) := 7(¢)
be the evaluation map. The distance is defined by Dy : I'r x I'r — R4

Drp(v,7') = sup |y(t) —+/(t)].
te[0,7)

We want to include the case T'= oo and set ' :== C([0, 00), R?). The distance D : T' x I’ —
[0,1] in this case is

1 supgg<y l€(7) — (7))
D(v.v) =) = —= :
( ) Z 27 1+ supg<i<p, et () — er(7)]

n=1
Therewith (I'y, Dr) for all T > 0 including oo is a Polish space (complete separable metric
space)?.

Definition 2.11. The Borel o-field of (I', D), denoted by F and called canonical filtration,
is given by

}":a({et:tEO}):O(U U {VEF:W(UEU})-

t>0 UCRRY Borel

Proof. D The map I' 3 v+ e4(y) € R? is D-continuous and in particular measurable
for t > 0.

9The convergence induced by D is uniform convergence on bounded time intervals, hence Cauchy-
sequences wrt. D are continuous.

03.11.15
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C Fix+° eI, t>0and e > 0, then by continuity follows

{72 sup |es(7) — es(7")] <5}

: :Q{Vi les(7) — es(7°)] 35(1_%)’%6[0%”@}.

Hence the above set is element of o ({e; : t > 0}). Moreover, these sets generate the
topology of T'.

g

Moreover, define for ¢t > 0
Fi=0c{es:0<s<t}).
Clearly F, C F; for s <t and for t > 0

Fi=o0 (U]—"S> aswellas F=o (UE) :

s<t t>0

Prokhorov’s theorem now allows to study relative compactness in P(I'r) by substituting
tightness with an equivalent characterization due to the Arzela-Ascoli theorem (equibound-
edness and equicontinuity).

Theorem 2.12 (Relative compactness). A family of probability measures I1 C (I', F) is
relative compact if and only if

. < A) — '
lim inf P (Jeo| < A) =1 (2.6)
and for each p >0 and T < oo
lim inf P s —eq < =1. 2.7
310 Per ogslglng oo el <0 27
t—s<§

Proof. By the Arzela-Ascoli theorem (cf. [2, Theorem 7.2|) a set K C I is relative compact
if and only if

sup |eg(y)] < oo
yeK

and for each T' < oo

limsup sup |es(y) —e(y)| =0
0—=0 ek ogsgt%T
t—s<

Hence from the first part of Theorem 2.7 follows the necessity of (2.6) and (2.7).
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For the sufficiency, let us consider a seqence p = 1/n and 7" = n. Then we find for any

e >0 by (2.7) 4,(¢) such that

. 1 €
inf P sup ep —es] < — | =1— -
PeP 0<s<t<n n 2t

t—5<0n(e)

and from (2.6) we find A(e) such that

€
1 < >1—-.
inf (leo] <A)21-7
Then, we define the event
1
K.={)37: swp e —e)| <= pn{y:le(y)] <A}
0<s<t<n n

nz1 t—s<on(e)

By construction, we obtain P(K.) > 1 — ¢ for any P € II. By another application of
Arzela-Ascoli follows that K. is compact and the conclusion follows from the second part
of (2.7). O

Proposition 2.13 (Disintegration). For a probability measure n € P(I'r), there are two
canonical disintegrations

i) For s > 0let I'r 3 v = 7|pyg € I'v be the restriction map. Then, there exists a
fa'mdy {7’]377‘[075]} - P(FT) with 773,7“073]({’5/ . ’ﬂ[o,t} = 7|[0,t]}> = 1 such that fOT any
f € Cy(RY) and t € [s,T)] holds

ETFOy@) I FI () = [ FO@)dng,, ()

I
ii) Define for t € [0,T] the 1-marginals
v = (e)ym.

There exists a family of measure {nm}te[o Twerd C P(T7) withn({y:~(t)=2})=1
such that for all f € Cy(R?) and any s,t € [0,T)] holds

et = [ s@ane) = [ ree) a0 e

Proof. Exercise: For (i) apply Corollary 2.10 with X =I'p, Y =TI'y and 7(y) = v|jo,4. For
(i) apply Theorem 2.9 with X =T'7, Y = R and 7 = ¢;. O

Remark 2.14. In general, there is no reason for Mirlpny = Mer(t) (with ;) from Proposi-
tion 2.13). However, for Markov processes this identity holds in a certain sense.
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2.3. Extension and regularity of measures.

Theorem 2.15 (Kolmogorov’s extension theorem [12, Theorem 2.1.5]). A family
{Pir.t, €EP(RY") :n>1,0<t < -<t,}

15 called consistent of

i) for any permutation w of {1,...,n} and sets F; C R, i = 1,...n holds
Rfﬂu)v~-¢w<n) (Fyx - X Fy) = Byt (Fﬂ(l) Xoees X Fﬂ(n)) )
it) and for any m > 1
Pt (Fr X o X F) = Pyt ttnim (F1 X oo X Fy x R x -+ x RY) .
Given a consistent family, then there exists a unique probability measure P € P ((Rd)[o"’o])lo
such that its finite dimensional distributions are given by { Py, ..}, i.e.

-Ptl,‘..,tn(FlX"’XFTZ):P(V(tl)EFI:"'?V(t’IL)an)‘

The above theorem is an easy and elegant construction for collections {7(t)},., of random
variables, i.e. stochastic processes. It establishes an isomorphism between consistent families
and measures on a function space. However, this function space is too large and the class
of measurable subsets is too small, since the product Borel g-algebra is the smallest one
making all coordinate projections ¢ — 7(t) measurable.

Theorem 2.16 (Kolmogorov continuity theorem). Let {P,,, ..., P, } be a consistent family
of finite dimensional distributions. If for each T' > 0 there exists numbers o = ar > 0,
r=rp>1+ar and Cpr < oo such that

// |z — y|" Pyy(da x dy) < Cp |t — s|'**, 0<s<t<T, (2.8)

then there ezists a unique P € P(I") such that
P(y(t1) € Fr,...,v(tn) € Fo) = Py g, (FL X -+ X F)
forall0 <ty <---<t, and F,...  F, € Bra. Moreover, it holds
supp P C C2P([0, 00)) with B € [0,2),

loc

where C’&f([(), 00)) is the space of B-Hdlder continuous functions on any compact K C [0, 00).

Proof (Sketch). The ingredients are the following results:

(1) “Restriction” Lemma [14, Lemmata 2.1.1 and 2.1.2]: A probability measure P on
RI%>*] can be restricted to a probability measure on I' if for any 7" > 0 and any
bounded countable set S C [0,7T) holds

P({ye (RN : 4|g is uniformly continuous}) = 1.

10Here, the product Borel o-algebra is used.



FROM FOKKER-PLANCK TO SDES AND BACK VIA THE MARTINGALE PROBLEM 15

(2) “Calculus” Lemma [14, Theorem 2.1.3|: Let p, ¥ : C(]0, 0], R) be strictly increasing
with p(0) = ¥(0) = 0 and lim; . W(t) = co. Given T' > 0 and v € I'p, if

[ e (G

then for 0 < s <t <T:

o) - el <8 [ v (42 ptaw)

For the proofs of the above statements see [14, Lemma 2.1.1, Lemma 2.1.2, Theorem 2.1.3].

Therewith, we can proof the theorem. We get a P € P(RI%*)) from Kolmogorov’s extension
Theorem 2.15, whose pushforward (es x e;); P also satisfies (2.8). It is left to deduce with
the above ingredients, that P is supported on I'.

Therefore, let k € (2,2 + «), define § = (k —2)/r > 0 and for A > 0 the event

F\= {7 €lr: sup () =(s)l 8w (4)\)1}

0<s<t<T |t — 3|5 T k=2

Then, we obviously can estimate
P({ye (R0 : 4|g is uniformly continuous} )

> P({yelr:yeC(0,7)}) =1~ lim P(F). (2.9)

From now on, we restrict P to I' and denote it by P, which still satisfies (2.8) and after

taking expectations
<(JT/ / — 5[t dsdt =: CrAr.

// (%) dsdt

Observe, that A7 < oo due to k > 2. Now, we introduce the event

FA::{VGFT:/OT/OT<W(|?_;ﬁ> dsdtz/\}.

Then, by Markov’s inequality

EP

P (FA> < CTAAT. (2.10)

On the other side, for any v & I follows by the calculus lemma the estimate

N A L I 8
po—al<s [ (5) aur =2 [Tt - By
0 -

u? r Jo

we deduce that v ¢ Fy, hence F\ C F\. From here, we conclude from (2.10), that
CrAr
T

P(F)=P(F) <P (FA) <
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The estimate together with (2.9) shows that the assumption of the restriction lemma is
satisfied and P has a restriction to I'y for any 7" > 0. The statement about the g-Hoélder
continuity follows from the second identity of (2.9). 0

2.4. Markov processes and transition probabilities. For Markov processes the con-
sistent families {P;, . ; } arise in the following way.

77777

Definition 2.17 (Transition probability function). A function P(s,z;t, B) with 0 < s < t,
r € R? and B € Bga satisfying

(i) P(s,x;t,-) € P(R?) for all 0 < s <t and x € R?
(ii) P(s,-;t, B) is Bra measurable for all 0 < s <t and B € Bga
(iii) if0<s<t<wuand B € Bga, then

P(s,z;u,B) = /P(t,y;u, B) P(s,xz;t,dy) (Chapman-Kolmogorov equation,).

is a transition probability function TPF on R?.

Definition 2.18 (Markov process). Let P(s,z;t,-) be a TPF and p € P(RY). A probability
measure 7 € P((R4)(*>)) is called the Markov process with TPF P(s,x;t,-) and initial
distribution u, denoted by Markov (P, u), if

n(v(0) € B) = u(B), B € Bry;
and for all 0 < s <t and B € Bra
n(y(t) € B[ F) = P(s,7(s);t, B). (2.11)
If P(s,x;t,-) = P(t — s,x;-), then the Markov process is called time-homogeneous.

Remark 2.19. The condition (2.11) can be rephrased (cf. Proposition 2.13 and Remark 2.14)
in terms of disintegration as follows: For all 0 < s < t, z € R? and all f € C,(R¢) holds

: fO@)dng ., (1) = : fFv(8) dn (1)

and for all B € Bra holds
(e .(B) = P(s,x;t, B).

Theorem 2.20. Let P(s,z;t,-) be a TPF and p € P(RY). Define Py(B) := u(B); Py(B) :=
J P(0,y:t, B)Py(dy) and for 0 <ty < --- < tpqq recursively with A € Brayn+

Pt1 77777 tnotnt1 (A) = / . / P<tn7yn;tn+17dyn+1>Ptl,-~-,tn<dy1 X o+ X dyn) (212)
A

t, } 1S consistent.

-----

,,,,,

dimensional distributions. In particular any TPF and initial distribution generates one and
only one Markov process
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Proof. The proof of the consistency is straight-forward from the construction (2.12) by using
the Chapman-Kolmogorov equation (2.12). Then, by Kolmogorov’s extension Theorem 2.15
we obtain a measure n € P((R%)[>°)) with finite dimensional distributions given by (2.12).
Is is left to verify the Markov property (2.11). Let ¢t > 0 and By, B; € Bga, then

(€0 X e)sm (By x By) = /B P(0,y;t, By) Py(dy) = E"[P(0,7(0);t, B1),v(0) € By .

Hence, we obtain 1 (v(t) € By | o(eg)) = P(0,7(0);¢,B;). Likewise, for 0 < s < ¢ let
0<t1j<---<t,=sand B,By,...,B, € Bra be given. Then

(€4, X - X ey, Xe)yn(Br x -+ x B, x B)

— B [P(s,1(s)it, B),7(1) € By, 7(ta) € Bu).
Now, it is easy to verify that filtration F; is generated by {e; : t € S C [0, s], .S countable}
(cp. Definition 2.11).

For the uniqueness, we have to identify the finite dimensional distributions. Let n €
Markov(P, ;). Then, the initial distributions are equal, i.e. (eo)yn = Py = p. Moreover,
by the Markov property follows (e;)sn(B) = [ P(0,y;t, B)u(dy) = P,(B). Now, we can
conclude by induction again using the Markov property with s =t,

- X ey, X e)yn(By X -+ x B, X B)

etl
/ / naynat B) (etl - X etn)ﬁn(dylw"vdyn)
BiXx--XBp

=DB et (Bl -+ X B, X B).
O

Now, we can combine the above Theorem with the characterization of Theorem 2.16, to give
a condition under which n is supported on continuous trajectories, i.e. 7 is a continuous
Markov process.

Corollary 2.21. Let P(s,z;t,-) be a TPF such that for any T > 0 ezists o = ar > 0,
r=rpr>1+ar and C = Cr such that for 0 < t; <ty <T holds

sup /]y — | P(t1,y15t2,dy) < Clta — t1!1+a-
y1ER4

Then for each 1 € P(R?) exists a unique n € P(T') such that n € Markov(P, 1). Moreover,
it holds
suppn C Cyg. ([(0,00))  for 5 € (0,2).

Proof. Combine Theorem 2.20 and 2.16. U
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Example 2.22 (Wiener measure). Define the following TPF

1 2
Py(s,r;t, B) = /Bgd(t —sy—a)dy with gg(s, ) = )42 o <_%> |

(27s

Then the resulting measure from Corollary 2.21 is called Wiener measure. Especially by
choosing as initial distribution p = J, for + € R?, the resulting d-dimensional Wiener

measure is denoted by W;Ed) and satisfies for all 0 < t; < ¢
W (3(ta) € B1 7o) = [ qalta — tr.y = 2(12)
B

Moreover W@ := W?,

Exercise: Deduce that for any r > 1 exists C,. < oo such that

/|y — y1|2T Pw(ti, 1 ta, dy) < Crlta — ]

and conclude that supp W@ C C27([0, 00)) for any 8 € (0,1/2).

loc

2.5. Maximum principle and Cjy-semigroups.

Theorem 2.23 (Weak parabolic maximum principle). Let a € Cy([0,00) x R%;Sy) and
b€ Cy([0,00) x R%:RY) and set

d d
1
Li=1a:V? 4.V = 5 > aij(t, 2)00,, + Y bilt, 2)0;. (2.13)
ij=1 =1
If f € CY2([0,T] x RY) bdd. from below satisfies:
s€0,T):0sf + Lsf <0 and liminf f(s,-) >0, (2.14)

s—T

then f is non-negative. Moreover if f is in addition bounded and satisfies for some
¢, g € Cy([0,T]) and all s € [0,T)

Ouf + Lof +c(s)f > —g(s), (2.15)
then

F(s,2) < | F(T, )] exp (/T c(u) du) + /ST g(t) exp (/t c(u) du) dt. (2.16)

Proof. First assume that f satisfies

Osf+Lsf <0 for 0<s<T. (2.17)
Then if (sg, o) € [0,T) x R? is a point such that
f(s0,20) < f(s,x) forall (s,z) € [so,T) x RY, (2.18)

then it would hold
Osf(s0,0) >0, Vf(so,z0) =0 and V?f(sp,x9) >0
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Hence, in particular
(0s + Ly ) f (50, w0) = s f (50, o) + 2a(s0, z0) : V> f (0, 20) + b(S0, o) - V.f (S0, 20) > 0.

