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Phase transitions in the McKean–Vlasov model

[Carrillo-Gvalani-Paviliotis-S. ARMA ’20]
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The McKean–Vlasov equation – Derivation
Overdamped Langevin equation defined on Td

L � [0, L)d

dXi
t = − κ

N

N�

j=1,j �=i

∇W (Xi − Xj)dt +
√

2 dBi
t , i = 1, . . . , N

κ ∈ [0, ∞) interaction strength (bifurcation parameter)
The mean-field limit N → ∞ is governed by the McKean–Vlasov equation

∂t� = Δ� + κ∇ · (�∇W � �) in Td
L × (0, T ]

properties encoded in interaction potential W : Td
L → R (coordinate-wise even)
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∂t� = Δ� + κ∇ · (�∇W � �) in Td
L × (0, T ]

properties encoded in interaction potential W : Td
L → R (coordinate-wise even)

Some applications: Models for finite N or mean-field limit include
Molecules of a gas (Lennard–Jones, Van-der-Waals)
Collective motion of agents (attractive-repulsive)
Opinions of individuals (Hegselmann–Krause)
Liquid crystals / nanorods (anisotropic, Onsager, Maier–Saupe)
Nonlinear synchronizing oscillators (Kuramoto)
Chemotaxis models (Patlak–Keller–Segel)
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Example: Nonlinear synchronization of oscillators
The Kuramoto model: W (x) = − cos x and L = 2π

κ < κc, no phase locking κ > κc, phase locking
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Example: 2d Gaussian attractive interaction potential
W (x) = − 1

2πσ2 e− |x|2

2σ2

with σ2 = 1
2 , L = 10, κ =

√
2L > κc.
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Transition points and types of phase transitions

Free energy functional (Lyapunov property, gradient flow)

Fκ(�) =
�

Td
L

� log � dx + κ

2
�

Td
L

×Td
L

W (x − y)�(x)�(y) dx dy .
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Transition points and types of phase transitions

Free energy functional (Lyapunov property, gradient flow)

Fκ(�) =
�

Td
L

� log � dx + κ

2
�

Td
L

×Td
L

W (x − y)�(x)�(y) dx dy .

Definition: Let �∞ ≡ L−d. κc is transition point, if:
• For κ ≤ κc is �∞ global minimizer of Fκ and unique for κ < κc

• For κ > κc exists another global minimizer �κ
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Transition points and types of phase transitions

Free energy functional (Lyapunov property, gradient flow)

Fκ(�) =
�

Td
L

� log � dx + κ

2
�

Td
L

×Td
L

W (x − y)�(x)�(y) dx dy .

Definition: Let �∞ ≡ L−d. κc is transition point, if:
• For κ ≤ κc is �∞ global minimizer of Fκ and unique for κ < κc

• For κ > κc exists another global minimizer �κ

Results and Goals:
Bifurcation analysis and local stability around �∞ ≡ L−d

Classification for continuous and discontinuous transitions
Understanding of the free energy landscape
Dynamical properties related to nucleation and coarsening
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Characterization of phase transition

Theorem [Carrillo-Gvalani-Paviliotis-S. ’20]
Let �W : Nd → R denote the (real) Fourier modes of W .

If there is only one dominant unstable mode k∗: For α > 0 small
enough holds

α�W (k∗) ≤ �W (k) for all k �= k∗ : �W (k) < 0 ,

then the transition point κc is continuous.
If there exist (near)-dominant resonating modes ka, kb, kc:
That is for δ small enough exist

ka, kb, kc ∈
�

k� ∈ Nd : �W (k�) ≤ min
k∈Nd

�W (k) + δ

�
with ka = kb +kc,

then the transition point κc is discontinuous.

⇒ local attractive potentials lead to discontinuous phase transitions
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A mountain pass theorem

[Gvalani-S. JFA ’20]



8 / 16

Noise-induced transitions in Rd

Start form deterministic gradient flow in Rd

ẋ(t) = −∇F (x) with x(0) = x0 ∈ Rd

• F has two global minima m1, m2 ∈ Rd.

Describe the particle transition from m1
to m2 under the influence of noise.

Modelproblem: Add Brownian motion

dXt = −∇F (Xt) dt +
√

2σdBt ,

Question: Given X(0) = m1, what is the
probability that in some finite time T > 0, we
have that X(T ) = m2 in the regime σ � 1?
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Describe the particle transition from m1
to m2 under the influence of noise.