Here, we used that for two matrices A, B > 0 also A : B > 0. This is a contradiction and
hence there exists no point (sg, zo) satisfying (2.18).

Now, we define for § > 0 and ¢ > 0 the function
fse(s,2) = f(s,2) + (T — ) + 6e* ||
Then, we get the estimate
(05 + Ly) f5e = —c + de~* (tr(a(s, 2)) + 22 - b(s, z) — [z]*) < —e + 3 (||tr(a)]| + [|B]|*) -

Hence, we can choose for each & > 0: 6(g) = /2 (||tr(a)|| + ||b||2) such that (05 + Lg) fs. <
—£/2 < 0. Now, suppose fs.(s,z) < 0 for some (s, ) € [0,T)x R?. Since lim,_,7 fs5.(s,7) >
0 and f5.(s,z) — oo as |z| — oo for all s € [0, T], there has to exist a (sg,z) € [0,T) x R?
such that (2.18) holds. This contradicts (2.17). Hence, for all ¢ > 0 and 0 < 6 < §(e) holds
fs5e > 0 and therefore also f > 0 in [0,7) x R%.

Finally, f satisfies (2.15), then the following function

(s,2) — || F(T, )| — f(s,x)exp (/T c(u) du) + /STg(t) exp (- /tT c(w) du> dt

satisfies (2.14) and hence is non-negative, which translates to the estimate (2.16). O

Remark 2.24. The definition of L; seems to be ad hock. However, one can proof the following
theorem:

Let L : C®(R%) — C(R?) linear satisfying

(i) L islocal: If p(x) = 0 in B.(xg) for some & > 0 then Lyp(xy) = 0.
(ii) L satisfies the weak maximum principle: If ¢ € C*(R?) has a local maximum at xq
then Ly(zg) < 0.

Then there exists a : R — S, and b : R* — R? continuous such that L = %a :V24+0b-V.

Exercise: Proof the above theorem by the following steps:

1) For any ¢ € R follows Lc = 0.

2) For any ¢ € C*(RY) with ¢(z) = o(|x — 2°]) for some z° € R? follows Ly(z°) = 0
(Consider the function ¢.(z) = () + ¢ |z — 2°%).

3) Define b;(z) = (Lp;)(x) and a”(z) = (Lpip;)(x) = bj(x)pi(r) — bi(z)@;(x), where
@i(z) = z;. Show that a”(2°) is non-negative definite by testing with functions of the
form >, 0; - (z; — 29)? with 6 € R%.

4) Use a second order Taylor expansion of ¢ € C°°(R?) in 2° and the definition of b;(x)
and a”(x) to verify the form of L.
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Corollary 2.25 (Cy-semigroup). Let L; be given by (2.13). Assume that there exists for
any p € C®(RY) an f € CH2([0,T] x R?) N Cy([0,T] x RY) such that for any t >0

se€[0,t):0sf+Lsf =0 and lslig f(s,x) = p(z). (2.19)

Then, f is unique. The family of operators Ty := f(s,-) defines a strongly continuous
semigroup:

(i) Tyr: Co(RY) — Co(RY) is a linear non-negative contraction: ||Ts 0| < |l¢ll;
(ii) being strongly continuous lim, ,; T} s0(z) = () for all x € RY;
(111) and satisfying the semigroup property Ty, 1, = Tty 1, Tty 15 for 0 <ty < to < 3.

Moreover, there exists a TPF P such that the semigroup T, has the representation

Toup(w) = [ o) Plo. it dy)
and the TPF satisfies for some constant A > 0 only depending on a and b

/|y — | P(s,x;t,dy) < At (t — 5)?, 0<s<tandzcR (2.20)

Proof. The weak maximum principle of Theorem 2.23 implies the estimate

min p(z) < f(s,-) < maxp(x), 0<s<t,

min () < f(s,) Smaxels). 0=
which first of all implies uniqueness, since L; is a linear operator. Moreover, it proves,
that T}, is linear non-negative contraction on C2°(R?) and by density also on Cy(R?). Tt

is left to show that T} ;o € Co(R?) for ¢ € Cy(RY). It is enough to show the claim for
© € C*(RY). Therefore, construct for M > 0 the function p,; € C(R?) such that

]]'Bju(‘r) S @M(I’) S ]]‘B]\/1+1 (ZU)

Here Br = Br(0) is the euclidean ball around 0. Let fi; € (C*2 N Cy)([0,T) x RY) be the
unique solution to Osfar + Lsfar = 0 and fu(¢,+) = . Now, we construct the following
comparison function for o € R¢ and A > 0

Uuo(s,2) =€ (A(t — s) + |z — x0|2) : (2.21)
Then, it holds
050z (8, ) + Lsthuy (8, 2) = =1y, (s, 7) — At + e a: Id+e 7% 2b - (2 — x0)

< ¢t (—A— |z — xo|” + HtraHLw([O,T]XRd)
) 2
+ ||bHL°°([0,T]><]Rd) o = ol )

—s 2
< <||tr a”LOO([O,T]de) + ||b||L°°([O,T}><]Rd) - A) :
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Hence, O05ts(s, ) + Loty (s,2) < 0 for A == [[tral| pee (o 1yxmay + ||b||i°°([0,T]><IRd)' Now, by

choosing x( such that |z > 2(M + 1), it follows %@M() < 4Py, (t,-). Then, Theorem 2.23
implies for 0 < s <t

0 < fu(s,2) < —51s(5, ) for all z € R%.

In particular, it follows by choosing x = xy and still |z9| > 2 (M + 1)

A A
0 < fu(s,z) < —Qet_s (t—s) < 2et_s(t — 3)
9 ||
and therefore fi(s,-) € Cy(R?), finishing the proof of the first statement (7). 24.11.15

The continuity statement (ii) follows by considering ¢ € C°(R%). Let f be the solution
to (2.19). Then the function f,(s,x) := f(s,x)—p(x) satisfies O, f,(s, )+ Ls f,(s,2) = Lsip.
Hence, we get by (2.16)

1fo(s: )l < Lfo +/ [Lup()]| du < Clp,a,b) (t—s).
——— s

By density of C®(R¢) in Cy(R?) we get (i4).

For the semigroup property (i), let again ¢ € C°(R?) be given and set f(s,-) = Ty, 0.
Take a squence {¢,}, . such that ¢, — f(t2,-) uniformly and define f,(s, ) = Ti4,n for
0<s <ty Then f— f, € (CY2NC) ([0,t2) x RY) and O,(f — fn) + Ls(f — fu) = 0 for
0 < s < t. Moreover, by (i) follows

lim (f(s,x) - fn(sax» = f(t%x) - 9071(*75)

s—to

Thus an application of the weak maximum principle Theorem 2.23 leads to

sup || f(s,-) = fu(s, )l <N f(E2,) —en()]loo = 0 as n — 0o.

0<s<tg
Resubstituting back all definitions leads to
E1,t390 = f(t].7 ') = T}l—{lgo fn(tla ) = ’nh—>n;.10 Ttl,thDn = Ttl,tgﬂg,t;ggp
proofing (i)

Since for each 0 < s < ¢ < T and each zy € R? the mapping ¢ — Ts,p(x) is a linear
non-negative contraction on Cy(R?), there exists by the Riesz-representation theorem a
regular countably additive non-negative measure P(s, zo;t,-) on R such that

Tsrp(x0) = /go(y)P(s,a:o,t,dy) and P(s, xg,t, Rd) < 1.

It is left to show, that P(s,xq,t,RY) = 1. Therefore, let us construct for M > 0 the
function ¢y € C°(R?) such that 15, (2) < em(z) < 1g,,,, @ () and let fi be the
according solution to (2.19). Let 1), be as in the beginning of the proof (2.21). Then, it holds
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M? (1 — op(+)) < 1y (t, -) and hence by Theorem 2.23 it follows M?(1— fas(s,-)) < (s, )
for all 0 < s < ¢. This allows to estimate

P (s, 2051, Barsa(20)) = Turipur(w0) = fur(s. ) 2 1 - Lnl8i0) 5y ATHUZ9)
Hence, we get P(s,zo,t, R?) = 1.
The last statement (2.20) follows by considering the test function
Wao (5, ) = At ™5(t — 5)% + Ae™5(t — 5) |z — 20|* + €7 |z — mo[* .
Exercise:  Show, there is a choice A large enough in terms of a,b such that
OsWao (8, ) + Lswyy(s,2) <0 0<s<t.
First deduce the estimate'® Ly |z — zo|* < 6 ||tral| pe |7 — 20| +4 ||b]|3 |2 — z0o]” + |2 — 0.

Therewith, we can conclude the proof. Let {¢,},.n € C°(R%) a sequence converging

monotone to |z — m0|4, then we have by Theorem 2.23 that T 0, < wy,(s,-) forall0 < s < t.
Hence, we have

/ en(y)P(s, zo; t, dy) < Ty pp(xo) < (s, z0) = Ae'™>(t — s5)°.

U

2.6. Existence for parabolic PDEs. In the Example 2.22, we constructed the TPF
Py (s, z;t, B) from the density pw (s, z;t,y) := ga(t — s,y — ). It is easy to verify, that the
function

T
uls,z) = [ pwisaitur@)dy + [ [ pls,zit)elt.y) dya
solvesfor 0 < s < T
Osu(s, ) + Au(s,x) = —c(s, x) and  u(T,x) = ur(z).

For this reason, the density pw(s,x;t,y) is called parabolic Green function of the heat
equation or just heat kernel.

In this section, we will find a class of coefficients a, b such that the generator

d d
1 .
L= %a :V24+b-V = 2 Z a’(t,z)0; ; + E :bi(t7x)ai'
ij=1 =1

has a parabolic Green function.

The first result is a existence theorem by [10], which we state and use without proof.
Theorem 2.26 (Existence for elliptic Hélder coefficients [10]). Let a : [0,00) x R — S,
and b : [0,00) x R — R? be bounded such that for A\ >0 and 0 < v < 1 exists C' < oo:

HFor any n € N holds V2 [o]" = nlaf " (Id+(n - 2) & ® %)

||
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(i) ellipticity: (8, a(s,z)0) > a'|0]* for all 6 € R
(ii) Holder: [la(s, x) — a(t,y)[|+[b(s,z) — b(t,y)| < C(|lz —y[" + |t — s|"), where [a]| :=
supg. g1 |a].

Then the generator
Ly =1a(t,): V> +b(t,")- V
posses a unique positive parabolic Green function p(s, z;t,y):

e p is jointly continuous for each t > 0 for s € [0,t) and z,y € RY;
e and for any ur € C®(RY) and ¢ € C2([0,00) x RY) the function

u(s,x) = /p(s>:r;t7y)uT(y) dy+/sT/p(s,w;t,y)C(t,y) dy dt

satisfies for s € (0,T) and all z € R?
Osu(s,x) + Lsu(s,x) = —c(s,x) and  w(T,z) = up(x). (2.22)
Corollary 2.27. Let L; satisfy the assumptions of Theorem 2.26 and let P(s,x;t,-) be the
associated TPF (gquaranteed by Corollary 2.25). Then for any 0 < s <t and x € R? holds

P(s,z;t,B) = / p(s,z;t,y) dy, B € Bga, (2.23)
B

where p(s,x;t,y) is the parabolic Green function of Theorem 2.26. Moreover, for T > 0
and any u € Cp2([0,T) x RY) N Cy([0, T] x RY) holds

/u(T, Y)P(s,z;T,dy) —u(s,z) = / /(& + L) u(t,y)P(s,x;t,dy) dt. (2.24)

Proof. The representation (2.23) follows from (2.22) by choosing ¢ = 0. Then u solves Osu +
Lsu =0 and u(T,-) = ur(-), hence u(s,-) = Ts rur(-), which is unique by Corollary 2.25.
The formula (2.24) follows by considering

(s, x) = /u(T, y)P(s,z;T,dy) — /T/(at + L) u(t,y)P(s,x;t,dy) dt.
Then, v € C12([0,T] x R%) and it solves 951 + L = dsu+ Lgu and since ¢(T, -) = u(T, -),
we can conclude by the weak maximum principle Theorem 2.23. U
Lemma 2.28 (Off-diagonal-diagonal matrix estimate). Let a € C%*(R;Sy). Assume, that
Ay = sup{‘Dzaij(as)’ 1<4,5,<d and z€ R} < 00.
Then for all 1 <i,5,<d and x € R holds
(Da")(z)| < (2A0)F (a(x) + ¥ (x))? .
Moreover, for any s € R symmetric holds

(tr (Da)(z) s))* < 4d*Agtr (sa(z) s) . (2.25)
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Proof. If we have a non-negative function ¢ € C?*(R) with @ = sup,cp ¢”(z) < oo, then we
can estimate by Taylor

e}
0<oplx+y) <)+ ¢ (@)y+ 5@/2-

Hence, the quadratic form y — «/2y* + ¢'(x)y + ¢(z) is non-negative for y € R. Therefore,
its discriminant is strictly negative, i.e.

(¢'(2))" = 200(x) SO hence  |¢'(x)] < (20) (p(x))? .
The above estimate can be applied to
oi(z) = a“(:c) + 2a% (x) + a’’ () = (e; £ ej,a(x)(e; £ey))
%

since |@(z)| < 4A. Hence, we get |¢| < (8A0)% (px(z))2.
@ (z) = 1 (9, (1) — p_(x)), it holds

Since, we also have that
[(Da)(2)] < 3 (| (@)] + ¢ ()]) < (ho/2)? ((p4(2))? + (- ()

1 1 i .. %
< (A0)? (4 (2) + ()7 = (2A0)? (a"(x) + 0 (2))* .
To proof (2.25), we apply Cauchy-Schwarz to the rhs and then the just obtained estimate

N|=

N[

d d
(tr (Da(x)s)) < d? Z ((Daij)(x))2 (sij)2 < d*2A, Z (a'(z) + ajj(x))2 (Sij)2
d
= 4d*A Z 5907 (1)s" = 4d* Ao tr (sa(x) s) .

0

Notation 2.29 (Derivatives). We use the following notation ¢ ; = 0., as well as @ ;; = Oy, .
Moreover, Hess ¢ = (¢;)¢,_; is the Hessian. For a multiindex a = (o, ..., aq) € N, we
set || = oq + -+ - + g and define

ol
FTa e
Moreover, we define the C%"(RR¢)-norm by

(s, )™ = > [ (s, )] -

lal<n

S0(04) — D°

Theorem 2.30 (Higher regularity). Let a : [0,00) x R — Sy, b: [0,00) x R* — R and
¢:[0,00) x RY — R bounded continuous. Assume, that a € Cy""([0,00) x R?) for some
m > 2 and that b,c € C*"([0,00) x R?) for somen > 1. Given T > 0, up € C}{RY), and
g€ C™M[0,T) x RY), suppose that u € C*([0,T] x R?) satisfies

Osu + Lsu+ c(s, - )u = —g, 0<s<T, (2.26)
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with w(T, -) = urp. Moreover, if for some 0 <1 < m An,
u e CY([0,T] x R nC¥*2([0,T) x RY),
then Ogu € COY([0,T) x RY) and there exists A; and By such that
lu(s, ) < A (HUT“U) + sup |lg(t, ')||(l)> P 0<s<T.
s<t<T

The constants A; and By depend only on 1, d and the spatial derivatives of a upto order [V 2
and b, c upto order 1.

Proof. We want to conclude by finite induction over the spatial derivatives of u. In a first
step, we apply D to (2.26) with |a| < [. We obtain after using several times the product
rule and only keep the terms involving derivatives of order [ or higher

1 (G
04+ Ll £ 5 37 enalff 50+ Y cagu? =~ (227
kap=>1 B<a

where &, = a — ey, with e the kth canonical basis vector of R?. Moreover, Ca,p only
involves terms of a, b, c with spatial derivatives upto order /. In the next step, we define

w = Z (u(o‘))z.

la|=l
Note that, since Vu'® = 2u(®Vu(® and D?(u(®) = 2u(® D?u(® + 2Vu(® @ Vul®, it holds
Lyw =2 Z w® Lol + Z <Vu(a), aVu(a)> .

|ee|=l |a|=l

So, we can multiply (2.27) by 2u(® and sum over |a| = [, to arrive at

Osw + Lyw + Z Z aku(a)afiufg’“) — Z <Vu(a), aVu(a)>

la|=l kiap>1 |a|=l
123 Y @ 423wyl
la|=l B<La |ee]=1

= 0w+ Lsw+1—I11+I11I+1V =0

We want to employ the bound (2.16) from the maximum principle Theorem 2.23. Therefore,
we have to show that [ + I 4+ II1I1 4+ 1V < C(s)w + G(s). We, apply the estimate (2.25)
from Lemma 2.28 to
(aiju(éfk)>2 = (tr (a Dzu(é”@)))2 < AdPAy tr (DQU(é‘k) aDQu(é"f))
’k 17 ,k’ — k 9

with
Ay, = sup {|(0, a0)| / 10> : (s,2) € [0,00) x R%, 0 € R\ {0}}.
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Applying first Cauchy-Schwarz to I and then the above estimate, we deduce

2
(3 anianty?) <oy’ (32 at) (32 ()

kiap>1 kiap>1 kiagp>1

< (u(o‘))24d212A0 Z tr (DQU(&’“) aD2u(dk)) )

kiagp>1

where Ay = maxy, A,. Since, D*u(®) only involves derivatives also occuring in Vu(® for o
running along |a| = I, there exists a constant C; = Cy(1, d, ||a/|®) such that!2
2

Z Z apu@a ” ) <4Cyw II

lo|=l ko >1
Hence, we get using Young’s inequality 2ab < a? + b?

[—II<2(CiwID)? —II < Chw.
This leads to the estimate

osw+ Lyw+ Chw+ IIT+VI>0.

Let us continue with 1717

111 =2 Z Con (U(O‘))Q 4o Z Z Captt®@u®

loe|=l la|=l B<a
< Cow + 263/ Ju(s, )| < (G + Gy s, ) ) w - Co s, )
Likewise, we can estimate IV

l l l
1V < 2v/w |lg(s, )1 < lla(s, )@ + (s, )P w

A combination of all the estimates leads to

Ow+ Lgw + (C1 + C3 + Cylu(s, )™ + (s, )| V) w (2.28)

= (llg(s. )1 + Ca (s, ).

Now, the conclusion follows from (2.16) in Theorem 2.23 and a finite induction on [. [

For the final result, we need one more result by [10], which we again state and use without
proof.

Theorem 2.31 (Analytic elliptic regularity [10]). Let a € C°([0,00) x R%; — Sy) and
b€ C([0,0) x R4 RY) and assume a to be a-elliptic for some o > 0, i.e.

(0,a(s,2)0) > a|0]?, (s,7) €[0,00) x R* and 6 € R™

2Note: for any symmetric matrix s holds tr(sas) = s : as = Zle (si,as;), where s; are the rows of s.
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Then, for each T > 0 and up € C(RY), there exists an u € C*([0, T] x RY) N C>([0,T) x
R?) such that u(T,-) = ur and Osu + Lyu =0 for 0 < s < T.

Theorem 2.32 (Existence of Markov TPF). For diffusion matriz a € Cy*([0, 00) x R% Sy)
and vectorfield b € 05’2([0,00) x R4 RY), there exists a unique TPF P(s,z;t,-) s.t. t —
P(s,x;t, B) is Borel and for all0 < s < t, € R?, f € C1*([0,00) x R?) holds

/fty (s,z;t,dy) — f(s,z) // W + Ly) f(u,y)P(s, z;u,dy) (2.29)

Moreover, for each (s,z) € [0,00) x R? exists n** € P(I) s.t

n** ({v:v(t) =z,Vt € 0,s]}) =1 (2.30)
and
N> ((t2) € B| Fyy) = P(t1,7(t1)i t2, B) N5z~ 0-€- (2.31)
for s <ty <ty and B € Bga. In other words n** is Markov(P,,) after time s.

Proof. The proof uses an approximation of the coefficient by {a,}, .y and {b,}, o such
that

(a) an,b, € Cp°.
(b) For all n > 1 exists oy, > 0 s.t. (0, a,0) > ay, 6]
(c) Forallt>0
Sup Sup (||an(3,x) - a(s,x)“ + |bn(87m) - b(s,x)|) — 0.
s€[0,t] zeR?
(d) There exists C' < 00 s.t.
sup sup ((lan(s, )@ + ouls ) < €

nelN s€[0,00

Exercise: Show that under the assumptions on a, b such coefficients exist. Use a mollifica-
tion to satisfy (a), add some multiple of the identity to a,, for (b) and then check (c) and

().

Now, let {L}}, o be the family of generators obtained from ay,, b, and let {77, : 0 < s < ¢}
be the associated Cy-semigroups given from Corollary 2.25. Given t > 0 and ¢ € C®(R%),
set fa(s,+) = T7"¢. Then by Theorem 2.31 holds f, € C;*([0,#] x R%) N C*([0, 00) x RY),
Osfn+ LY fr=0and fu(t,-) = ¢. By Theorem 2.30, we get supy<,; || f»(s, NP <€ < oo
and hence we can pass to the limit in

lim Osfn+Lifn=0 uniformly in [0,¢) x RY.

By density, we find that for any ¢ € Co(R?): T7¢(x) converges uniformly to a limit for
(s,2) € [0,1] x R%. If, we denote this limit by T4, we find that 77, — T, strongly as
operators on Cy, especially the Cy-semigroup properties are preserved.
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Now, we prove that if P satisfying (2.29) exists, then it has to be unique. Let t > 0
and ¢ € C®(RY) and f,(s,) = T7p. Then (2.29) holds with f replaced by f,. Since
Osfn + Lsfn — 0 uniformly on [0,¢) x R? as n — oo, it holds

/SO(y)P(S,ZE;t,dy) — fu(s,z) =0 asn — oc.

Therefore, by the convergence of the semigroups
Tup = [ o) P(s.2,it.y (232
By density, the identity (2.32) holds for all ¢ € Cy(R?) and by Corollary 2.25, we conclude

by uniqueness of the semigroup.

The last step is to show the existence of the TPF P, which will be a compactness argument.
Let P,(s,r;t, B) be the TPF of the semigroup T}, from Corollary 2.25, which satisfies

/\y —z|* Py(s, z:t, dy) < AP (1 — 5)2, 0<s<t and z¢€R% (2.33)

Especially, {P.(s,z;t,-)},cn is tight and by Prokhorov relative compact for each (s, z) €
[0,00) x R? and ¢ > s. Since, by Corollary 2.25, it also holds

Tip(z) = /s@(y)Pn(sw;t,dy), ¢ € Co(R?)
! )
Tup@) = [o)Pls.itdy), o€ GRY)

where T}, — T, strongly, which then implies P, (s, z;t, -) weakly* to P, (s, x;t,-). Moreover,
this representation implies that P is a TPF and jointly measurable in s,z and t > s.
Moreover, P satisfies the same bound (2.33) as P,. Now, to show that P satisfies (2.29),
we use Corollary 2.27 applied with L™ to get P, satisfying (2.29) with P, and L™ replacing
P and L. By construction we have L" f(z) — L,f(z) uniformly in (s,z) € [0,#) x R? and
we can conclude from the weak® convergence of P, to P that (2.29) also holds for P and L.

Finally, by Corollary 2.21 exists for each (s,z) € [0,00) x R? a p** € P (C([s, 00) x R?))
being Markov(P, d,) and satisfying (2.31). By imposing (e, )yn** = 6, for all u € [0, s], we
can uniquely extend n®* € P(I") satisfying (2.30). O

3. MARTINGALE SOLUTIONS
3.1. Martingales. As we only consider continuous stochastic processes, let us specialize

the defintion of a Martingale to this setting, where we use the notation of Section 2.2.

Definition 3.1 (Martingale). Let n € P(I') and s > 0. A family {M, : I' — R}, is an
n-martingale after time s if -
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(i) Forall?>s: M, is adapted to {Fi}, g, , i.e. My is F; measruable;
(i) Forall t > s: EM[|My]] < o0
(iii) For all s <t; < ¢y holds

Ew7 [Mt2|‘E1] = Mtl n-a.s. (31)

Likewise, it is called sub-martingale or super-martingale if “=" in (3.1) is replaced by “>"
or “<”, respectively.

Remark 3.2. We can rewrite (3.1) in disintegrated form as for each 7|5, € C([s, 1]; RY)
holds

\/I‘MtQ (/y) nt1,'y|[s’t1](d7) = Mtl (’Yl[s,tl])'

Lemma 3.3. Let {M,},., be a n-submartingale after time s. Let g : R — R be convex,
non-decreasing. If g o My is m-integrable, then g o M, is n-submartingale.

Especially, if {Mt}tZS is a m-martingale or non-negative n-submartingale and for r > 1 :

|My|" is m-integrable, then |My|" is a n-submartingale.

Proof. We assume wlog. s = 0. By then Jensen inequality follows for 0 < t; < t,
EM[g(M(t2)) | Fu,] =2 g (E" [M(t2) | Fr,]) 2 g(M,).

For the second assertion, it is left to show that if M, is a martingale, then |M,| is a
submartingale. This is immediate from

E" HMI‘/2| ’ El] > |E?7 [Mt2 ’ El” = ‘Mtl"
O

Lemma 3.4. Let {M,},., be a n-submartingale after time s, then for any A > 0 and all
t > s holds -

1
n ( sup M; > )\> < —g" {Mt, sup M; > )\] (3.2)
s<u<t A s<u<t
In particular, if M, is non-negative, then
1
n ( sup M; > )\) < —E"[M,] (3.3)
s<u<t A
and for all r > 1
rq1/r
En K <0 Mt) 1 < —— B [M;)" (3.4)
s<u<t —1

Proof. Again wlog. s = 0. If is enough to show foranyn >l and 0=ty < --- <t, =t

1
n (max M, > A) < XET' (Mt,oglgél M, > )x) )

0<k<n
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Let Ag := {M;, > A} and for 1 < k <n let

0<i<k

Ay = {Mtk > X and max M;, < /\}.

Clearly A; N A; =0 for i # j and {maxo<p<n, My, } = Uj_o Ak, and Ay € Fy,. Therefore,

n 1 n
n (;ggglMtk > A) = ;W(Ak) <3 %E” (M, , Ax]

1
E"[M;, Ay] = —E" {MT, max M,;, > )\1
—~ A 0<k<n

Now, the estimate (3.3) is an immediate consequence of (3.2), if M, is non-negative. The
estimate (3.4) follows from (3.3) as follows: Let M, := supy<,<; My, then with Riemann-
Stieltjes integration and integration by parts (see also [6, Theorem 3.4, Chapter 7|)

Enm}:_/o X"dn(Mtzk):/O n (M, > A) V"

T

=rE"

< / B [M,, 7, > A] 2
0

M r —r—1
M, / Ndr| = [MtMt ]
0

r —
The conclusion follows from Hélder’s inequality

1
T

B (M| < (7 )7 (Bn (A7)

U

Lemma 3.5 (Markov martingales). Let a TPF P, s > 0 and x € R? be given. Ifn*® € P(I)
is Markov(P, d,) after time s, then for any f € C2*(R%)

t
Mtf = ft O € _/ (aufu + Lufu) © eudu,

is an n*>*-martingale after time s, where f;(x) = f(t,z).

Proof. We can calculate using the relation between n** and P

,nsym(,-)/(tQ) € B ’ ‘F-h) = P<t177<t1)7t278)



FROM FOKKER-PLANCK TO SDES AND BACK VIA THE MARTINGALE PROBLEM 31

as follows

[ A] = B e | Rl = [ @udu+ Lt ocud
- / "B (Oufu Lt o0 | B
MUAEARY RO RTTAY (35)
~ fulr(t) - / [ @t L) flu) Pt A5, dy) du

As a consequence of the weak maximum principle, we arrived at the following identity (2.24)
for a generator L; with bounded continuous coefficients a, b

/fty (s,z;t,dy) — f(s,x) //  + L) f(u,y)P(s, x;u, dy) du.
Hence, the identity (3.5) is the martingale property E7" [Mt’; | Fi,] = Mtfl. O

This observation motivates the definition:

Definition 3.6 (Martingale solution). Given a : Ry x RY — Sy, b : Ry x R — R4
measurable and L; := %at : V240, -V. Let T € (0, 00|, a probability measure n*® € P(I'r)
is called a solution to the martingale problem for L, starting from (s,z), denoted by

MPg(Ly, 0y), if
(i) normalization:

" ({y €T q(t) = 2,Vt € [0,5]}) = 1.

(ii) boundedness:

/ / (lla(t. )| + Bt (e)gr™ (dy) dt < co. (3.6)

(iii) Martingale property: For all f € C*(Ry x R%)

Mf = foe — /1t (Oufo + Luf.) o e du (3.7)

is a n®*-martingale after time s.

The martingale problem is well-posed if for any (s, z) € R, x R?, there exists a unique n*<
with the above properties.

If the starting from (s,z) is ommitted, then n € P(I'r) is just called a solution to the
martingale problem, denoted just by n € MP(L;), if n € MPq(Lt, (e9)sm), i.e. the initial
value is just implied by 7 itself.

08.12.15
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Remark 3.7. The condition (3.6) immediately follows, if a,b are bounded.