Modelproblem: Add Brownian motion

dXt = −∇F (Xt) dt +
√

2σdBt ,

Question: Given X(0) = m1, what is the
probability that in some finite time T > 0, we
have that X(T ) = m2 in the regime σ � 1?

Theorem (Freidlin–Wentzell)
The family of processes {Xσ

t } ∈ C([0, T ];R2)
satisfy a LDP with good rate function
I : C([0, T ];Rd) → R ∪ {+∞}

I(γ) = 1
4

� T

0
|γ̇(t) + ∇F (γ(t))|2 dt.

and it holds

P(Xσ
t ∈ Γ) ≈ exp

�
−σ−1 inf

γ∈Γ
I(γ)

�
σ � 1,

for any Γ ⊂ C([0, T ];Rd).
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Noise-induced transitions in Rd

For γ ∈ Γ = {f ∈ C1([0, T ];Rd) : γ(0) = m1, γ(T ) = m2} let T ∗ = arg maxt∈[0,T ](F (γ(t)) − F (γ(0))):

I(γ) ≥ 1
4

� T ∗

0
|γ̇(t) + ∇F (γ(t))|2 dt = 1

4

� T ∗

0
|γ̇(t) − ∇F (γ(t))|2 dt +

� T ∗

0
γ̇(t) · ∇F (γ(t)) dt

≥ F (γ(T ∗)) − F (γ(0)) ≥ inf
γ∈Γ

(F (γ(T ∗)) − F (γ(0))) =: c − F (γ(0)) ,

By classical mountain pass theorem: c a critical value of F , i.e., ∃s ∈ Rd : ∇F (s) = 0, F (s) = c.

⇒ P(Xσ
t ∈ Γ) � exp(−σ−1ΔF ) where ΔF = F (s) − F (m1).
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LDP for McKean-Vlasov interaction particle system

Apply argument to the McKean–Vlasov N -particle system for N � 1

dXi
t = − κ

N

N�

j=1,j �=i

∇W (Xi − Xj)dt +
√

2 dBi
t, i = 1, . . . , N

[Dawson-Gärtner 1987] proved LDP with rate function for µ ∈ AC2([0, T ], P2(Td
L)) given by

Iκ(µ(·)) := 1
4

� T

0
�∂tµt − ∇ · (µt∇(log µt + κW � µt))�2

−1,µt
dt

Associated quasipotential to LDP is Fκ!

P(transition: �∞ → �κc
) � exp

�
−N inf{Iκ(µ(·)) : µ(0) = �∞, µ(T ) = �κc

}
�

≤ exp
�

−N inf
µ

�
sup

T ∗∈[0,T ]
(Fκ(µ(T ∗)) − Fκ(µ(0))) : µ(0) = �∞, µ(T ) = �κc

��
.
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Discontinuous phase transitions and metastability

N -particle system is metastable at disc. phase transition
By [Dawson-Gärtner 1989] need to understand free energy Fκ

uniform
states

variance

free energy

droplet
states

droplet stable

uniform state stable

metastable

>

=

<

Missing ingredient: mountain pass theorem for Fκ

Difficulties:
• (P(Td

L), W2) only metric space
• Fκ only lower semicontinuous
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A mountain pass theorem
Theorem [Gvalani-S. ’20]
If Fκc

has two distinct minimizers �∞ ≡ 1/Ld and
�κc

∈ P(Td
L), then there exists �∗ ∈ P(Td

L) distinct from �∞
and �κc

such that |∂Fκc
|(�∗) = 0.

Moreover: Fκc
(�∗) = c with c = inf

γ∈Γ
maxt∈[0,T s] F(γ(t)) ,

where Γ = {C([0, T ]; P(Td
L)) : γ(0) = �∞, γ(T ) = �κc

}.