Moreover, the boundedness assumption (3.6) implies that E" HMtf ] < 00, indeed

E"[

ML) < 1 lensn ey (14 [ Gl + b)) ey ) < oo
(3.8)

3.2. Uniqueness.

Lemma 3.8. Let n € P(I'y) satisfy (3.6) and f € CY*(Ry x RY). Then, M/ defined
in (3.7) is a m-martingale after time s if and only if for all g € C), ((Rd)k) with k € N, all
0<t; <--- <t <twitht>s and all h > 0 holds

t+h
EM [(ft-‘rh O €t+h — ft O € _/ (aufu + Lufu) O €y du) go <6t1 X X etk):| =0. (39)

7

Proof. Let M} be a p-marginal, then the lhs. of (3.9) satisfies

t+h
E" |:go (6t1 X X etk) ol |:ft+hoet+h - ftoet _/ (aufu“—Lufu) Oeudu
t

— E" [go (e X - X er,) - (E" [Mtih | ]-"t] - Mtf)] —0
On the other hand, we get for by approximation of indicator functions with ¢

E" [Mg;h—M{,y(tl) € By,...,y(ty) eBk] =0 with B; € Bgafori=1,... k.

By the boundedness (3.8) of ‘Mtf , we also get

+
E" {(Mt’;h _ Mf) (1) € Br, ... (ty) € Bk]

— B {(Mtf% —Mtf)f ,(t1) € By, ..., y(t) € Bk} :

We recall that F; is generated by {e, : u € S C [0,t] countable}. Therewith, we can pass
to the limit £ — oo and obtain for all A € F;

f AT f .
B\ (M, - M) yeA| =B |(ML, - M) yea
and hence ]\/[tf a n-martingale. O

Theorem 3.9 (Uniqueness and Markov property by first marginals). Let T' > 0. If for any
n,n € P(I'r) solutions to MP(L,) holds

vt €[0,T]: (er)sm = (er)sm, (3.10)
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then the martingale problem has a unique solution and this solution satisfies the Markov
property, i.e. for anyt > s >0 and B € Bra holds

n(y(t) € Bl Fo) =n(y(t) € Ble). (3.11)

Proof. Tt is enough to identify the finite dimensional distributions. We conclude by induction
and the induction basis is just (3.10). Hence, we assume now, that for some n > 1 and all
0<s3 <---<8, <T holds (e, X - Xes,)sm = (€5, X -+ X e, )yN. Let By,...,B,, € Bgra
be given. We define the conditional measures

77(.7/751 S Bl?"wfysn S BTL)
(s, € B1,..., %, € By

and likewise for 7. Moreover, we define the shifted evaluation e" := e,,, and N/ = Mthrsn.

ns1,...,sn(.) =n (. | Vs1 € Bl: ceoy Von € Bn) =

We will check that Ntf is a n, , -martingale. Therefore, we apply Lemma 3.8 and we
observe that for any 0 <t; < --- <t <t, any g € G, ((Rd)k) and h > 0 with £ defined by

t+h
5 - (ft+sn+h o eij_h - ft+sn o efn - / (aufu + Lufu) o ein du) X
t
Xgo(efln X o Xef}j)

holds
1

EMtn [£] = E"E, € By,...,v(sp) € By]. (3.12
! [5] /’7(751 c Bl,~--773n c Bn) [6 7(81) 1 P)/(S ) ] ( )

Therefore, by an application of Lemma 3.8 with § € Cy((R?)*™™), where

n

(X1, T Y1y Yn) = g(xl,...,xk)H]IBi(yi),
i=1

follows that the rhs. of (3.12) is zero, since Mtf is a m-martingale. But, then also Ntf is
an, o -martingale. In the same way, we define n,, . and then N/ will be a Nsyooosn”
martingale by an analog argument. Now, both solutions have the same initial value, since
by construction

n(1(s1) € Bi, ..., ¥(sn-1) € Ba1,7(sn) € B, N B)
N(Vs; € Bi,..., %5, € Ba

n(y(s1) € By, ..., 7(sn-1) € Bp—1,7(sn) € B, N B)
N(Vs1 € Br,--. %5, € Ba

=Ny,,.s. (70" € B).

But, then also by the assumption (3.10) for all later time v > 0: 1, (e;" € B) =
Mgy, (€5 € B). We can especially choose u = 8,41 — s, and conclude the induction step

1 (v(s1) € Bi,...,7(8n) € Buy,V(8n41) € B) =0 (v(s1) € By, ... ,7(sn) € By, ¥(sny1) € B).

Mg, (€0" € B) =
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For the Markov property, define for some F' € F, such that n(F) > 0
E[Lrn(e | Fs)] ET[1rn(e, I | es)]
Nio.s (@) == and 7 (e) =
0s1(*) n(F) ) n(F)

If we now define for N/ := M/ 4+ with ¢ > 0, we can show by an analog argument as
before and by an application of Lemma 3.8 that Ntf is a martingale wrt. 1y 4 as well as n,.
Moreover, by the martingale property E" [M/ | F,] = M! = E" [M! | ;] and

77[0,31(‘9863):"7(68€B|F):773<6(8)GB)a

where e} = €544 is again the shifted evaluation map. Hence, both n, and n, are
solutions to the martingale problem after time s with the same initial value. Then, by the
hypothesis (3.10) follows for any ¢t > 0 and any f € Cy(R%)

Mo, (€7 € B) =, (ef € B),
which translates to
n(ews € B F,) = E"[Ipn(e] € B[ F)]
=E"[lrn(ej € B|e;)|] =n(ews € B es)
for all ¢ > 0 and all f € Cy(R,), which proves (3.11). O

3.3. Stopping times. Before starting with defining the quadratic variation, we define
stopping times.

Definition 3.10 (Stopping time). A map 7 : " — [0, 00| is called a F;-stopping time, if for
all t € [0, 0]
{r<ty={ryel:T(y) <t} eF

For a stopping time 7, the pre-r-o-algebra F, is defined by
Fr={FeF:Fn{r<t}le KR Vte|0,|}.
Lemma 3.11 (Basic properties of stopping times). Let 7, T be stopping times. Then:
(i) If T <7, then F, < Fx.

(ZZ) ‘/—"7-/\7- :‘7:70.7:.;.

(ZZZ) [ff € JT"T\/;-, then Fﬂ{T S 7~'} € Ff—.

(Z’l)) fT\/;— = O'(fT,f;—).
Proof. Exercise. O

Example 3.12 (First entrance times). Let A C R be a closed set. Then the first entrance
time 74 defined for continuous stochastic process X; : I' = R? by

TA:inf{tZOIXtEA}
is a stopping time.

Lemma 3.13. Let X, : I' = R? be a right-continuous stochastic process and T a F;-stopping
time, then X, is F.-measurable.
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Proof. Exercise. O

Theorem 3.14 (Optional stopping). Let {M;},5, be a submartingale and let 7,7 be Fi-
stopping times. Then for each A < oo

E [Mr/\A | ]:%] > Mipzpa, a.s..
If in addition
(i) T is finite a.s.,

(1)) E[|M.]] < oo, and
(ZZZ) limy_ oo & [XA,T > A] =0,

then
FE [MT ‘ .F;—] Z MT/\;-, a.s..

Proof. See [14, Theorem 1.2.5] or [3, Theorem 1.9.27]. O
15.12.15

3.4. Stochastic integrals and quadratic variation. In this section, we fix a generic
probability space (I', F, P) with filtration {F;},.
The following definition will naturally pop up in the proofs of the next results

Definition 3.15 (Local martingale). A stochastic process { M}, is called local martingale
if there exists a sequence of stopping times 7,, < 7,41 with 7,, — 00 as n — oo such that
M™ := M., is a martingale for each n.

Definition 3.16 (Variations). For n € IN and T > 0, the subdivision A, [0, 7] is defined as
AL0,T] :={(to, .-, tn) : 0<tg<---<t, <T}.

Moreover, we set

12,00, T = o dpax |the1 — til

Then, for a continuous process X;, its variation is defined by

n—1
‘X’var,T = sup Z ‘thJrl o th :
nelN:A,[0,7] F—0
Likewise, its quadratic variation is defined by
n—1
2
(X)r:= sup Z (Xppy — th)® ,

n€N:AL[0,T] =

where X®2 := X @ X € R4,

In the following, we will not make all vector-vector or matrix-vector products explicit.
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Proposition 3.17 (Stochastic integral wrt. continuous functions). Let {M;},., be a a
continuous (local) martingale and let {V;},5o be a continuous JF;-measurable process of
bounded variation. Then

t t
W(t) = / Vi, dM, = VM — Vo My — / M, dV,
0 0

s a local martingale.

Proof. Let the stopping time yx be defined such that |M7¥| and the total variation [V, ,
are bounded by N. Let us recall the definition of the Riemann-Stieltjes integral, which
leads to

t n—1
AM, = i . <M1N —M?ﬁ’).
/0 Vud \An[(l)g]l|—>0 kz:% Vtk thy1 tr

Then, for any finite n, the rhs above is a martingale by the law of total expectation on the
conditionals tq,...,t,. Moreover, we can rearrange the rhs by a simple discrete integration
by parts as

n—1 m—1
> Vi (Mg, - M) = Vi —vodg = 3wy (Vi — Vi)
k=0 k=0

Since M is bounded and V is of finite variation, we can pass to the limit in the above
formulation and the last term converges to fot M~ dVy in L' as n — oo. The result follows
by also letting N — oo. O
Lemma 3.18. Let T' > 0 and {M;}y,or be a (local) continuous martingale of finite

variation, then {M;},,or is constant, i.e. it is deterministic.

Proof. We may assume My = 0. For N > 0, let us consider the stopping time

Ty = inf{s € [0,7]: |M| > N, | M|, . > N} AT

var,s —

The stopped process (Mt )o<i<7 is @ martingale by the optional stopping Theorem 3.14
and therefore for s <t,

E UMt/\TN - MS/\TN|2] =L [|Mt/\TN|2] - b |:|MS/\TN|2:| .



FROM FOKKER-PLANCK TO SDES AND BACK VIA THE MARTINGALE PROBLEM 37

Consider now a sequence of subdivisions A, [0, 7] whose mesh tends to 0. By summing up
the above inequality on the subdivision, we obtain

2

n—1
E UMmﬂ =F UMOIQ] + Z (Mthrl/\rN - Mtk/\TN)

k=0
n—1
E (Z e MWN\)

k=0

< SUp [ Mignry = Mg, pes
k

| M]

< sup [ Mignry = Myg_ ey
k

var,T’

(. J
-~

—0 as n—o0

Hence, by letting n — 400, we get E(M?2 ) = 0. This implies M,, = 0. Letting now
N — oo, we conclude My = 0. Ul

Example 3.19. Let b : R, x R? — R? Lipschitz be given. Then define its flow for
(s,7) € Ry x R? as the solution to

Vt>s: X5(t) =bo X5%(t) and Vit <s:X%(t) =z

Let n°% = §xs=. Then n*? is the only solution to the martingale problem MP,(L?, §,) with
LY := b, - V. In particular its variation is 0.

Theorem 3.20. Let {M,;},., be a (local) continuous square integrable martingale such
that My = 0. There is a unique continuous and increasing process denoted {(M);},5, that
satisfies the following properties:

(i) (M)o=0;
(ii) The process {Mt®2 — <M>t}

150 15 @ martingale.

Moreover, for every t > 0 and for every sequence of subdivisions A,[0,t] such that
|AL[0,t]] = 0 as n — oo, the following convergence takes place in probability:

n

lim 3 (Mg - Mtzl)®2 = (M),.

n—-+00

The process {{M):},5, is called the quadratic variation process of { M},

Proof. We can assume that the martingale (M;);>¢ is bounded, because else consider the
stopped one exceeding some N and let N — oo afterwards. We prove that if A,[0,¢] is a
sequence of subdivisions of the interval [0,¢] such that |A,[0,¢]| — 0 as n — oo then the
limit

®2
lim (Mtn — My, )
n—+o0 k k—1

exists in L? and thus in probability.
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Toward this goal, we introduce some notations. If |A[0,T]| is a subdivision of the time
interval [0, 7] and if (X¢):>o is a stochastic process, then we denote

kS

—1
StA[QT}(X) = (Xti+1 - Xti)®2 + (Xt - th)®2’

where k is such that ¢, <t < {tp.q.

Il
=)

An easy computation on conditional expectations shows that if (X;);>0 is a martingale,

then the process X&2 — SP07! (X), is also a martingale for ¢t < T. Also, if A[0,7] and
A'[0,T] are two subdivisions of the time interval [0, 7], we will denote by A Vv A’[0, T the
subdivision obtained by putting together the points A[0, T] and the points of A’[0,T]. Let
now A, [0, 7] be a sequence of subdivisions of [0, 7] such that |A,[0,T]| — 0 as n — oo.

Let us show that the sequence Sﬁ "[O’T}(M ) is a Cauchy sequence in L2

Exercise: Show using the fact that the process S20T1(M) — S20TI(M) is a martingale
(as a difference of two martingales) the estimate

2
B||st0m0n - s M an]

,]1/2 07 1/2
< E[Sup (M., + M, — 2M,,)%?| } EUS?"VA”[O’T}(M)‘ } ,
k

where s; are the points of the subdivision A,, V A,[0,T] and for fixed s, we denote by ¢
the point of A,[0,T] which is the closest to s and such that ¢; < sp < t;41.

Since the martingale M is assumed to be continuous, when n, p — oo,

E {St;p ‘ <M5k+1

+ My, — 2Mtl)®2\2] — 0.

. . AnVAL[0,T] 2. : 9
Since M is bounded also £ ‘ST (M )‘ is bounded and therefore, in the L* sense

the following convergence holds

(M) = lim 37 (My — My, )™
k=1

n—oo

The process { M7 — (M)}, is seen to be a martingale because for every n and T > 0, the

process M2 — S ”[O’T](M ) is a martingale for ¢ < T'. Let us now show that the obtained
process (M) is a continuous process. From Doob’s inequality, for n,p > 0 and ¢ > 0,

2
B|[s2m 0 - s an|

2
>e | <
- - g2

P ( sup ‘StA"[O’T](M) — StA”[O’T](M)

0<t<T
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From Borel-Cantelli lemma, there exists therefore a sequence nj such that the sequence
of continuous stochastic processes <StA " [O’T](M )) almost surely uniformly converges
0<t<T
to the process ((M):)g<;<p- This proves the existence of a continuous version for (M).
Finally, to prove that (M) is increasing, it is enough to consider a an increasing sequence of
subdivisions whose mesh tends to 0. Let us now prove that (M) is the unique process such
that M®? — (M) is a martingale. Let A and A’ be two continuous and increasing stochastic
processes such that Ay = A} = 0 and such that (M?* — A,);>0 and (M* — A});>¢ are
martingales. The process (Ny)i>0 = (Ar — A})i>0 is then seen to be a martingale that has a
bounded variation. From Lemma 3.18, this implies that (/V;);>o is constant and therefore

equal to 0 due to its initial condition.

Finally, let A,[0,¢] be a sequence of subdivisions whose mesh tends to 0. We have for every

>0,
P( ZE)SP(TNSt)
+P< Ze).

This easily implies the announced convergence in probability of the quadratic variations to

Ay U

n

®2
A= 37 (Mg =)

k=1

n
N ®2
AY =37 (Mygazy = My ny )
k=1

Theorem 3.21 (L*integrals wrt. martingales). Let {M,},5, be a continuous square in-
tegrable martingale and X € L*(d(M);R?), then there exists a unique continuous square

integrable local martingale t — fot XodM; such that whenever a sequence of left-continuous
step functions X™ satisfies

Y |E U (X — X,)%: d(M>51 < 00, (3.13)
nelN 0
then
T
lim sup / (X"~ X,) - dM,| =0, (3.14)
n—)OOOStST 0

almost surely and in L*(d (M)). Moreover,

<tr—>/0th-dMs>t:/otX§2:d(M)S, (3.15)

Note, that if o € L*(d (M) ; R¥?, then (3.13) and (3.14) hold with X®? replaced by oo™

and (3.15) becomes
t t
<tl—>/ ades> :/ osol d(M),, (3.16)
0 t 0
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Theorem 3.22 (It6 formula). Let a stochastic process be given as Xy = Xo + Vi + M,
with Vo = My = 0, V; a continuous adapted process of bounded variation and M; a local
martingale, then for any f € Cp*(Ry x RY)

df(t, Xe) = O f (t, Xy) dt + V[ (£, Xy) - dXy + 1VPf(8, Xy) - A(X),
Sketch of Proof. The one-dimensional case is straightforward. First, for some n € IN take a
partition A, [0, t] and do a Taylor expansion of f to first order in time and second order in

space. Then, after rewriting of the second order term in space, one can show the convergence
towards d (M), = d (X),. O

3.5. Weak solutions to SDEs and the martingale problem.

Definition 3.23 (Weak solutions to SDEs). A stochastic differential equation with o :
R; x R* = S; and b: R. x R? — R? measurable

dXt = b(t, Xt) dt + U(t, Xt) dBt (317)

has a weak solution with initial distribution p € P(R?), it there exists continuous d-
dimensional martingales {X;},., and {B,},., such that

{B,} satisfies (B), = t1d, i.e. is a Brownian motion'?

(1)

(2) Xy has law u
(3) boundedness: [ (|o(s, X,)|> +|b(s, X)|) ds < o0, a.s. for all ¢
(4) (3.17) holds.

Lemma 3.24. Assume that {X;},5, together {B:},, is a weak solution to (3.17) and
o € Cy(Ry x R%:Sy) and b € Cy(Ry x R%:RY). Moreover, define the operator

1
L; = éaaT(t, z): V24 b(t,z)-V,
then n =law X € P(T') is a solution to MP(Ly).

Proof. By It6’s formula follows

F0X0 = £0.X0) = [ B X dus [ Vi X)axe 5 [ D x) a0,

0 0
Now, since

dX, = b(s, X,) ds + o(s, X,) - dB,,

we obtain setting f(¢t,z) = x
¢ ¢
M, =X, — Xy — / b(s, Xs)ds = / o(u, X,)dB,
0 0

Bhy Lévy’s theorem.
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and hence obtain the splitting X; = Xy + V; + M, with V; of finite variation. Moreover, M,
is a martingale by Proposition 3.17 and its quadratic variation calculates by (3.16) with

(B), = sld as

(M), = /Ot oo’ (u, X,) du.

Therewith and by rearranging the first identity of the proof, we obtain

T t
froe=fvoc— [ @ufu+ Luf)ocudu=— [ Vf(s.X,)-dM,
0 0

where the right hand side is a martingale again by Proposition 3.17. Finally the boundedness
assumption in MP(L,) is satisfied because of the pathwise boundedness assumption (3) in
Definition 3.23. U

Remark 3.25. Note, that the Brownian motion {B},,,, which seems to be essential in
defining the weak solution, does not play a role for the solution of MP(L;).

Before coming to the reverse statement, let us calculate the quadratic variation of the
martingales associated to MP(L;).

Proposition 3.26 (Quadratic variation of martingale solution). Let n € P(I') be a solution
to MP(L;). Then for f € C2(Ry xR?) the quadratic variation of the n-martingale {Mf}
after time s as defined in (3.7) is given by

t>s

t
(M), =/ (VfusauV fu) o e, du. (3.18)
Proof. For the proof, we omit oe; in the notation and we set s = 0 and omit after time s.

Now, since for all f € Cp*(Ry xR?) : M/ is a n-martingale, then also M/ “isa n-martingale.
Moreover, we set £, = 9, + L,. Then, we observe

(MJ)Q:fE—2ft/0t.cufudu+ (/Ot.cufudu>
=f3+2/0t£ufu (/:crﬂdr—ft) du

t t t
:Mtf2+/ Eufgdu—i_Q/ Eufu (/ Erfrdr_ft> du
0 0 u

Now, we use the identity

2

which shows, that

Mtf2:Mtf2_Mft tﬁuu(t_ [ tﬁrrd)d-
()<>+2/Offf/uf'ru
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It is left to show, that

/ Lo, (ft fu / ﬁﬂdr) du = / Lufu (M~ 1] du

is a martingale. Therefore, we consider for r € (0, t)

E[/Oﬁufu<Mf ) du|]—"] (/ /) Lofult |M{ = M| F| du

- / Cofu (M —MJ) du

0
The conclusion follows from Theorem 3.20. O

Theorem 3.27 (Well-posedness via the SDE). Assume for simplicity o € Cy(Ry x R%; Sy),

le Cb(]R+ >< R%; Sy) b € Co(Ry x R4 RY). Assume that n € P(T) is solution to MP(L;)
wzth L, = 500/ D2+bt V. The there exists a weak solution { Xy}, and {Bi},5, to (3.17)
in the sense of Definition 3.23 such that law X = n).

Proof. By the definition of solutions to MP(L;) follows that
ftoet—fooeo—/t(au+Lu)fuoeudu
is a m-martingale. In particular, by setting ;(x) =z, we get that
M; = e —eo—/tbuoeudu
0

is a martingale. We can use (3.18) to find its quadratic variation, i.e. set f;(z) = x; for
1 =1,...,d and hence

t
(M), = / 0.0l o e, du.
0
Now, we check that B; defined by

¢
B, = / U;T oe,dM,
0
is a Brownian motion. This is indeed that case, because of (3.16) follows
t
(B), = / o, ot oe,d(M,) =tId.
0

The boundedness (3) in Definition 3.23 is consequence of the boundedness assumption on o
and b. n

4. FROM THE FOKKER-PLANCK EQUATION TO MP VIA SUPERPOSITION

This section is mainly based on [9, 15].
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4.1. Definition and basic properties. Let us recall the form of the diffusion operator
L; and its formal adjoint for f € CV2([0,T] x RY).

Lif =3a,:V?f+b,-Vf and  Lif:=3iV*(af)) = V- (befr).

Definition 4.1 (Weak solutions to FPE). A Borel curve (1),c01) € M(R?) is a weak
solution of the Fokker-Planck equation

Oy = Ly, on (0,7) x R¢ (4.1)
if
/ / lag| + |be]) d|vy] At < o0, (4.2)
and for every f € CH* ((0,7) x R?) holds
/ [ @uft.) + Luft,0)) mtde) dt = 0 (43)
0

In the following by a solution to FPE(L;), a weak solution in the above sense is understood.

To be able to speak about initial values, we need to show some continuity properties of the
curve t — ;.

Lemma 4.2 (Weak"-continuity). Let {vi},co) be a solution of (4.1), then there exists a
unique weakly*-continuous representative {ﬁt}te 0,7) With 7y = vy for a.e. t € 0,77, i.e. it

holds for all t € [0,T] and all f € Cy([0,T] x R?)
lim [ fodvs = / fe du.
s—t
Especially, it holds for f € 05’2 ([O,T] X ]Rd) and 0 <ty <ty <T

/ft2 duy, —/ft1 duy, :/t1t2/(8tf(t,m)+Ltf(t,x))ut(dx) dt. (4.4)

Proof. Let us take f(t,z) = g(t)h(z) for some g(t) € C}([0,T]) and h € C*(R?), then (4.3)

becomes
T T
—/ g’(t)/ hdl/tdt:/ g(t)/ L:h dvy dt.
0 R 0 Rd

Therefore, the map t — 14(h) := [ hdy, weakly differentiable with distributional derivative

l/t(h) = / Lth th
R4

satisfying

52(0)] < Wl V() with  V(£) == / (4]ar] + [b) do. (4.5)
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Since v; is a solution to the FPE we get V € L'([0,T]) by (4.2). Now, let L; be the set of
the Lebesgue points of v4(h), then [0, 7]\ Ly, is a null-set. Let C C C?(R¢) be countable
dense, wrt. the usual C%-norm, subset. Then, we can define Lo := Mhee Ln, which is still a
co-null set in [0,7]. By (4.5), we find for s <t with s,t € L¢

w(h) — va(h)] < ||h||c2/ V(u) du.

Hence, by Arzela-Ascoli the curve ¢ — 1, extends uniquely to a continuous curve {ﬁt}te[o 7)
in CZ(R?)". We still have to show, that {11}, 1 Is also tight, such that the extension is

indeed a weakly*-continuous curve in P(R¢). For this, we introduce for R > 1 a smooth
cut-off function xg : RY — [0, 1] such that

1 ’ |ZE| S R 2
= h that <4 d < 4.
Xr(z) {0 el >R+ 1 such that |Vyxg| <4 an |V XR| <

Since Lyxr(x) = 0 for |z| < R, we get from (4.5) the estimate

T
vi(xr) — vs(xR)| < Ap = 4/ / (2 au] + [bul) dv du
0 R<|z|<R+1

and

00 T
ZAk—/ V(t)dt < oco.
k=1 0

Since for any s € L¢, the measure v is tight, we find for ¢ > 0 a & € IN such that
vs(xk) > 1 —¢/2 and Ay < ¢/2. This shows for all t € L¢

1 (Ben(0) = mlxw) 2 1- <.
The representation (4.4) follows in two steps. First, let us consider for a test function

fe C;’Q([O,T] x RY) with f; € C?(RY) for all t € [0,T] the function f.(t,z) := n.(t)f(t, )
with . € C2° ((t1,t2)) such that

0< 77€(t> <1, ll_{% 775(75) = ]l(tl,tz)(t)> ll_r% 77; = (5t1 - 5152 n C([O’ TD/

Then, we obtain from (

O—/ /& Nef) + Ly (nef)) duvy dt

= ["00 [0+ reyamar+ [ o) [ rana

We can pass to the limit in the last integral due to the weak* continuity of 7.
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Now, we conclude by density as follows. For R > 0, define the cutoff-function yz : R¢ —
[0,1]

1 <
XR(:C):{O li:ng such that |[Vxg| <4R™" and |VZxg| <4R7>  (4.6)

Then for f € CP*([0,T] x RY), we set fF:= ypf, € C?(R?) for all t and we can apply (4.4)
by the previous step. Moreover, we get

LtftR = (Lefe)xr + filixr + (Vfi,a:VXR)

and hence
[Fuf | < ILefil + il |Loxrl + lac V£l [V xR| < C 1L fell zqray (el + [0d]) -
By dominated convergence, (4.4) also holds for f € C,*([0,T] x R%). O

Remark 4.3. The Lemma 4.2 allows to speak about initial values, i.e. we say the ¢t — 14
solves the FPE with initial distribution 7, € P(R?), if for all ¢ € C.(R%) holds

lim gpdz/t:/gpdﬂg

t—0
Moreover, it is a straightforward application of definitions to show that solutions to the
martingale problems give rise to solutions of the FPE.
Lemma 4.4 (From MP to FPE). Letp € P(I'r) be a solution to MP(L;). Then v, == (e;)sn
is a solution to the Fokker-Planck equation (4.1).

Proof. Let f € CH2([0,T] x R?), then for any 0 < s <t < T holds by the definition of the
martingale problem (3.7)

¢
E"[poe] —E"[poes] = E" {/ Luapoeudu}.

By the definition of the pushforward and setting s = 0 and ¢t = T', we get (4.1). Moreover,
the boundedness assumption (3.6) directly translates to (4.2). O

We want to show the converse statement, i.e. every solution of the FPE gives rise to a
solution to MP. We will do this in several steps with weaker and weaker assumptions on
the coefficients.

4.2. Superposition for bounded smooth coefficients. The base case are bounded
smooth coefficients. In detail, smooth means that the a and b have two spatial derivative,
which are bounded uniformly on R%. In time, we only need a L' type bound, i.e.

T
/ oz, + 1Bellgaqgee A < 00. (4.7)
0
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The a priori estimates, which we obtained from the maximum principle Theorem 2.23 are
valid under this slightly weaker assumption on the coefficient. Indeed, by revising the proof
of Theorem 2.30, one can show

Corollary 4.5 (Quantitative a priori estimate). Let f € C*([0,T] x R%), f € CZ(R?) and
g € C>([0,T] x RY) such that

Osf(s,2) + Lof(s,x) = g(s,x) for (s,x) € (0,T) x R* and lim f(s,z) = f(z),

t—T

then there exists a constant C' only depending on d such that

T
711(2
sup || £ < € (HfH( "+ Tsup Hgt|\‘2>) exp ( / (Il ™+ 10 ®) dt + T sup Hgtu@) :
t€[0,T 0<t<T 0 0<t<T

(4.8)
where || f|® = sup,cga max {| ()|, |V f(x)] , |V2f (2)]}.

Proof. Tracking back all the constants occurring in the final estimate (2.28) of the proof of
Theorem 2.30, shows that C, Cy and Cj can be estimated by C (1 + [las]|© + HbsH(l)) with

C a combinatorial factor depending only on d and [. Then, a finite induction with [ = 1,2
and an application the bound (2.16) from the weak maximum principle Theorem 2.23
shows (4.8). O

Theorem 4.6 (Uniqueness). Let a : [0,7] x R* — Sy and b : [0,T] x RY — R? be Borel
maps satisfying

T
/ lacllczpy + 1bell g2y dt < 00, for every bounded open B C RY. (4.9)
0

Let {vi},ciomy C M(R?) is a weakly*-continuous solution to FPE (4.1). If vy < 0 then

vy <0 for allt € [0,T]. Thus, for any v € M(R?) exists at most one weakly"-continuous
solution {vi},co ) with vo = 0.

Proof. Let g € C*°(]0,T] x R?) with g > 0. It is enough to show that fOngt dy, dt < 0.
Fix R > 1 large enough such that supp g C Bg(0). Then, let xg be the cut-off function
from (4.6). Therewith, set af* = axp and b® = by, then (4.9) becomes (4.7). Since L, is a
local operator, we have that L,f = LEf on (0,T) x Bg(0) for any f € Cp*((0,T) x R%).
For ¢ > 0 let a®** and b be a space-time mollification of a® and b¥, respectively. Let
L®¢ be the associated diffusion operator, which now has smooth coefficients satisfying (4.7)
uniformly in €. Let f#¢ be the solution to

R Re Re
oLy + Lify" =g, =0,

which by the weak maximum principle is non-negative since g is non-negative. Moreover,
we can take fIyp as a test function in the weak formulation (4.3). Therewith and by
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noting that ¢ <0 as well as 1y < 0, we can calculate

T
02— [ fonan= [ [ (aduff+ 1 (5) ) anar
0
T
= / / (XRQ - XRLf’g tR’e + Ly (ftR’EXR>> dv, dt
0

T
= / / (XR LR€ fe + L f, ) + ftR’sLtXR + <VftR’€,aVXR>> dy, dt
0

T
2/ /gdutdt
0

— sup
t€[0,T]

@Rd/ /im € —a| + o™ = b]) + | Lexa| + lal [Vxg]) dlve dt.

t

Letting € — 0: Since a” = a and b" = b on Bg(0) and sup,¢(o ‘ is uniformly

R7
£

C2 (R4
bounded in ¢ by (4.8), the second integral converges to

/ / |Lixr| + lal [Vxg|) d|lv| dt < —/ / lag| + [b¢]) dvy dt.