Corollary (Arrhenius law)
The empirical McKean-Vlasov process �(N) satisfies

P
�
�N (T ) ∈ B

W2
ε (�κc

), �(N)(0) = �
(N)
0

�
� e−NΔ

for N sufficiently large with E(W2(�(N)
0 , �∞)) → 0 and

Δ := Fκc
(�∗) − Fκc

(�∞) with �∗ the mountain pass point.

free energy

𝜚 𝜚∞

𝜚*

𝛥
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A structure preserving disretization of the
McKean-Vlasov model

[S-Seis arXiv: 2004.13981]
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Motivation: Structure preserving discretization
Goal: Consistent discretization of

∂tρ = ∇ · (σ∇ρ + ρ∇W ∗ ρ)
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Motivation: Structure preserving discretization
Goal: Consistent discretization of

∂tρ = ∇ · (σ∇ρ + ρ∇W ∗ ρ)

Desired properties:
⇒ mass and positivity preserving
⇒ Free energy

F(ρ) = σ

�
ρ log ρ + 1

2
�

W (x − y)ρ(x)ρ(y)

dissipation principle

d
dt

F(ρ) = −
�

Ω
ρ|∇(σ log ρ + W ∗ ρ)|2 dx = −D(ρ)

⇒ consistent stationary states

DF(ρ∗) = 0 and D(ρ∗) = 0.
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Motivation: Structure preserving discretization
Goal: Consistent discretization of

∂tρ = ∇ · (σ∇ρ + ρ∇W ∗ ρ)

Finite volume SG-scheme:

|K|ρ
n+1
K − ρn

K

δt
+

�

L∼K

|K |L|
dKL

fn+1
KL = 0

with normal flux fn+1
KL

fn+1
KL = qn+1

KL

ρn+1
K e

q
n+1
KL
2σ − ρn+1

L e−
q

n+1
KL
2σ

e
q

n+1
KL
2σ − e−

q
n+1
KL
2σ

and discrete potential gradient

qn+1
KL =

�

J∈T
|J | ρn+1

J + ρn
J

2 (W (xK − xJ) − W (xL − xJ)).
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n+1
KL
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n+1
KL
2σ − e−

q
n+1
KL
2σ

and discrete potential gradient

qn+1
KL =

�

J∈T
|J | ρn+1

J + ρn
J

2 (W (xK − xJ) − W (xL − xJ)).

Cell problem: The normal flux solves

fKL = −σ∂xρ(·) + qKLρ(·) on (0, 1),
ρ(0) = ρK and ρ(1) = ρL.

fKL and ρ : [0, 1] → R are unknown
first-order boundary value problem

Connection to Upwind:

fKL
σ→0→ ρK(qKL)+ + ρL(qKL)−
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Results
Theorem [S.-Seis arXiv:2004.13981]
Given Voronoi tesselation T h with supK diam K ≤ h
and h|∂K| ≤ Ciso|K| for all K ∈ T h.

Then ∃!{ρn}n∈N solution of SG-scheme.
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+ σ
H(ρn | ρn+1)
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Fh(ρ) = σSh(ρ) + Eh(ρ),
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K
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⇒ Characterization of stationary states of scheme as:
• critical point of Fh

• vanishing dissipation Dh = 0
⇒ Longtime behavior of scheme to stationary states
⇒ convergence of scheme as δt, h → 0.

Discrete scheme has a formal generalized gradient struc-
ture (upto implicit time discretization)
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Sh(ρ) =
�

K

|K|ρK log ρK
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Numerics: Metastability and free energy decay
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Scheme resolves near-metastable states at high accuracy
⇒ implement a string method [E, Ren, Vanden-Eijnden ’02 & ’07]
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String method for McKean-Vlasov gradient flow
Algorithm to approximate saddle point following [E-Ren-Vanden-Eijnden ’02 & ’07]:
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Scharfetter-Gummel gradient flow structure

The SG-scheme defines a potential difference qKL to flux relation fKL

fKL(ρK , ρL; qKL) = qKL
ρKe

qKL
2σ − ρLe− qKL

2σ

e
qKL

2σ − e− qKL
2σ

.

Turn into a free-energy difference to flux relation by setting

x = ξL − ξK = σ log ρK

ρL
+ qKL

to arrive at

DξR∗(ρ, ξ)|KL = fKL

�
ρK , ρL; x − σ log ρK

ρL

�
= 2σ sinh

� x

2σ

� log e
x

2σ

ρK
− log e− x

2σ

ρL

e
x

2σ

ρK
− e− x

2σ

ρL

.
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Numerics: Metastability and free energy decay
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Upwind-scheme from [Bailo, Carrillo, Hu arXiv:1811.11502]
Converges earlier in physical time at higher computational cost.
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Nonlocal interaction equations on graphs
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Motivation: Graph approximation of data sets
Ingredients:

n points {xi}n
i=1 sampled from µ ∈ M(Rd) ⇒ empirical measure µn = 1

n

�n
i=1 δxi
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Motivation: Graph approximation of data sets
Ingredients:

n points {xi}n
i=1 sampled from µ ∈ M(Rd) ⇒ empirical measure µn = 1

n

�n
i=1 δxi

a symmetric weight function η : G → [0, ∞) with G =
�

(x, y) ∈ Rd ×Rd : x �= y, η(x, y) > 0
�

⇒ (µn, η) defines a weighted graph
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Goal: Evolution equations on graphs
For ρ ∈ P(Rd) and symmetric W ∈ C(Rd ×Rd) define the interaction energy

E(ρ) = 1
2

�

Rd×Rd

W (x, y) dρ(x) dρ(y)
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Goal: Evolution equations on graphs
For ρ ∈ P(Rd) and symmetric W ∈ C(Rd ×Rd) define the interaction energy

E(ρ) = 1
2

�

Rd×Rd

W (x, y) dρ(x) dρ(y)

Subgoals:
Dynamic is stable under graph limit n → ∞ such that µn�µ
(µn, η) becomes a continuous graph/graphon (µ, η)
Dynamic is stable for local limit: Let µ = Leb(Rd) and ηδ(x, y) = δ−(d+2)η

�
x−y

δ

�

Then, the limit δ → 0 shall be the interaction/aggregation equation

∂tρt = ∇ · (ρt∇W ∗ ρt) (IE)
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For ρ ∈ P(Rd) and symmetric W ∈ C(Rd ×Rd) define the interaction energy

E(ρ) = 1
2

�

Rd×Rd

W (x, y) dρ(x) dρ(y)

Subgoals:
Dynamic is stable under graph limit n → ∞ such that µn�µ
(µn, η) becomes a continuous graph/graphon (µ, η)
Dynamic is stable for local limit: Let µ = Leb(Rd) and ηδ(x, y) = δ−(d+2)η

�
x−y

δ

�

Then, the limit δ → 0 shall be the interaction/aggregation equation

∂tρt = ∇ · (ρt∇W ∗ ρt) (IE)

(IE) is Wasserstein gradient flow for E [Carrillo-DiFrancesco-Figalli-Laurent-Slepčev]
Strategy: Find suitable nonlocal metric T on (µ, η)
⇒ Construct gradient flow of E wrt T as nonlocal interaction equation (µ, η)
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Inspiration: The numerical upwind scheme
What is the nonlocal analog of the continuity equation on Rd:

∂tρt + ∇ · jt = 0 with flux jt(x) = ρt(x)vt(x) ?
Fluxes jt are defined on edges (x, y) ∈ G = {η > 0} and the divergence is nonlocal

∂tρt(x) + (∇ · jt)(x) = ∂tρt(x) +
�

Rd

η(x, y) jt(x, dy) = 0 . (div)
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Inspiration: The numerical upwind scheme
What is the nonlocal analog of the continuity equation on Rd:

∂tρt + ∇ · jt = 0 with flux jt(x) = ρt(x)vt(x) ?
Fluxes jt are defined on edges (x, y) ∈ G = {η > 0} and the divergence is nonlocal

∂tρt(x) + (∇ · jt)(x) = ∂tρt(x) +
�

Rd

η(x, y) jt(x, dy) = 0 . (div)

Given an antisymmetric vectorfield vt : G → R: velocity of a particle going from x to y.
Upwind flux: Set (a)+ = max{0, a} and (a)− = max{0, −a} and define

jt(x, y) = Jup[vt](x, y) = vt(x, y)+ρ(x)µ(y) − vt(x, y)−µ(x)ρ(y) . (flux)

Good properties: known from numerics
positivity preserving
stability, monotonicity
energy decreasing
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Inspiration: The numerical upwind scheme
What is the nonlocal analog of the continuity equation on Rd:

∂tρt + ∇ · jt = 0 with flux jt(x) = ρt(x)vt(x) ?
Fluxes jt are defined on edges (x, y) ∈ G = {η > 0} and the divergence is nonlocal