The conclusion follows from the boundedness assumption by letting R — co. U

Theorem 4.7 (Well-posedness via the FPE). Let a : [0,T] x R? — Sq and b : [0, T] x R —
R? be Borel maps satisfying (4.7). Then, for every v € P(R?), there exists n € P(RY)
solving MP (L) with coefficients a,b such that (eo)ym = v.

Proof. The proof follows along the very same lines as the proof of Theorem 2.32. We, first
consider a® and 0 as space-time mollifications of the coefficients a, b, respectively such that

(a) a®,b° € Cy°
(b) (0, a%0) > o |0)?
(c) fOT SUp,epa (|a°(t, z) — a(t, z)| + [b°(t,z) — b(t,z)|)dt = 0ase — 0
(d)
T
/0 laz || c2ray + 1167 | o2 (gay At < 00 uniformly in e.

Now, using the improved a priori estimate (4.8), instead of the one from Theorem 2.30, we
can redo the proof of of Theorem 2.20 to obtain a TPF P, which by Lemma 3.5 gives rise
to a solution to the martingale problem. O

Theorem 4.8 (Superposition for bounded smooth coefficients). Let a : [0,T] x R¢ — S
and b:[0,T] x RY — R¢ be Borel maps satisfying (4.9). Then, the superposition principle
holds for every solution {vi},co C P(RY) of FPE(L,), i.e. there exists n € P(I'r) solving
MP(L;) such that vy = (e;)ym.

12.01.16
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Proof. By Lemma 4.2, we find a unique weakly*-continuous representative 74, which provides
a initial value 5. Then by Theorem 4.7, we get a solution n € P(R?) to MP(L,) starting
from 7. Moreover, by Lemma 4.4 follows that (e;)¢n is a solution to FPE(L;) starting from
V. The conclusion follows from the uniqueness Theorem 4.6. U

4.3. Approximation methods for coefficients.

Lemma 4.9 (Push forward of generator). Let L; := 1a; : V2+b,-V, let 7 € C*(R% R?) with
uniformly bounded first and second derivatives and let (v4)icpo,r) be a solution to FPE(Ly).
Define the push-forward coefficients by

dry ((V7', a0,V 7, 1))

dmyvy

m(a) () == E™ (Vr', V) |n=z] =

()

and

_ dmy (Ly(7") 1)

dmyvy

m(b)i(x) := B [Lt(ﬂ'i) | = 93} (x).

Then m(L), := 3m(a), : V> +7(b), - V is a diffusion operator on RY and myv := (myvy)seion
is a solution of FPE(m (L)), i.e. Oymyry = w(L); 1.

Proof. Let’s consider the weak formulation of FPE(L;) for any ¢ € CH2([0,T] x R¢) we
have that ¢; o 7 is again an admissible testfunction and we have

1 i i 1 i j
Ly (prom) = 5;&%0# (a : D?r —l—b'Vﬂ') + 5;3@1%07 <V7T 7CLV7TJ>
Therewith, we get

T T
0= / / (Opprom+ Li(prom))dy dt = / / (Orpr + m(L)py) dmyry dt.
0 0

The boundedness follows similar by using the boundedness of ¢ in C?(R¢; R9). O

Lemma 4.10 (Mollification by convolutions). Let L; := ta; : V2 + b, -V, let p € P(R?)
be smooth and let (vt),co ) be a solution to FPE(L:). Therewith, define the mollified
coefficients a” and b” as

d (bvy) % p

Py —
(CZ )t : th *p
Then, (vi * p)icor) is a solution of FPE(LY) with L == 1a} : V2 + b} - V.

d(avy) * p

and (b°), := (4.10)

duvy * p

Proof. Let f € C,*([0,T] x R?) be a test function, then since gradients and convolutions
commute, we get

G [rawen=[aspiw=—[LiGpav=—[rrawe.



FROM FOKKER-PLANCK TO SDES AND BACK VIA THE MARTINGALE PROBLEM 49

Lemma 4.11 (Regularity of mollified measures). Let p be a smooth probability density on
R with p > 0 and |Vip| < Cp fori € {1,...,k} and some C > 0. Let u,v € MT(R?) be
a non-negative Borel measure on R? with < v. Then pu* p < v * p and

dpp .y Lole —y) mdy)
dv * p [ p(z —y) v(dz)

Moreover, for any convez lsc. © : R — [0, 00] holds

dp = p dp
< — . .
/@(dy*p)du*p_/@<dy>du (4.11)

In particular for (pu)cpr C MT(R?) a Borel curve and ()sepor C P(RY) a weak*
continuous curve such that p, < vy for every t € (0,7 it holds in addition

RS z € CH(RY).

du*p
dv * p

< oo for any bounded B C R". (4.12)
C*(B)

sup
t€[0,T]

Proof. The regularity properties are straightforward to proof and left as Exercise. For the
proof of (4.11), we note that ¥ : R — R, defined by ¥(a,b) = ©(a/b)b is jointly convex

and 1-homogeneous. Now, for a 1-homogeneous convex function, the following form of
Jensen’s inequality is true for any measure m € M (R?)

v (/fdm,/gdm) < [¥(rg)dm

Therewith, we can estimate

0 (L)) vxpto) = [ Letwiote = shwta. [ oo = ywtan))
< /‘If (j—ﬁ(y), 1> p(z = y)v(dy)

~ e (j—fj@)) ol — yw(dy).

An integration in z gives the desired result. O

4.4. Tightness. We will now show that the statement of Kolmogorov’s continuity Theo-
rem 2.16 about Holder continuity of the canonical process can translated to martingales.
The crucial ingredient are Burkholder-Davis-Gundy inequalities.

Theorem 4.12 (Burkholder-Davis-Gundy inequality [13, Theorem 42.1|). Let © : R, —
[0, 00] be of moderate growth, i.e. there exists a > 1 such that

su Olar) < o0

w0 O(z)
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Then, there exist universal constants cg, Co, such that for any continuous local martingale

T o ()] = mons <cusfo (o))

where M} = supgc;op | My|.

The basic function of moderate growth are power function z +— x? for any p > 0.

Theorem 4.13. Let 0,01,0, : Ry — R, be function with ©1, 0, monotone increasing,
convez, lsc.,

lim 0(z) = lim Oi(x) = lim () =00 (4.13)

T—00 T—00 x T—00 x
and Oy is of moderate growth . Then, there exists some coercive'® function ¥ : C ([0, T]; R) —
[0, +00] such that for any progressively measurable processes @, «, 5 on a filtered probability

space (Q, () oy ,]P) such that
t t
[O,T]BtHMt::got—/Bsds, and [O,T]BtHMf—/ans
0 0
are P-a.s. continuous local martingales, it holds

E[¥(p)] <E {9(900) +/0 (©1([Bs]) + ©2 (Iasl))dS} : (4.14)

Proof. For a paths v',v* € C ([0,T];R) we denote by 7' + 4% the path obtained by a
pointwise sum. We will prove, that there exists ¥; and ¥, depending on ©; and O,
respectively, such that U defined by

U(y) =0 (o) + | inf (W2(7) + ¥2(7")) (4.15)

=y
satisfies the statement of the theorem.
For e > 0, let K; = K;(¢) € N, i = 1,2 be the smallest integer such that for some o > 0
O, (eK,/T) S 1 O, (62K, /T) S 1
K,/T  ~ ¢° Ky)T  — &’
which existence is ensured by (4.13). For the sage of notation, we also introduce 9, := T/ K;
for i = 1,2. Therewith, we can define the events

and (4.16)

Ai(e) = {’Y € C([0,T];R) : sup sup Vs — Vae-1)| < e} :
k=1,..., K; SE[éi(k—l),5ik]

Moreover, we set for some Cy, > 0, ¢ = 1,2 to be determined

Ui(7) = Cu, D (m+ 1) La,-mye(y)-

m>0

Ythe sub-level sets {¥ < t} are pre-compact
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Then, whenever V;(y) < m it holds v € A; (27") for every n > m. Therewith, we define
U via (4.15). Now, for the coercivity of ¥ let v € {¥ < m}, then we can decompose
v = ! +~? such that 4% has the following modulus of continuity

wim(h) == sup |y, — 7| <2inf inf sup Vs — Vos(h—
(#) z,y€[0,T] g o nzmk=1,.., Ki(Q_n)se[5i(k71),min{6ik,6i(k71)+h}]| Tt 1)|
lz—y|<h
2-(n=1) he [8 (27D 6, (27)) with n >
< RE[R(T) 6, (27) withnzm, .
K (27m) 270 h > 6, (27™).

Therewith, we can conclude by the Arzela-Ascoli Theorem, that {¥ < m} is pre-compact
in C'([0,7]; R) and hence ¥ coercive.

Now, we want to show the estimate (4.14). Therefore, we observe that since M, is a
martingale by assumption, we can conclude from Theorem 3.20 that its quadratic variation
process is t — fg asds. Let us define } := fg Bsds and 42 := M;, then we can estimate

E[W¥(p)] by
E[U(¢)] < E [0(¢0) + ¥1(7") + Ua(7%)]

E
E0(po)] + Y _(m+1) (Ca,P (v & A1 (277)) + Cu,P (7! € A1 (277)))

m>0

IN

Now, we have for ¢ = 1,2 and writing e =27

P (71 ¢ A; (5)) =P ( _sup ('yz)z > 6) < P (('yl)z > 5) ,

where (Wi)/: = SUPs¢[5;(k—1),6:k] 7§ - 7@(1%1)‘-

In the case i = 1, we have |y} —~}| < ['|,|dr and hence by Markov’s
K, TR Kie
1\ * 1 1
P«vh>dSP(f/ 8ol > 222

T(k—1)/K1
c_
=6 (5)

K Tk/K1
El|6, | = / |8,| dr
7 T Jrg-1)/m

Tk/K1
/ 0. (15,]) dr] , (4.18)

T(k—1)/K,

<eFE

where the last estimate follows from Jensen’s inequality and the choice of Kj.

Now, the case ¢ = 2. The first estimate is again by Markov’s inequality

P (M; > ¢) = P (Ko /T (M})* > e2K2/T) < E [0, (M})* Ko/T)] .

1
@2 <€2K2/T)
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The rhs. is in a form to which we can apply the Burkholder-Davis-Gundy inequality.
Indeed, we can use [0,7/Ks] 3 s — \/K/T M, —1yr/k, as martingale and observe that
T — Oy(2?) is also of moderate growth. Therewith, we can estimate

K. Tk/K2
Ce, E |6, —2/ || dr
T Jrg-1)/Ks

= 0, (22K T)
Tk/K>
/ O3 (la|) dr] . (4.19)

T(k—1)/Ko

P (M} > ¢)

S C@ze’faE

Now, we can conclude

B[ (p) < B8 (o) + 3 (m+ 127 (c%E [ [ 1ens dr}

m>0
T
+ Co,Cy, F [/ |02 ()] dr})
0

from where the thesis follows by suitable choice of C'y, and Cy,. g

Corollary 4.14 (Holder continuity). In the setting of Theorem 4.13, let ©1(x) = |z|™*
and Oy(x) = |z, for p1,p2 € (1,00). Then for any r > 0 with r < r(p1,pa) =

}, then it holds

P (limsup sup M = 0) =1.

ho jeosi<h [t—s]"

min{l1—-2+ 1(1-1
1’2 D2

Hence p € C%([0,T];R) for P-a.e. .

Proof. The necessary conditions (4.16) from the proof of Theorem 4.13 become by abbrevi-
ating §; = T/ K; for any o > 0

'l ro1
(6/51)p1 51 Z 5—0 and (62/52)p1 52 Z 8_‘7
This leads to the conditions

p1to 2p2+o

01 <eri-1 and 0y < egr2-t

for which 6; = 6y = er with r < r(p1, p2) is sufficient for o small enough.

Now, from the estimates (4.18) and (4.19), we deduce
> PR <Y 2ME { / A ds} < o0
m=0 m=0

and ) P(A(27")) <Y 27"E { / |, |72 ds} < 00,
m=0

m=0
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By the Borel-Cantelli-Lemma there exists P-a.s. an m > 0 such that the curve (¢;)tejo,n

can be decomposed into v! and 72 having the modulus of continuity w;, defined in (4.17).

Hence, we deduced a Holder estimate with finite norm. But since, we can choose r slightly
larger, we deduce the conclusion. U

Corollary 4.15 (Bound for MP(L;)). Let L, := 3a, : V4 b, - V with a,b Borel maps and
let n € P(I'r) be a solution of MP(L;). Then in the setting of Theorem /.13 holds for any
feCy?([0,T] x RY)

/ W (f,) dn, < / 0 (| fol) dipo + / / (O1 (Lefil) + O (Y fr. 0,V £)) dn dt.
where n; := (e4)m.

Proof. Since n is a solution to MP(L;), we have that M, := f,oe,— fOT L, f,ds is p-martingale
by definition. Moreover M?— fOT (V fi, a;V f¢) dt is a p-martingale by Proposition 3.26. Then,
the conclusion follows from Theorem 4.13 by setting s := |Lsfs| and ag := (V fs, asV fs).

U

4.5. Limit. For this subsection, we assume that we already have constructed a family
of probability measures ™ € P(I'r) obtained from the superposition principle for a
suitable approximating sequence v™ solving FPE(L}) for some generator L™ with coefficients
converging to the one of L. Moreover, we assume that this family {n"} has some limit
point n € P(I'r).

The question remains how to pass to the limit in the martingale formulation for n™, which
is not direct, since the limit is taken in the weak formulation and involves the coefficients
not necessarily continuous. Therefore, let us recall: n € P(I'r) is a solution to MP(L;) if
and only if for all s,t € [0,7] with s <t and all f € C*? ([0,T] x R?) with || f]|o1. <1

/(ftoet—fsoes—/:(ar—i—Lr)fToerdr) dn =0.

The same identity holds for ™ and L}. Hence, we have to show the limit

t t
// Lf}froerdrdn"—// L.f,oe,drdp — 0 as n — 0o. (4.20)

Lemma 4.16 (Limits for push-forward approximation). Let v be a solution to FPE(L,)
with coefficient a; and b;. Let 7" € CZ(R% R?) such that 7" (x) — x uniformly in x such
that for all x € R? locally uniformly in n

Dr"(z) — Id; D*n™(z) =0 and |D'n"(z)| < C for some C >0 and i € {1,2}.
Let v* = miv", and assume m"™ to be a superposition solution for v" with generator

LY :=7"(L), from Lemma 4.9. Then any weak® limit point n is a superposition of v solving

MP(L,).

19.01.16
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Proof. Let a and b some continuous compactly supported coefficients to be chosen later and
denote by L; the according generator. Then by (4.20), it is enough to show

hmsup/\Lgf—Zf\dyu/\/;f—iﬂdw. (4.21)

n—0o0

Here, we used that since n is weak™ limit point of ", the pushforward measure v* = (e;)yn"
also weakly™ converge to v = (e;)yn. Moreover, since Lf € C,([0,T] x R?), we also have
[Lfdv" — [ Lfdv.

By the definition of 7" (L) from Lemma 4.9 and applying the push-forward, we get
/ |7"(L)f — Lf| dnjv = / |E” [L(fom)|x]— (Lf)on|dv.
Since L " is a sole function of 7" alone, we can rewrite and estimate
/}E" (for™) | n"] — (Lf)own\du:/\E" [L(for™)— (Lf)om | n"]|dv
/]L for™) = (Lf)on"|dy,

where we used that conditional expectation is reducing the L!(v)-norm. Now, by explicitly
writing down the difference and neglect for a moment the n for the sake of notation

—_

L(fom) — (Lf)or==> ((Vr',aVal)—a”or) (0;f) o

ij—l

+Z ) = o) (Bif) o

[\

Therewith, we deduce the following estimate by using the convergence assumptions on 7

limsup/ |7™(L)f — Lf|dr} f < HfHC12/ (% la —al + ’b—b’) dv.

n—oo

It is clear that the same bound applies to the second term in (4.21) and hence, we can
conclude the statement by density of continuous compactly supported function in L'(v). O

Lemma 4.17 (Limits for mollifications). Let v be a solution to FPE(L,) with coefficient

a; and by. Let p* € P(R?) be with smooth density and p" > 0 such that p™(x)dx = d
as n — oo. Let v = v« p" and L™ be the operator with coefficients as in (4.10) from
Lemma 4.10. If " is a superposition for v™ solving MP(L}), then any weak® limit point n
is a superposition of v solving MP(Ly).

Proof. We use the same strategy as in the proof of Lemma 4.16. We introduce some contin-
uous compactly supported coefficients a and b having modulus function @, i.e. satisfying

b(z) —bly)| <w(xz—y).

max |a(z) — a(y)|,
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Moreover, we introduce their mollifications

d (av * p" d (bv % p"
—(al/_*p ) and —( Vikp )
dv x pn dv * p»

=N .__

and denote the according generators by L and L™, respectively. Therewith, we can estimate

/’I_/nf—Zf’an < HfHCI’Q (/lan _a’dlj”—l—/lbn —b’dyn)

= lens [ 16750 (2) = (o) (2 ) ()] o
Slens [ 160 507) @)= 5) 005 7) ()]

<2fllens [ [ty =)ty =) ) v (a)

=2[fllens [ @d5" = 2] lcr2 5(0) =0

Therefore, we can conclude

limsup/|L”f—Ef|d1/”zlimsup/|L"—[_/”f‘dun
n—oo

n—oo

< limsup/ (Ja™ =@ + [b™ = b"]) dv"

n—oo
§/(|a—a|+ 1b—3]) dv.
Hence, we can again conclude by density for continuous compactly supported functions in
L'(v). d
4.6. Superposition principle.
Lemma 4.18 (de la Valleé-Poussin [4]). Let v be a positive Borel measure on (0,00) and

f € LY(u) non-negative. Then, there exists ¢ : [0,00) — [0, 00) increasing with ¢(y) — oo
as y — oo and

| ola) s utae) < .
0
Moreover, there exists ® : [0,00) — [0,00) increasing with lim,_,., ®(y)/y = oo such that
| o) ) < o
0

The function ® can be chosen such that ®(0) =0, & € C* and strictly convex.
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Theorem 4.19 (Superposition principle). Let v = Do) C P(RY) be a weakly*-contin-
uous solution®® to FPE(L;). Then, there exists § € P(I'r) solving MP(L;) such that for
every t € [0,T, it holds (e;)ym = v4.

Proof. The starting point is the superposition principle as proven for smooth coefficients in
Theorem 4.8. From there, we will generalize it to bounded, locally bounded and general
coefficients. Each case, will take the three steps we prepared: Approximation of coefficients
providing existence, tightness of martingales providing limits points and finally taking the
limit in the martingale problem.

Case I: Bounded coefficients. Let us assume, that a,b are bounded in L; L2, i.e.

T
/ sup (|a(t, )| + [b(t, 2)]) dt < oo. (4.22)
0 zcR4
We use as a convolution kernel p(z) = aexp (— 1+ |ZL‘|2> with a a normalization constant.

For e € (0,1), we set p°(z) := e"p(x/e) and find the bounds | D?pps| < Ce™2p° fori € {1,2}
and C'is an absolute constant. The mollified density v° = v*p® is by Lemma 4.10 a solution
to FPE(L$) with L§ having coefficients a, b° from (4.10). The coefficients a®, b° satisfy (4.7)
by (4.12) in Lemma 4.11. Hence, we obtain existence of a superposition solution n° € P(I'r)
by Theorem 4.8.

By construction we have that v converges weakly* to 14 and is in particular uniformly
tight. Therefore, we find by the de la Valleé-Poussin Lemma 4.18 an increasing function
0 : R — R with lim, ., 6(z) = oo such that sup.., [0 (|z]) dv§ < 1.

For R > 1, let xg : R? — [0, 1] the cut-off from (4.6) and denote with z%(z) := z;xr(x) €
CZ(R?) for i =1,...,d. Then for any fixed p € (1,00) let ©1(z) = O(x) = |x|’. Then, we
can apply Corollary 4.15 and obtain a coercive functional ¥ : C' ([0, T]; R) — [0, 00| such
that

T
/\If(x}%oy)na(dfy) < /0 (’xﬁ%‘) d(eo)ﬁn‘f#—/ (|L§x§%‘p + ]<V:EZR,CL§VQ7}%>|‘D) d(es)ym® dt.
0
Now, by construction |Vak|| . < C uniformly and ||V2z%|| < C/R. Therewith, we can

let R — oo and obtain using the lower semicontinuity of ¥, Fatou’s lemma and dominated
convergence, the bound

T ..
Jvem@n < o uian + [ (l0l + @) vita) a
Now, by the smoothing inequality (4.11) follows

/\Il(vi)na(d'y) <1+ / <‘bﬂp + !ai’i p) v (dz) dt < 0.

5¢his is no restriction by Lemma 4.2
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So tightness follows since ~ — Z?Zl U (4") is coercive on I'y. Hence, in particular, we find
weak* limit points of n° in P(T'r).

Now, the case of bounded coefficients satisfying (4.22) is settled by an application of
Lemma 4.17.

Case 1I: Locally bounded coefficients. We generalize the coefficient to only be locally bounded

T
/ sup [|a(t, )| + |b(t,x)|]dt < co,  for every bounded Borell B C R% (4.23)
0

r€EB
For the approximation step, we use the following push-forward. Let M > 1, x,s again the
cut-off function from (4.6). Therewith, define my/(z) = 2xar(z). Then, by Lemma 4.9, we
have

7)) = B (L)l =] < Imulles s (ale)] + ) < o0

(@) (x) = B [(V7hy, aiVm) | 7 = o) < [lmalea s |a(z)] < oo
z|<2M
Hence, the push-forwarded coefficients are bounded and we find a superposition n*

For the tightness, we can again use 6 as before, since 1}/ is uniformly tight. For the

construction of ©1,0,, we have to rely on the de la Valleé-Poussin Lemma 4.18 which
improves the integral bound (4.2) to

// (o) + © (Jac])) dvs it < oo,

for some convex © having superlinear growth in the sense of (4.13) from Theorem 4.13.
The moderate growth assumption of © can be easily satisfied by a slightly worsen function.
Then, by the same reasomng as before but using ©; = ©, = O instead of the pth power,
we conclude tightness of n

The limit in the martingale problem follows now from Lemma 4.16.

Case III: General coefficients. The only observation, which we need to conclude this step,
is that after a convolution of a solution v of FPE(L;) with p° from the Case I, we obtain
some v° with coefficients of the form (4.10), which satisfies by (4.12) from Lemma 4.11 the
locally bounded estimate (4.23) of Case II and moreover preserve the bound (4.2) by (4.11)

//]%H—]b6 dytdt</ / la| + |be]) dv dt < o0.

The tightness follows as in Case II and the limit is taken again by Lemma 4.17.

26.01.16
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4.7. Energy estimate and renormalized solutions for FPE.

4.7.1. Heuristics and idea. In this section we prepare the well-posedness for solutions
() o,y of FPE(Ly) with coefficient in some suitable Sobolev space. The main ingredient
will be estimates for the Lebesgue density u;(z)dz = v4(dx). Therefore, for a function
B € C*(R;R) the equation satisfied by ¢ — [ S(u;)dx is derived. The goal is to derive
suitable Gronwall estimates, i.e. for x — |z|" for some r > 1. This will lead to uniqueness
results in suitable Lebesgue spaces. This idea goes back to [5]. Let us start with the smooth
case, where this calculation becomes transparent.

Lemma 4.20. Assume a,b € Cy*([0,T] x RY). Then, for any 8 € C*(R;R) and any
foue Cy? ([0,7] x RY) holds

d " (uy
E/ftﬁ(ut(m)) da _/(atft + Ly fy) Blug(x)) dz — /ftﬁ (2U) (Vug, a;Vuy) do (1.24)
- /ft (6" (we)ue = B(uy)) (div Ly) da,
where
divL:=V-b—1V*:a.
In particular if 5(0) =0 and B is convez, then
/ Bun(z)) dz < / (8 (u)us — B(ur)) (div L) du, (4.25)

where (a)_ = max {a, 0} is the negative part.

Proof. For the proof we neglect the subscript t. From the chain rule, we get &3(u) =
B'(u)L*u. Let us investigate first investigate only the drift part

B(w)V - (bu) = B'(w)u V- b+ ' (w) b- Vu= V- (b(w)) + (5 (w)u — B(u)) V - b.

For the diffusion part, we use the identities
d
VZ:(au) =V - (aVu) + V- (uV-a) with (V-a),= Zajam.

Therewith, we can calculate
B()V? : (au) = B'(u) (V - (V) + V - (u¥ - a))
= 8wV - (aVu) + V- (B(w)V - a) + (5 (w)u — B(u)) V* : a
— V- (aVB(u)) — B (u) (Vu,aVu) + ¥ - (B)V - a) + (8 (u)u — B(u)) V2 : a
=V?: (aB(u)) — B"(u) (Vu,aVu) + (B (u)u — B(u)) V? : a
So in total, we arrive at the identity

O B(u) = L*B(u) — 28" (u) (Vu,aVu) — (8'(w)u — S(u)) div L.
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Multiplying by f and integrating by parts leads to (4.24). The second claim, follows by
noting that with 5 convex also '(u)u — f(u) > 0 and choosing f = 1. O

Definition 4.21 (Renormalized solution). Let a : [0,7] x RY — Sy, b: [0,T] x R — R?
be such that

b,V-be Ll ([0,7T]xRY) and a,V-a,V?:a€ L, ([0,7] x RY).
Let u € LS, ([0,7] x R?) be a solution of FPE(L) then u is a renormalized solution if for

loc

any convex € C*(R;R) and any non-negative f € C,'*([0, 7] x R?) holds

G [t s < [ @t Lef) Blunta)) do — [ £ (8 e — B (div L) da,

(4.26)
Lemma 4.22 (Comparison principle). Assume, that for some p,q € [1, 0] holds
a b
—— c L} IP, € LiL!
1+ |z 14z

(divL)_ € Ly, ([0,T] x RY).

Assume, that any solution u of FPE(L) is renormalized, then the comparison principle
holds: If u,v are solutions and uy < vy then u; < vy.

In particular, solutions, if they exist, are unique.

Proof. Approximate (a), by f.(s) = 3 (\/ s2+e?2+s— 5) and use a spatial cutoff yg for f
in (4.26) pass to the limit by first letting € — 0 and then R — oo. See |9, Lemma 4.10]. O

The above Lemma shows that renormalized solutions lead to a solution concept, which
allows us to use the chain rule and deduce a priori estimates by suitable Gronwall estimates.
For brevity, we restrict directly to the validity of (4.26) for the choices x — |z|", which
suffices to proof uniqueness for FPE(L).

4.7.2. Sobolev spaces and heat semigroup. For p,q € [1, 00|, the space W,"P(L) c LP(LY)
is defined as the space of all u € LY(L%), which have distributional derivative dyu, which is
represented as the unique function g € LY (L%) such that

T T
/ Oufy uydw dt = —/ /ftgt dz dt, for all f € CY*([0,T] x RY).
0 Rd 0

The space becomes a Banach space with the norm ||“||Lng + ||0tu||Lng-

Lemma 4.23 (Density and chain-rule). The functional space C,” ([0, 7] x R?) is dense
in WHP(L2) for all p,q < oo. Moreover, for any § € C}(R), f € Cp* ([0,T] x RY) and
w e W,"P(L9) holds

O (fB(u)) = OufB(u) + fB'(u)Oru.
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Proof. Let p € C°(R), non-negative, support in [—1,1] and [p = 1. For ¢ > 0, let
0° = e p(zet). Therewith, let u® = p° x u with u extended constantly to the right and
left. We will first show with

o = p° * Oy,

where « is the weak derivative.

Oyu’(t /@p (t —s)u(s)ds = /(85p5(t—s))u(s) ds
— [t = 90u(s) ds = (7 0 (1)

Now, we use the standard result on convolution, that for any f € L? with p € [1,00) it
holds p° * f — f in L

loc*

The chain rule follows by similar arguments. So first, we have

|8(u) = Bu?)] < [|Bller lu— v
Similarly, since 4" is bounded, we get §'(u®)0;u® — f’'(u)dyu by dominated convergence. [

Any u € W}?)(L%) has an absolutely continuous representative and in particular we have
traces for all ¢t € [0, 77, i.e. the mapping ¢ — wu; is linear and continuous from WP (L2).

Definition 4.24 (Sobolev spaces of diffusion operators). For p € [1,00] and a,b € L;L?
define the space DP(L)

<W@y:&ELK%yiﬁ€@%MﬂxRﬂsﬁHh f%p-%O%n%m%
with
||f||Dp(L) = ||f||L§L§ + ||Lf||L,}L£ :
Likewise, define DP(L, (V,aV)) by the completion of C}” ([0, 7] x R?) wrt. to the norm
1 oo o, w.awy) = T+ LAV aV Ol ey -

Lemma 4.25 (Approximation in D?(L) and chain rule). Let f € W' (L?) N DP(L), then
there exists f, € Cy° ([0,T] x R?) such that

fo—=f inWHNIE)  and  f,— f in DP(L). (4.27)
Moreover, for any v € C*(R) with v/,~" uniformly bounded and any u € DP(L,(V,aV))

holds
L (y(u) = 7' (u)L(u) + 9" (u) (Vu,aVu) .