∂tρt(x) + (∇ · jt)(x) = ∂tρt(x) +
�

Rd

η(x, y) jt(x, dy) = 0 . (div)

Given an antisymmetric vectorfield vt : G → R: velocity of a particle going from x to y.
Upwind flux: Set (a)+ = max{0, a} and (a)− = max{0, −a} and define

jt(x, y) = Jup[vt](x, y) = vt(x, y)+ρ(x)µ(y) − vt(x, y)−µ(x)ρ(y) . (flux)

Good properties: known from numerics
positivity preserving
stability, monotonicity
energy decreasing

Ingredients for abstract setup:
Kρ[v](x) = −

�
∇ · Jup[v]

�
(x) = DvR(�, v)

R(�, v) = 1
2
�

|v|2
�

χ{v>0}(x, y) dρ(x) dµ(y)

+ χ{v<0}(x, y) dµ(x) dρ(y)
�
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Upwind transportation metric
⇒ Nonlocal upwind continuity equation (div)+(flux):

∂tρt(x) +
�

Rd

η(x, y)
�
vt(x, y)+ρt(x) dµ(y) − vt(x, y)−µ(x)ρt(y)

�
= 0 . (CE)

Definition of upwind transportation metric via Benamou-Brenier formulation

T (ρ0, ρ1)2 = inf
(ρ,v)∈CE

�� 1

0
R(ρt, vt) dt

�
.
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Definition of upwind transportation metric via Benamou-Brenier formulation

T (ρ0, ρ1)2 = inf
(ρ,v)∈CE

�� 1

0
R(ρt, vt) dt

�
.

Driving vector-field vt = −∇ δE
δρ = −∇(W ∗ ρt) with ∇V (x, y) = V (y) − V (x) leads to

∂tρt(x) +
�

Rd

η(x, y)
�

∇(W ∗ ρt)(x, y)−ρt(x) dµ(y) − ρt(y)∇(W ∗ ρt)(x, y)+µ(x) dρ(y)
�

= 0,
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⇒ Nonlocal upwind continuity equation (div)+(flux):
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Rd
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Definition of upwind transportation metric via Benamou-Brenier formulation

T (ρ0, ρ1)2 = inf
(ρ,v)∈CE

�� 1

0
R(ρt, vt) dt

�
.

Driving vector-field vt = −∇ δE
δρ = −∇(W ∗ ρt) with ∇V (x, y) = V (y) − V (x) leads to

∂tρt(x) +
�

Rd

η(x, y)
�

∇(W ∗ ρt)(x, y)−ρt(x) dµ(y) − ρt(y)∇(W ∗ ρt)(x, y)+µ(x) dρ(y)
�

= 0,

Main results [Esposito-Patacchini-S.-Slepčev ’21]
Properties of nonlocal upwind transportation quasi-metric (non-symmetric)
Gradient flows in Finsler geometry
Variational framework for (NL2IE)
Stability of (NL2IE) under graph limit µn � µ
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Numerical example: Dumpbell shape
Evolution on random geometric graph based on 240 sample points in 2D:
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Finslerian geometry and gradient flows
For any (ρt)t∈[0,1] ∈ AC

�
[0, 1]; (P2(Rd), Tµ)

�
exists an antisymmetric (vt)t∈[0,1] such that

(ρt, jt)t∈[0,1] ∈ CE and

djt(x, y) = vt(x, y)+ dρ(x) dµ(y) − vt(x, y)− dµ(x) dρ(y) .

The geometry induced by T is Finslerian:
⇒ inner product in tangent space depends on ρ and w ∈ TρP2(Rd)!

Finslerian upwind product
For ρ ∈ P2(Rd) and w ∈ TρP2(Rd) define gρ,w : TρP2(Rd) × TρP2(Rd) → R by

gρ,w(u, v) =
�

G

u(x, y)v(x, y) η(x, y)×

×
�
χ{w>0}(x, y) dρ(x) dµ(y) + χ{w<0}(x, y) dµ(x) dρ(y)

�
.