Proof. Let g, € Cy ([0, 7] x R?) such that g, — f € DP(L). Then consider g, m = pm * gn
with g, suitable extended outside of [0,7] and p,, = p*™ as before with &,, — 0 as
m — oo. The convolution acts as an contraction on DP(L), i.e. for any h € DP(L), it
holds |[pm * ||y < [|1]|. Hence, also gnm — f in DP(L) whenever n,m — oc. Now, for

any fixed m and any h € LH(L2) holds g = hllyss ) < ol 0] z) 0 analog to
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the previous proof. Now, from a diagonal argument, we can extract a sequence f, such

that (4.27) holds.

The chain rules follows by the same procedure as in the proof of Lemma 4.23. O

The above results allows to reformulate the weak solution concept for FPE(L). Assume
u € LP(LY) with r > 1 is a weak solution to FPE(L), then the weak formulation (4.3)
extends with 7’ s.t. £ + L =1 to

Vfewr LYy nD'(L //8t+Lt flug da dt = /fTqux—/fouodx (4.28)

Definition 4.26 (Distributional divergence). The operator div L is defined in the sense
of distributions as linear operator C2? ([0, 7] x R?) — fOT [ L. f dz dt. Moreover, div L €
L;(LP) if there exists g € L} (L) such that

Ve ([0,T] x RY) : /

Lfdxdt:—/ fgdxdt.
(0,T)xRd (0,7) xR

Likewise, (div L)_ € L} (LP) if the above identity holds with < and f > 0.
Lemma 4.27 (A priori estimate). For uw € DP(L) and assume (div L)_ € L}(LP), then for
any B € C*(R) convex, B(0) = 0 and B9 (u), B (u)u — B(u) € LE(LY) for i =0,1,2 holds
/ L(B () udzdt < / (8 () — B(w)) (div L) dadt. (4.29)
(0,T)x R4

(0,T)x R4

Proof. Let p be a smooth convolution kernel on R? and p™(x) = mip (mz). Let L™
be the operator with convoluted coefficients a™ = p™ % a and 0™ = p™ %= b. Then for
u e Cp? ([0,T] x R?) holds by Lemma 4.20 the estimate (4.25) and since ; (8(u.)) =
B’ (ue) Liug, we get (4.29) after integration by parts. Now, by approximation, we can let
m — oo and choose u™ € Cp*([0, T] x RY) with u™ — u in DP(L). O

The last estimates involve the usual Sobolev spaces. For p € [1, o], define
Wit .={fell :VfelLl} and W2:={fell:V’fell}.

Lemma 4.28 (Smoothing properties of the heat semigroup). For f € L. define the heat
semigroup P* : L — LI by

Pfw) = [ala =Sy with gult.2) = ghle) = —e B (430)

Then, it holds for any a > 0, any p € [1,00] and any k =0,1,2,...:

(i) P*:WHkP — WHkP s a contraction.
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.. k o
(ir) oz |[VOPf| ., < Clk,p,d) || 12-

Proof. The property (i) is a general convolution property, since gq(c, ) € C*°(R%) N P(R?)
for any o > 0. Now, we take k = 1 and assume p € (1,00), then we get

VP (@)] < % [ fo =l ulon = ) 0) dy < - ( / |z|qu<a,dz>)q g3+ 71

Since fP € L!, we get by (i) that ||g§ * SPly < [[f7llp:- Then, taking the p-th power,
integrating and taking the p-th square root, leads to

(J 121" ga(a, dz))

VPl < 11l

So, we have to estimate:
Sd 1 2
/\z|qu a,dz) ’ | rq+d*1 exp <_r_> dr
(27ra) 0 2a
Sd—l () _
= ’ |d (2as)q+g : exp (—s) ﬂ ds
(2ra)2 Jo V2s
% |Sd—1 } 00 gtd_2
(2m)®
= a? C(L,p,d) < vVa C(1,p.d),
which concludes the claim in this case. For the case p = oo, we write

[t = ) 1w dy

esssup |[VP f| (z) = esssup

zeR4 zeR4

1
< | fll pes a/lx—ylgd(a,x—y) dy.

The remaining integral can be estimated by as above with ¢ = 1. The case p = 1 becomes
after taking Fubini the same estimate

Jveesi@ac < [1rw) [Eguta - g dray

The estimate for k > 2 follows along the same lines, however producing k-th moments of
ga(a, +), which result in the scaling as. g

4.8. Existence in degenerate case.

Theorem 4.29 (Existence of FPE with degenerate Sobolev coefficients). Let p € (1, 00],
r>2p/(p—1) and a,b satisfy

a € Ly(WZ2P), be L;y(WP), and  (divL)_€ L;L%.
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Then for every probability density u € L, there exists a uniquely weakly* continuous solution
(ue)tepo,m of FPE(L) with ug =t and w € LP(LY).

The existence statement is obtained by an approximation procedure as already performed
several times in the course. So we concentrate on the uniqueness, which will follow from the
following Gronwall estimate of smoothed approximation in combination with a commutator
Lemma afterwards.

Lemma 4.30 (Energy estimate). In the setting of Theorem 4.29 and with ug = 0, then it
holds for all o > 0 the a priori estimate

1
T 2
[0 ooz < exp (H(dithLllLle) (/ ’/u[P“,8t+Lt] u® dz dt> . (4.31)
t-x 0

Proof. By Lemma 4.28, a smoothing in ¢ and the density of C;"* in W, (LrYyN D" (L) from
Lemma 4.25 follows that P® maps ;"' (L7) N D" (L) into itself. Therefore, we can use

Pof for any f € W' (L7) N D™ (L) as a test function in the weak formulation of FPE(L)
(see (4.28))

/OT/[(at—l—Lt)f]u?‘dxdt:/fqofqux—/fg”uod:c—i—/oT/u[P“,at—l—Lt]fdxdt,

(4.32)
where we used that [ f*udz = [ fu®dz. Similarly, we can conclude from Lemma 4.28,

that u® € D" (L), since

1L pa gy < Mllal 101l 3 oo 1] oo ppae

Py ro N plr=1 rp
627"(—) =r|1l— —— = = )
r’ p(r—1) r—1pr—=1)—r r(p—-1) —p
From the condition § < r, we deduce the assumption r > 2p/(p — 1). If, we take f € C1?
as test function in (4.32), it directly follows since P® commutes with J; and L on smooth

functions, that 0;u® = L*u® in the sense of distribution. In addtion, the latter is explicitly
given in terms of

with

1 1 /
L*u® = 5v2 . (aua) +V- (bua) = — (d]VL) u™ + 5 (V . a) -Vu® € L%Lga

by a similar Holder estimate as before. Hence du® € L!L" and it has an absolutely
continuous representative, which then has to be the same as the one obtained by smoothing
u; for all t € (0, 7). We are now in the position to use u* in the weak formulation (4.32).
By choosing the test-function f(¢)u® with f € C!, we obtain

T T
/ / ((Ouf)u + f (Owuy) + Lyug') u de dt = / /fu [P, 0y + L] ug da dt.
0 0
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/OT/ (O f) ug + f (Opu)) uy dx dt = /T/ (— 0, (ua)f + 30, (ua)f) dzx dt

we obtain the identity

G [ wtar= [ Ly adx—/ [ fulP.+ L asa

< idiv el .. / ()2 dz +

where we applied Lemma 4.27 for p = v’ and 3(z) = 2%2. The conclusion follows from a
Gronwall estimate. O

Since,

w [P, 0p + L) ug dx| ,

The conclusion follows, if we can show that the commutator on the rhs. of the estimate (4.31)
converges to 0 as a — 0, which is the content of the next both Lemmata. The first one
is the commutator with the vectorfield and the second handles the commutator with the
diffusion matrix.

Lemma 4.31 (Commutator estimate for vectorfield). For ¢ € (1,00], r,s € (1,00) such
that gt +r 1+ st =1. Let b€ Ly(W}?),u € L*(LY) and f € L°(Wr5), then it holds

for a € (0,1)
/T /Ut[Paabt‘V]fthU
0

where ¢ > 0 only depends on d

dt <c ”VbHLtng HUHL§OL; ||fHLg°L~; )

Lemma 4.32 (Commutator estimate for diffusion matrix). For ¢ € (1,00], r,s € (1,00)
such that ¢ ' +r~ '+ s =1. Let a € Ly(W29),u € L°(L") and f € L (W2*). For
€ (0,1), it holds

T
/ / u [P a0 V2] frde — / up [A ap 2 V2] PO f,du| dt (4.33)
0
< |[V?al[ oo g el oy 1N e
for some ¢ only depending on d. Moreover, for v € L°(L, N L), it holds
‘/ ,a: V] (P*u) da

Corollary 4.33. In the setting of Theorem 4.29: If u € L{°(L!) is a solution to FPE(L)
and let uy := P%u; with P* the heat semigroup as defined in (4.30). Then, it holds

’

— 0, in L*(0,T), as o — 0. (4.34)

dt — 0 as o — 0.

/u [P, 0y + L] u® dx
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Proof. From Lemma 4.31, the commutator operator L&*(W*) > f s [P* b-V] f € LIL7
extends to a linear continuous operator on L{°L?. Then, by the uniform boundedness
principle follows for any f € LY*°L:

PYb-V]f—0 strongly in LI(L") as o — 0. (4.35)

Note, that if we choose in Lemmate 4.31 and 4.32: ¢ = p, then we get s < (2p)/(p+ 1) =
(2p/(p—1)) <2 < r and so we are allowed to choose f = u®. So the conclusion follows

from (4.35) and (4.34). O

The proof of uniqueness in Theorem 4.29 is now an immediate consequence of a combination
of Lemma 4.30 and Corollary 4.33.

Proof of Lemma 4.31. For proofing this kind of inequalities, it is always enough to first
proof them for functions smooth enough and then argue by approximation with the help of
convolutions. Hence, lets assume f,b" € C,* and u € CH2. Moreover, we fix t € (0,T) and
obtain the final inequality after integration.

Now, we introduce F(8) := [ ufb-V f*~# dz, which is C}((0, ). Therewith the commutator
[ [wP, b, - V] fydx can be written and estimated by |F(a)— F(0)] < [ %F(ﬁ)‘ dg.

Hence, we have to estimate the derivative of F'(5)

%F(ﬁ) :/(Auﬁ)b-wa—ﬂ—uﬁbV(Afa—ﬁ) dz

= /—vuﬁ VOV [P = VU VPP 4 (VU b+ 0’V - b) AfeP da
Now, we also have
/ AfOPVY b = / S VAT A V4 KA VA e O v Tl vl
as well as
—/b-v%ﬁwa—ﬁ = /(v-b) AT v vV v Sl )

Hence, in total
d

s
Let D¥™) := % (Vb + (Vb)T), then the first term can be estimated after integration in
as follows

/a/\wuﬁ, (Vo+ (V0)") Vo) dzdB < 2||DV™b|| 1 /a||vuﬁ\
0 0

F(B) = / — (Vi (Vb + (VD)) V) + (V- b) (Vu’ - VP +uAf*P) da.

Vb

. d8

Lz

< 2¢|| D0 g [lull .y 1]

Li/oa\/%'



66 ANDRE SCHLICHTING

The term involving (V - b) (Vu? - V f*~#) follows along the same lines. We rewrite the last
term

e ag,

“ . s a—f - _ . aﬁ
/O<v D) wASFAE = — (V b)/oudﬁ

Now, since f0 — fo — 0 dﬁfa BdB = 0 follows

(07 d (07
/O w0 ds g\ua(fo—f“)H/O |(u” —u®) Afe7|dp

and the conclusion follows after integration by parts from Holder’s inequality. O

Proof of Lemma 4.32. Again, we assume that all functions involved are smooth enough and
for transparency, we calculate in coordinates for fixed i,j € {1,...,d}. Let us introduce
the function

0,0] 3 B+ F(B) == /uaai,jazjfa_ﬁ "
with derivative

F(8) = / u* [A a0 foF do = / WP [A, a7 92, 2P dB,

where we used that derivatives commute. We introduce h*~# := 97, f*F = (97, f)a_ﬁ and
define b := Va*. Then, since A(ab) = bAa + 2Va - Vb + aAb follows

F'(8) =2 / u’b- VAP da + / u’ (Aa™7) h* P da. (4.36)
Hence, we differentiate once more and obtain
F"(B) = z/uﬁ [Ab- V] R dx+/u/3 (A, (Ad™)] kP da.
Now, we obtain a bound by doing a second order Taylor expansion
Fla)= FO) =P (@) < [ IF'(3)] (e~ 5)ds.

Then, upto an integration on (0,7") the left hand side of (4.33) is given by the left hand
side above.

Let us first conclude the case V - b = Aa?*/ = 0, in which we have the identity
F'(B) =2 / (A D- V] h P de = —4 / (Vu?, (V?a™) Vh*P) dz,

which allows to estimate

|FH(B)| <4 ||V2ai7jHLg “vuSHL;

Vhe7|

VQCLM”LZ ||u||L;_

L < *H :

The right hand side is integrable in 5 on (0, a) with the factor (a—p).

Let us skip the general case and refer to [15, Lemma 3.5]|.
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Now, we turn to (4.34), which follows if we show that a [u[A,a : V?]u** dz vanishes as
a — 0. The first argument is a series of integration by parts independently of the particular
choice f = u® and starts from the identity (4.36)

/u [A,ai’j@%j] fédx = 2/ub~V8i2’jfadx+/u(Aai’j) 82jfa dx
= —2/(b-Vu)azjfa do — /U(Aai’j) 02, f* dx
. / (82.£) P° (b- V) da — / u (Adi) B2, ° da
=2 / (20) (P b+ VIt (b-u)) do - / u(Ba®) 0% da.

This identity holds by approximation for u € L°(L") and f € L¥°*(W2*). Now, we
insert the special choice f = u®. The first term can be estimated by Lemma 4.31, since
ad; ju® € L3°(L}) by Lemma 4.28 and we have

oY -0 in L1(0,T) as a — 0.

[ @) (P V)

Likewise, the third term can be estimated by Hoélder as

< Jlaa¥|

aa;{ ; u?® ‘

a pa llull g, 0

/U(Aai’j)Afa dz

Now, recalling that b = Va'/, we obtain

d
/(8Zjua)b Vu*dr = — Z/ (Ou” (8327,6@”') Opu® + (O;u®) (Ora™?) a,ijua) dz.
k=1

The first term multiplied by « is again bounded by a similar Holder estimate as before.
The second term can be symmetrized in ¢, j and rewritten as

o / (0 (9 B2 ju® + (Ou®) (O 02 u®) dr

_ %/ (Opa™) On ((Oju™ + 8jua)2 — (Ou®)? — (aj“a)Q) d.

Again a Hélder estimate allows to conclude
a HVQaHLq V][, (V][ =0 in L'((0,7)) as a — 0.

U
09.02.16
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