→ define gradient flow for interaction energy E in terms of curves of maximal slope

See also [Ohta-Sturm ’09, ’12] and [Agueh ’12] for gradient flows in Finslerian setting.
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Variational characterization of solutions
The de Giorgi functional gives a variation characterization of solutions to

∂tρt = Kρt
(−∇W ∗ ρt) in C∞

c ([0, T ] ×Rd)∗ , (NLIE)

Theorem (Curves of maximal slope characterization)
For (ρt)t∈[0,T ] ∈ AC([0, T ]; (P2(Rd), Tµ)) take (ρt, jt)t∈[0,T ] ∈ CE with

djt(x, y) = vt(x, y)+ dρ(x) dµ(y) − vt(x, y)− dµ(x) dρ(y) .

and define
JT (ρ) = E(ρT ) − E(ρ0) +

� T

0

�
R(ρt, vt) + R(ρt, −∇W ∗ ρt)

�
dt.

Then JT (ρ) ≥ 0 and JT (ρ) = 0 iff (ρt)t∈[0,T ] is a weak solution to (NLIE).
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The de Giorgi functional gives a variation characterization of solutions to

∂tρt = Kρt
(−∇W ∗ ρt) in C∞

c ([0, T ] ×Rd)∗ , (NLIE)

Theorem (Curves of maximal slope characterization)
For (ρt)t∈[0,T ] ∈ AC([0, T ]; (P2(Rd), Tµ)) take (ρt, jt)t∈[0,T ] ∈ CE with

djt(x, y) = vt(x, y)+ dρ(x) dµ(y) − vt(x, y)− dµ(x) dρ(y) .

and define
JT (ρ) = E(ρT ) − E(ρ0) +

� T

0

�
R(ρt, vt) + R(ρt, −∇W ∗ ρt)

�
dt.

Then JT (ρ) ≥ 0 and JT (ρ) = 0 iff (ρt)t∈[0,T ] is a weak solution to (NLIE).

Minimizers exist by direct method, however not necessarily global!
Possibility: Redo the minimizing movement scheme in the quasimetric setting
Instead: Show existence via finite dimensional approximation and stability
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Stability with respect to graph approximations
Let µn ∈ M+(Rd) be such that µn�µ and define

JT (µn; ρn) = E(ρn
T ) − E(ρn

0 ) +
� T

0

�
R(µn; ρn

t , vn
t ) + R(µn; ρn

t , −∇W ∗ ρn
t )

�
dt .
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Let µn ∈ M+(Rd) be such that µn�µ and define

JT (µn; ρn) = E(ρn
T ) − E(ρn

0 ) +
� T

0

�
R(µn; ρn

t , vn
t ) + R(µn; ρn

t , −∇W ∗ ρn
t )

�
dt .

Stability of gradient flows à la Sandier-Serfaty
Let ρn ∈ AC([0, T ]; (P2(Rd), Tµn)) such that supn GT (µn; ρn) < ∞.
Then, there exists ρ ∈ AC([0, T ]; (P(Rd), Tµ)) such that

ρn
t �ρt in P2(Rd) for a.e. t ∈ [0, T ];

Jup[vn] = jn�j = Jup[v] in Mloc(G × [0, T ]);

lim inf
n

� T

0
R(µn; ρn

t , vn
t ) dt ≥

� T

0
R(µ; ρt, vt) dt;

lim inf
n

� T

0
R(µn; ρn

t , −∇W ∗ ρn
t ) dt ≥

� T

0
R(µ; ρt, −∇W ∗ ρt) dt .

In particular weak solutions of (NLIE) on graph (µn, η) converge to ones on (µ, η).
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� T

0

�
R(µn; ρn

t , vn
t ) + R(µn; ρn

t , −∇W ∗ ρn
t )

�
dt .

Stability of gradient flows à la Sandier-Serfaty
Let ρn ∈ AC([0, T ]; (P2(Rd), Tµn)) such that supn GT (µn; ρn) < ∞.
Then, there exists ρ ∈ AC([0, T ]; (P(Rd), Tµ)) such that

ρn
t �ρt in P2(Rd) for a.e. t ∈ [0, T ];

Jup[vn] = jn�j = Jup[v] in Mloc(G × [0, T ]);

lim inf
n

� T

0
R(µn; ρn

t , vn
t ) dt ≥

� T

0
R(µ; ρt, vt) dt;

lim inf
n

� T

0
R(µn; ρn

t , −∇W ∗ ρn
t ) dt ≥

� T

0
R(µ; ρt, −∇W ∗ ρt) dt .

In particular weak solutions of (NLIE) on graph (µn, η) converge to ones on (µ, η).

Corollary: Existence of weak solution to (NLIE) via finite-dimensional approximation.
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Finslerian product: two basic properties
gρ,w(u, v) =

�

G

u(x, y)v(x, y) η(x, y)×

×
�
χ{w>0}(x, y) dρ(x) dµ(y) + χ{w<0}(x, y) dµ(x) dρ(y)

�
.
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�

G

u(x, y)v(x, y) η(x, y)×

×
�
χ{w>0}(x, y) dρ(x) dµ(y) + χ{w<0}(x, y) dµ(x) dρ(y)

�
.

Chain-rule: For (ρt)t∈[0,1] ∈ AC
�
[0, 1]; (P2(Rd), T )

�
and ϕ ∈ C∞

c (Rd)
d
dt

�
ϕ dρt =

�
∇ϕ(x, y)η(x, y) djt(x, y) = gρt,wt

�
wt, ∇ϕ

�
.
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Chain-rule: For (ρt)t∈[0,1] ∈ AC
�
[0, 1]; (P2(Rd), T )

�
and ϕ ∈ C∞

c (Rd)
d
dt

�
ϕ dρt =

�
∇ϕ(x, y)η(x, y) djt(x, y) = gρt,wt

�
wt, ∇ϕ

�
.

One-sided Cauchy-Schwarz: For all v, w ∈ TρP2(Rd) holds

gρ,w(w, v) =
�

G

v(x, y)η(x, y)
�
w(x, y)+ dρ(x) dµ(y) − w(x, y)− dµ(x) dρ(y)

�

≤
�

G

v(x, y)+w(x, y)+η(x, y) dρ(x) dµ(y) +
�

G

v(x, y)−w(x, y)−η(x, y) dµ(x) dρ(y)

≤
�

gρ,v(v, v) gρ,w(w, w) .
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Chain rule and curves of maximal slope
Recall: interaction energy E

E(ρ) = 1
2
�

W (x, y) dρ(x) dρ(y) .

Assumption: The potential K : Rd ×Rd → R satisfies
(W1) W ∈ C(Rd ×Rd);
(W2) W is symmetric, i.e. W (x, y) = W (y, x), for all (x, y) ∈ Rd ×Rd;
(W3) for some L ≥ 1 and for all x, y, z ∈ Rd

|W (x, z) − W (y, z)| ≤ L
�
|x − y| ∨ |x − y|2

�

local Lipschitz with at most quadratic growth
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(W2) W is symmetric, i.e. W (x, y) = W (y, x), for all (x, y) ∈ Rd ×Rd;
(W3) for some L ≥ 1 and for all x, y, z ∈ Rd

|W (x, z) − W (y, z)| ≤ L
�
|x − y| ∨ |x − y|2

�

local Lipschitz with at most quadratic growth
Chain rule
Let ρ ∈ AC([0, T ]; (P2(Rd), T )), then ∀ 0 ≤ s ≤ t ≤ T

E(ρt) − E(ρs) =
� t

s

�

G

∇δE
δρ

(x, y)η(x, y) djτ (x, y) dτ =
� t

s

gρτ ,wτ

�
wτ , ∇δE

δρ

�
dτ
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G
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(x, y)η(x, y) djτ (x, y) dτ =
� t

s

gρτ ,wτ

�
wτ , ∇δE
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dτ

Curves of maximal slope: For any ρ ∈ AC([0, T ]; (P2(Rd), T )) holds

E(ρT ) − E(ρ0) ≥ −1
2

� T

0
g

ρt,−∇ δE(ρt)
δρ

�
−∇δE

δρ
, −∇δE

δρ

�
dt − 1

2

� T

0
gρt,wt(wt, wt) dt .

with equality iff wt = −∇ δE(ρt)
δρ = −∇W ∗ ρt

⇒ Define the nonnegative de Giorgi functional by

GT (ρ) = E(ρT ) − E(ρ0) + 1
2

� T

0
D(ρt) dt + 1

2

� T

0
A(ρt, wt) dt ≥ 0 ,

where
D(ρt) = 2

�

G

����∇
δE(ρt)

δρ
(x, y)−

����
2
η(x, y) dρ(x) dµ(y) .
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